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EXISTENCE OF SOLUTIONS FOR RIEMANN-LIOUVILLLE
TYPE COUPLED SYSTEMS OF FRACTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS AND

BOUNDARY CONDITIONS

AHMED ALSAEDI, SHOROG ALJOUDI, BASHIR AHMAD

ABSTRACT. In this article, we study a boundary value problem of coupled sys-
tems of nonlinear Riemann-Liouvillle fractional integro-differential equations
supplemented with nonlocal Riemann-Liouvillle fractional integro-differential
boundary conditions. Our results rely on some standard tools of the fixed
point theory. An illustrative example is also discussed.

1. INTRODUCTION

Fractional calculus is regarded as an important mathematical modelling tool for
describing dynamical systems involving phenomena such as fractal and chaos. The
subject started with the speculations of Leibniz (1697) and Euler (1730) about
fractional-order derivatives and developed into an important branch of mathe-
matical analysis with the passage of time. It deals with differential and inte-
gral operators of arbitrary (non-integer) order. An important and useful fea-
ture characterizing fractional-order differential and integral operators (in contrast
to integer-order operators) is their nonlocal nature that accounts for the past
and hereditary behavior of materials and processes involved in the real world
problems. In addition to the extensive applications of fractional-order differen-
tial equations in various disciplines of technical and applied sciences, there has
been a great focus on developing the theoretical aspects, and analytic and numer-
ical methods for solving fractional order differential equations. For applications
of fractional calculus in engineering and physics, we refer the reader to the texts
[22, 24, 30], while some recent results on fractional differential equations can be
found in [1, 2, 3, 8, 11, 14, 16, 19, 23, 29, 35, 37, 39].

Coupled systems of fractional-order differential equations appear in the math-
ematical formulation of several real world phenomena and processes. Examples
of the occurrence of fractional systems include disease models [7, 9, 10, 26, 27],
anomalous diffusion [25, 32|, ecological models [18], synchronization of chaotic sys-
tems [12, 13, 38|, nonlocal thermoelasticity [28], etc. For details concerning the
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theoretical development of coupled systems of fractional-order differential equa-
tions supplemented with a variety of boundary conditions, for instance, see [4, 5,
6, 17, 21, 31, 33, 34, 36].

In this article, we study the existence of solutions for a Riemann-Liouville coupled
system of nonlinear fractional integro-differential equations given by

Du(t) = f(t,u(t),v(t), (pru)(t), (Y1v)(t)), t€[0,T7,
DPy(t) = g(t,u(t), v(t), (d2u)(t), (V20)(t), 1< a,B<2.

subject to coupled Riemann-Liouville integro-differential boundary conditions:
D*2u(07) =0, D*'u(0") =vI*to(n), 0<n<T,
DP=2y(0") =0, D (0") =pul’tu(o), 0<o<T,

(1.1)

(1.2)

where DO, T() denote the Riemann-Liouville derivatives and integral of fractional
order (-), respectively, f,g : [0,7] x R* — R are given continuous functions, v,
are real constants, and

t

(ru)(t) = / it syu(e)ds, ($au)(E)= / a(t, $)u(s)ds,

(Prv)(t / 01(t, s)v(s)ds, (Pav)(t / 02(t, s)v

with 7; and d; (i = 1,2) being continuous function on [0, 7] x [0, 7.

The rest of the article is organized as follows. In Section 2, we recall some
preliminary concepts of Riemann-Liouville calculus and prove an auxiliary lemma.
Section 3 contains the existence and uniqueness results. Though we use the stan-
dard methodology (Leray-Schauder alternative to prove the existence of solutions
and Contraction mapping principle to obtain the uniqueness result), yet its expo-
sition to the given problem is new. Indeed our results are new and contribute to
the existing literature on fully Riemann-Liouville type nonlinear nonlocal coupled
systems of fractional integro-differential equations and boundary conditions.

2. PRELIMINARIES

This section is devoted to some basic concepts of fractional calculus concern-
ing Riemann-Liouville derivatives and integrals [20]. We also present an auxiliary
lemma related to linear variant of the given problem.

Definition 2.1. The Riemann-Liouville fractional integral of order p > 0 for a
continuous function u : (0,00) — R is defined as

Put) = ﬁ /0 (t — 5)P~Lu(s)ds,

provided the integral exists.

Definition 2.2. For a continuous function u : (0,00) — R, the Riemann-Liouville
derivative of fractional order p, n = [p] + 1 ( [p]denotes the integer part of the real
number p) is defined as

DPu(t) = ﬁ(%)n/o (t—s)”_p_lu(s)ds— (jt) I Pu(t),

provided it exists.
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For p < 0, we use the convention that DPu = IPu. Also, for § € [0, p|, we have
DAIPy = 1778, Note that for A\ > —1, \#p—1,p—2,...,p—n, we have

raA+1 .
DPtN = ﬂt*ﬂ and DPtP~P =0, i=1,2,...,n
F'(A—p+1)
In particular, for the constant function u(t) = 1, we obtain
1
DPl=——t7" pé¢N
(1 —p)
For p € N, we obtain, of course, D?1 = 0 because of the poles of the gamma function
at the points 0,—1,—2,.... For p > 0, the general solution of the homogeneous

equation DPu(t) =0in C(0,T)NL(0,T) is
u(t) = cot? ™" Fcert’ T T b ey atP T P

where ¢;, i = 1,2,...,n — 1, are arbitrary real constants. Further, we always have
DPIPy = u, and

IPDPu(t) = u(t) + cot’ "+ crt? "o ey otP T2 e tPTL (2.1)
To define the solution for problem (1.1)-(1.2), we consider the following lemma.

Lemma 2.3. Let hy,hy € C[0,T)NL[0,T]. Then the integral solution for the linear
system of fractional differential equations:

D%u(t) = hy(t), DPu(t) = ha(t), (2.2)

supplemented with the boundary conditions (1.2) is given by

v o1 n(p— g)x2 S (s—T1)P"1
u(t) = F(ﬁA)t {/0 (g(a—) ) (/0 ( F(ﬂ)) h2(7’)d7’)d$
atf—2 o (g — g)P-2 s (g )l
+ F(/;n+ﬂ —1) /0 (F(ﬁ—) ) (/0 ( F(of) m(r)dr)ds}  (23)

bt —s)> !
+/0 ) ha(s)ds,

U(t)_HF(thﬁl{/O” aﬁsﬁ)Q /0 §—1T) ()dT)dS
)

FatB—2 a9 Ry
I(a +6—1)/ /0 ) gy he (T)dT)ds} (2.4)

r(3)
ti(t_S)ﬂ y S)as
+/0 T s

where

vpl ()T (B)(no) 72
(a4 6 -1))°

Proof. Using the formula (2.1), the general solution of the system (2.2) can be

written as

A =T(a)I(3) — £ 0. (2.5)

u(t) = apt® 2 +art® ' + Iy (1), (2.6)
v(t) = bot? =2 + b1t~ 4 IPhy(t), (2.7)
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where a;,b;, (i = 0,1) are unknown arbitrary constants. From (2.6) and (2.7), we
have

D Yu(t) = a1 T () + Thy(t), (2.8)
DP=Ly(t) = b1 (B) + Thy(t), (2.9)
D7 2u(t) = agl (o — 1) 4+ a1 T()t + I*hy (1), (2.10)
DP=2y(t) = boT(B — 1) + biT(B)t + I*ha(t). (2.11)

Using the given conditions: D 2u(0%) =0 = D?~2¢(07) in (2.10)-(2.11), we find
that ag = 0, bp = 0. Thus (2.6) and (2.7) take the form

u(t) = art® " + Iy (t), (2.12)
v(t) = byt~ 4+ IPhy(t). (2.13)

Using the coupled integral boundary conditions: D®~u(0") = vI®~lvu(n) and
DPF=1y(0%) = ul?~tu(o) in (2.8) and (2.9), we obtain

vI(B)n>+P—2

I(a)ar — mbl = vI*P hy(n),
ul(a)oath=2 T(B)by — —uJo -1, (214
Tla+p—p T =n L
Solving the system (2.14), we find that
a+p—2
o= g {TO ol + AL )}, (219
a+(B3—2
by = %{r(a)fawflhl(a) + ’mﬁ_l)wwlhg(n)}, (2.16)

where A is given by (2.5). Substituting the values of a; and b; (from (2.15) and
(2.16)) in (2.12) and (2.13), we obtain the solution (2.3)-(2.4). Note that the
converse follows by direct computation. This completes the proof. O

The following lemma contains certain estimates that we need in the sequel. We
do not provide the proof as it is based on simple computation.

Lemma 2.4. For hi,hy € C[0,T] N L[0,T] with |[ha]| = sup,ejory [h1(t)] and
[ hall = sup,ejo 1y [h2(t)|, we have

. o — S 6 2 s (5 — 7')0‘71 gotB-1

O 1 [ S50 ([ ) as| < e Sl
S (s— 7)1 1

(i) |/ a—l /0 ( F(ﬁ)) ha(T dT)dS’ FnimeH

D) y/o t_r(‘z) (s)ds| < F( )H 1

‘ bt — )BT T8
) | [ g haloias] < sl
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3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Denote by X = {z : « € C([0,T],R)} and Y = {y : y € C([0,T],R)} the
spaces equipped respectively with the norms |[z||x = sup,ec(o 7y |2(t)| and ||lylly =
supyepo, 7] [¥(t)[- Observe that (X, - [|x) and (Y,[ - [ly) are Banach spaces. In
consequence, the product space (X xY,|| || xxy) is a Banach space endowed with
the norm [z, 5)llxxy = lz]lx + Iylly for (z,5) € X x Y

By Lemma 2.3, we define an operator F': X X Y — X x Y associated with the
problem (1.1)-(1.2) as follows:

F(u,v)(t) :== (Fy(u,v)(t), Fa(u,v)(t)), 3.1)
where
Fy(u,v)(t) = ”iﬁ{/%
8 ( /0 (8}(75))5_19@“(7)7 v(7), (P2u)(7), (wgv)(f))dT) ds
“itan ) o s
g (/0 Wﬂﬂu(”’““)’ (¢ru)(7), (ww)m)df)ds}
* / ) r&) F(s.u(s),0(8), (S10)(s), (r0)(5))ds.
Fy(u,0)(t) = %)“H{ /0“ (r;(—ﬁs_)ﬁl;
: (/0 (S}(Ta))alf (r,u(7), (7). (@10)(7), (Yrv)(7))dr ) ds
*Hr v, T o2
y (/0 (s}(})f_lg@ u(7),v(7), (P2u)(7), (wzu)(T))dT) ds}
i / : _F(@)f 9(5,u(s), v(s), (Sau)(s), (120)(s))ds.
For computational convenience, we set
A=1+47, A=1+%,
=140, 60=1+0,
T Ta_l{n|A|VrléaF(+ﬂ;(i01);(ﬁ; 1 Ry (aT+ ) (3.6)
R
o= (33
2= Tﬁ_l{a|A||VFlE|cET)ﬁa)+Fi:£(g)_ ) I‘(@T+ 0 b (3.9)
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Oy :w0(61 +§1)+I€0(82—|—5_2), (3.10)
0 = Amax{w, w3} (e; + &1) + Amax{ry, k3}(e2 + &2), (3.11)
Q3 = O max{wy, @y} (g1 + &1) + O max{ra, k4}(e2 + &2). (3.12)

Observe that problem (1.1)-(1.2) has solutions if and only if the operator equation
F(u,v) = (u,v) has a fixed point.

Now we are ready to present our first existence result, which is based on Leray-
Schauder alternative.

Lemma 3.1 (Leray-Schauder alternative [15]). Let F' : E — E be a completely
continuous operator. Let V(F) = {x € E : x = AF(x) for some0 < A\ < 1}. Then
either the set V(F) is unbounded or F' has at least one fixed point.

Theorem 3.2. Let f,g: [0,T] x R* — R be continuous functions and there exist
real constants w;, k; >0 (i =1,...,4) and wo, ko > 0 such that

(HL) |F({t,u(@), v(t), (1w) (1), ($10)(8)] < w0+ |ul+wa|v|+wos|drul+walprv],
|9(t, u(t), (1), (P2u) (1), (P20)(8))] < Ko + K1 lul + K2lv] 4 K3|doul + Kaltbav],

for all (u,v) € X x Y.
Further it is assumed that max{Qs, N3} < 1, where Qo and Q3 are given by (3.11)
and (3.12) respectively. Then problem (1.1)-(1.2) has at least one solution on [0,T).

Proof. In the first step, we show that the operator F' : X x Y — X X Y defined
by (3.1) is completely continuous. By continuity of the functions f and g, we
deduce that the operators F; and F, respectively given by (3.2) and (3.3) are
continuous. In consequence, the operator F' is continuous. Next we show that
the operator F' is uniformly bounded. For that, let A C X X Y be a bounded
set. Then, for any (u,v) € A, there exist positive constants L; and Lo such that
L ut), o), (610) (1), (no)(O)] < L, gt ult), v(t), (2u)(8), (20) ()] < Lo,

for all (u,v) € A. Then, for any (u,v) € A, we have

| Fy(u,v)(t)]
L@t ¢ (" (= 35)*"
< N {/0 T(a—1)
S (g—7)8-1
X (/0 (F(g)|g(T,u(T),v(7’),(qﬁgu)(f),(ww)(T)NdT)ds
lpn®thA=2 [ (0 — 5)8~2
+F(oz+ﬁ—1)/0 TG —1)
< ([ R (ot G, (o) o) s}

t (t _ S)afl
+ /0 W‘f(sv 'LL(S), ’U(S), ((15171)(8), (wlv)(s)”d‘s?

PIP@T g [T =) [* (5= 1)
i T A e T € A
P20y (7 (0 =8)" 2 [T (s —7)* ! f(t—s)*!
Uy /0 T(3—1) (/0 T(a) dT)‘”’S} + L1/0 Ty o
lvp|(no)*+F~10(6) T } [W[C(B)n AT Ly
nAL(a+8-10(a+p)  Tla+1) Al(a+p)

S TozflLl{
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which, on taking the norm for ¢ € [0,T] and using the notation (3.7), yields

[F1(u, v)|| < e1Ly + e2Lo. (3.13)
In a similar manner, we can find that
I(a)TP~ ( Ligoth—1 L ath-1 L,TP
|F2(’U,,U)(t)| < |/’L| (Oé) { 10 4 ‘l/| 2(770’) } 2 7
AY Lla+p6)  ol(a+B)T(a+B-1)J) "T(B+1)

which together with (3.8) and (3.9) implies

[F2(u,v)|| < &1Lt + &2Lo. (3.14)
From the inequalities (3.13) and (3.14), we infer that F; and F» are uniformly
bounded, and hence the operator F' is uniformly bounded.

Next, we show that F' is equicontinuous. Let t1, to € [0,T] with ¢; < t3. Then
we have

|1 (u, v)(t2) — F1(u,v)(t1)]

(Bt~ — 5" {Lwa”‘l L o)L }
L
+ F(Tjrl)@(tg — 1)+ [tg — £5).

Obviously |Fy(u,v)(t2) — Fi(u,v)(t1)| — 0 as ta — t1.

In a similar manner, one can show that |Fa(u,v)(t2) — Fa(u,v)(t1)] — 0 as
to — t1. Thus the operator F' is equicontinuous in view of equicontinuity of F}
and F5. Therefore, by Arzela-Ascoli’s theorem, we deduce that the operator F' is
compact (completely continuous).

Finally, we consider a set V(F) = {(u,v) € X XY : (u,v) = AF(u,v) ; 0 <A<
1} and show that it is bounded. Let (u,v) € V. Then (u,v) = AF(u,v). For any
t € [0,T], we have u(t) = A (u,v)(t), v(t) = AF2(u,v)(t). Using the assumption
(H1) together with the notation (3.4) and (3.5), we obtain

Ju(®)]
< IAIIFl(u v)(O)] < [Fi(u, v)( )\

| <
|V\t" 1{/ a_l /OS (s—T)B_l[HOjL,ﬂ\u(TN+;<;2|v(7)|
)
2

r()
+n3|<¢2u>< |+ Kal (Y2v)(7)]dr ) ds

i A e e s
(a+ﬁ—1)/0 (G- 1) (/O Tlay @0+ @ifu(m)|+@zfu(7)]

+ w3 (pru) (7)) + W4|(1/)1v)(r)|]d7>ds}

+

(t —s)o!
+ /0 T [0 + w1|u(s)| + walv(s)| + @s|(1u) ()| + wa|(10)(s)[lds

)
ly‘ta : { /0’7 e j1 : (/09 (S ;(T/;)ﬁ_l [Ko + (81 + Fors)u(7)]
)

(52 + 5(,&4 |U(T)|]d7)ds

|pln°tP=
MNa+p-1

(o —8)P2 [T (s —7) !
>/o INCESY (/o Tla) @0+ (@14 70ms)|u(7)]
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+ (w2 + doma)[o(r) Jdr ) ds}

+/0 (tr(sa);[w0+(w1+’yOW3)|u(s)|+(w2+5ow4)|v(5)”d57

WD) T
- Al

_ M — )2, 5 (g — 7)1
+9max{/£2,/£4}||v\|y}/0 (71_7‘(0[_)1) (/0 ( I‘(ﬁ)) dT)dS

=2 7 (0 —5)°72
T /O r(3—1) (VEO + Amax{wy, ws}ull x
T)o

+ 0 max{ws, w4 }||v]y] /OS (S}(a)ldﬁds}

{[fio + Amax{r1, k3 }|ul x

¢ (t—s)ot

I(a)

}[wo + Amax{wi, w3 }||ul| x

+ [wwo + Amax{w, ws}Hul|x + Gmax{wQ,w4}||v||y]/ ds,
0

(o) 7T () T
nAN(a+ 8- (a+6)  T(a+1)
+ 0 max{wa, w4 }t||v|ly]

p[C(B)nth-tret
A (e + )

which, on taking the norm for ¢ € [0,7] and using (3.7), yields

<7

[ko + Amax{r1, k3 }|ul|x + O max{ka, ks }|v]lv],

lullx < exfwo + Amax{wn, ws}|ullx + O max{ws, @a}{|v]y]+ ealwo (3.15)
+ Amax{k1, k3 H|ul|x + 0 max{ra, ka}|v|ly]-
Similarly, with the aid of notation (3.4), (3.5) and (3.9), one can obtain
lolly < & [wo + Amax{w:, ws}ullx + 0 max{ws, @}|[vly] + ko (3.16)
+ Amax{r1, w3 }|ulx + 6 max{rz, ka}v]y].
From (3.15) and (3.16), we find that
llullx + [lolly
< wo(e1 + &1) + ko(e2 + &2)
+ {)\ max{w, w3} (e1 + &1) + Amax{xy, k3}(e2 + 5‘2)} [l x (3.17)

n [emax{wz,m}(sl +21) + Omax{ra, £a}(e2 + 52)} [olly,
< O + max{Qs, Q3}{|(u, v)[| xxv,
which, in view of ||(u,v)||xxy = |lu|lx + ||v]y, yields
0
max{Qy, 23}’

where 21,8, Q3 are respectively given by (3.10), (3.11) and (3.12). This shows
that V(F) is bounded. Thus, by Lemma 3.1, the operator F has at least one fixed
point. Consequently, the problem (1.1)-(1.2) has at least one solution on [0, T].
This completes the proof. [

I, 0) ey < 1
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Our next result deals with the uniqueness of solutions for problem (1.1)-(1.2) and
relies on Banach’s contraction mapping principle. For computational convenience,
we introduce the notation:
a+(B—2

L3I _ < |uln
A= L 1+60)+ =1 |1
Al {51( +50) + &2(1 + do) + Tat7-1) {C1( +70) (3.18)
+ C2(1 + do) ”ﬂLCl 1+ 70) + G2(1 + do),
UL ()Pt p|oeth2 A
A (1 1+60)+ = |6(1
LS TA {C1 +70) + G2(1 4 do) + TlatB-1) [51( +70) (3.19)
+ &(1 + dp) HJF 1(1+ F0) + &2(1 + &),
where
G = max { |10 My (o), | 107 My o),
Co = max { |17~ My (o), |1+ Ma(r) }, (3.20)
G = sup {Irean ()M ()},
t€[0,T]
G = sup {11011V}, (3.21)
€10,
& = max { |17V ()], 1124 Ny ()
&= maX{II“W_lNQ(??)I, IIC“*B”M(W)I}» (3.22)
&= sw {IPN@O)L PN},
t€[0,T]
&= s {IP M), 117 Na0)] }, (3.23)
€10,
t t
Yo = sup ‘/ 71 (t,s)ds|, o= sup ‘/ Ye(t, s)ds|, (3.24)
te[0,7] t€[0,T]
t _ t
do = sup ‘/ 01(t,s)ds|, dp= sup ‘/ 02(t, s)ds|, (3.25)
t€[0,T] te[0,7]
€=¢101+ 6202, E=E101+&202, 01= sup [f(¢0,0,0,0)],
t€[0,T)
02 = Sup |g(t7070a070)|a (326)

t€[0,T)
where €;,&;(i = 1,2) are respectively given by (3.6)—(3.9).

Theorem 3.3. Let f,g:[0,7] x R* — R be continuous functions and there exist
positive functions M;(t), N;(t) >0 (i =1,...,4) such that

4
‘f(t7u17u23u33u4)_f(t U17U23U37U4 SZ |u7, U’i|a

W~

g(t, 1, uz, uz, ug) — g(t, v1, v2,v3,04)| < ZNz(t)\uz — il
i=1
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or all t € [0,T], u;,v; € R. In addition, assume that A < & and A; < L, where
2 2

A and Ay are given by (3.18)and (3.19) respectively. Then boundary value problem
(1.1)-(1.2) has a unique solution on [0,T).

Proof. Let us fix r > max{2e/(1 — 2A),2&/(1 — 2A1)}, where A, Ay, and ¢, & are
respectively given by (3.18), (3.19) and (3.26). Firstly, we show that FB, C B,,
where B, = {(u,v) € X xY : ||[(u,v)]|xxy < r} and F is given by (3.1). For
(u,v) € By, note that

[ (t,u(®), v(t), (dru) (), (Yro)(1))]

< | u(t), o(t), (r1u)(1), (¥10)(1)) = f(2,0,0,0,0)] +[f(2,0,0,0,0)]
< My (8)|u(®)] + M2()[v(t)] + Ma(6)|($1u) ()] + Ma(B)[(10)(8)] + 01
< My (8)|u(®)] + Ma(t)|v(t)] + 70 Ms(8)[u(t)] + 6o Ma(t)|v(t)] + 01

< [Ma(t) + 90 M ()| [u(®)] + [Ma(t) + doMa®)|[o(8)] + 01
< (M) + Ma(t) + 0 Ma(t) + 8o Ma(®) )|, ) [ + 01
< (M () + Ma(t) + 70 Ms(t) + 8o Ma(t) )7 + 01.
Similarly, one can obtain
l9(t, w(t), (1), (62) (1), (20) ()] < (Na(t) + Na(t) + FoNa(t) + SoNa() ) + o2,

Then, using the notation (3.20), (3.21), (3.22) and (3.26), we have

|[F1(u, v)(t)]
a—1 n _ g a—2 s 5477,ﬁ71
<2 ety () e ()

+ Y N3(7) + 50N4(T))7‘ + QQ)dT) ds

y[potP—2 T(o—s)P2, [ (s—T) !
" Fla+38-1) /0 r(B—1) (/O () (Ml(f) + Ma(7) + o M3(7)

+ oM () )+ 01 ) dr ) ds }

. /Ot (tr(so)jl (Ml(s) + Ma(s) +~oMa(s) + 60M4(5))r + Ql)ds

Eg)Tt
B |Al
na+ﬁflg2
I'(a+p)
a+B-2
+ F|(Ma|7—’|—ﬁ—1) [I‘”’H*l <M1(0) + ’YoMs(J))r + otA-1 (M2(U) + 50M4(0)>7’]
pi|ul(no)*+o—1
n(a+ )M a+3-1)
o1
T(a+1)

{Ia+ﬂ—1 <N1(77) + %Ng(n))r 4 rotp-l (Nz(n) + 5}]\74(77))7“

_|_

} +1° (M1(t) + ’YOMS(t))T + 1" (MZ(t) + 50M4(t))r

+
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I(B)T! X
< {HERT— (60 + 0+ &0+ )+
|l G o2

N m(uéo)) +G(1+70) + G (1+6)

a+(B—2
(1+)

e Al N A e
MAT(a+B8T(a+8-1) T+l ® JAT(@+p)
which, in view of (3.18) and (3.26), implies

+Q1{

I o)llx < Ar+e < 2. (3.27)
Analogously, using (3.19) and (3.26), we can obtain
[F2(u,v)|ly = A7+ € < g (3.28)

From the estimates (3.27) and (3.28), it clearly follows that

[1F(u, )| xxy = [[F1(w,v)|[x + [[F2(w, v)|ly <7,
and hence F'B, C B,.

Now we show that the operator F' is a contraction. For that, let u;,v; € R,
i =1,2. Then, for each ¢ € [0, 7], it follows by (3.20)-(3.22) that

[F1 (ur, v1)(8) = Fi(ug, 02) (1)

VDT 1 =2 [ (s =)
= A {/0 I(a—1) (/0 L'(3) l9(7, w1 (1), v1(7), (P2u1)(T),

(Y2v1)(7)) — g(7,u2(7), v2(7), (P2u2)(T), (¢2@2)(7))\d7)d5

T A ) S N Gl
T T, e Mo G
(Y1v1)(7)) = f (7 u2(7), v2(7), (dru2)(7), (wlvg)(ﬂ)m) ds}

+ZfQ}ZTHﬂ%M@%M@%@WQ@%WWﬁ@D
— f(s,u2(s),v2(s), (p1u2)(s), (Y1v2)(s))|ds

v|D(B)T* !
< PP {1 (o) + o) o — el
I”ﬂ%M(HﬂﬁM)Mmfww
|1u‘|77a+ﬁ 2 a+[B-1 _
NCE ) {I (Ml ) + 70 Ms(o )>||U1 us | x

L JatB- I(Mz(a) + 50M4(U)) lo1 — UQHY}}

+I° (Ml(t) T 70M3(t)> llur — usl|x + I® (Mg(t) n 50M4(t)> l[or — vally

v a—1 a+(F—2 _
< (MR — [+ )+ =50 a0)] + G0+ 30— wallx
|l P 2¢

(R et 60+ 0 )] + G0 s i i
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which yields

[ F1(ur,v1) = Fi(uz, v2)[|x < AllJur — uzl[x + [lo1 — v2ly], (3.29)
where we have used (3.18). Similarly, we can find that

[ Fa(ur, v1) — Fa(uz, v2)lly < ArflJur — uallx + [lor — v2|ly], (3.30)

where we have used (3.19). Thus, from (3.29) and (3.30), we have

| F'(u1,v1) = Fug,v2)|| xxv

= [[Fi(u1,v1) — Fi(u2,v2)||x + [|F2(u1,v1) — Fa(uz, va2)|ly

< A+ A)[[Jlur —ueflx + [lor = vally],

which implies that F' is a contraction in view of the given condition A + A; < 1.
Hence, by Banach’s fixed point theorem, the operator F' has a unique fixed point
which corresponds to the unique solution of the problem (1.1)-(1.2) on [0,7]. This
completes the proof. O

Example. Consider the boundary-value problem

D32u(t) = \/T + % u(t)| + iiotauf1 v(t)
+ % /Ot (t;‘(?)l/zu(s)ds + % /Ot (t;(sg))l/gv(s)ds,
D¥u(t) = S (|simu(t)] + 1) + s fo(t) (3.31)
+ % Ot %u(s)d‘s + % Ot %;;Wv(s)ds, 0<t<l

D Y2u(0%) =0, DY2u(0%) = —-12(1/2),
D=3/%p(0T) =0, DY4(0%) = —21'/4(1/4).

Here, « = 3/2, 8 =5/4, v =1, p=-2,n=1/2,0 =1/4, T =1, y1 =
(t — s)Y2/T(3/2), 61 = (t — 8)/3/T(4/3), 7o = e~ /50, 6y = e~ (=1/2 /140,
M (t) = t2/15, My(t) = t2/10, M3(t) = t/25, My(t) = 1/25, Ni(t) = €'/80,
Ny(t) = 1/20, N3(t) = 1/80, Ny(t) = t/20. Using the given data, we find that
Yo =~ 0.75225, 85 ~ 0.83988, 5o ~ 0.03437, 5o =~ 0.00927, A ~ 1.20312, (1 ~ 0.00489,
Co =~ 0.00733, {1 =~ 0.05015, Co =~ 0.07523, & ~ 0.01006, & =~ 0.01480, & =~ 0.11841,
€ ~ 0.04413. Further, A ~ 0.26689 < 1/2, and A; ~ 0.21388 < 1/2. Thus, by
Theorem 3.3, problem (3.31) has a unique solution on [0, 1].
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