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Abstract. In this paper, we introduce the notions of Zr—contractions and Suzuki Zr-contractions via
I'-simulation functions. By using these new contractions, we extend and unify several existing fixed point
results in the corresponding literature. We also show that the recently defined notion of #—simulation
function is an special case of Zr—contraction. In addition, some notable examples are given to illustrate
and support the obtained results.

1. Introduction and Preliminaries

In 2000, Branciari [1] proposed to use the quadrilateral inequality instead of triangle inequality in the
axioms standard metric. In this way, Branciari [1] supposed that this new distance brought a generalization
of the standard metric that was why he called this new function as a “generalized metric”. On the other
hand, this chance brings a new topological structure that is not compatible with the topology of standard
metric space [2]. In particular, it was noted that the observed distance is not necessarily continuous and
open ball is not need to be open set see e.g. [3-8]. Throughout the manuscript, this new notion will be
called Branciari distance space.

In [1], after defining this new structure, Branciari was able to get the analog of renowned fixed point
theorem of Banach [9] with some gaps that was noted and easily removed in [4]. Since then a significant
number of the authors have worked on this new abstract space and they have reported several interesting
results dealing with the topology of Branciari distance space and concerning new fixed point results by
using various contractions see e.g. [5-8, 16-18, 21, 24, 25, 27-29, 36, 38] and the related references therein.

For the sake of completeness, we recall necessary and fundamental definitions, notations as well as the
basic results that are effectively employed in the sequel. Henceforward, the symbols R, R*, N, Rj and INg
are reserved to indicate the real numbers, positive real numbers, natural numbers, non-negative reals, and
non-negative integers, respectively.

The following definition belongs to Branciari [1].
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Definition 1.1. [1] For a non-empty set X, if a distance function d : X X X — [0, co) satisfies
(R1) d(x,y) =0ifand only if x = y;

(R2) d(x,y) = d(y,x) for each x,y € X;

(R3) d(x,z) <d(x,u) +d(u,v) + d(v, z) for all x,z € X and all distinct points u,v € X\{x, z},

then d is called a Branciari distance or a rectangular/generalized metric on X and (X, d) is called a Branciari distance
space or a rectangular/generalized metric space.

Khojasteh et al. [26] introduced an interesting notion, simulation function, in order to combine and unify
several existing results in the literature of fixed point theory.

Definition 1.2. A simulation function is a mapping C : [0,00) X [0,00) — R which satisfies in the following
conditions:

(C1) €(0,0)=0,
(C2) C(t,s) <s—tforallt,s>0,

(C3) if {tu}, {su} are sequences in (0, o) such that lim t, = lim s, > O, then

lim sup C(ty,s4) < 0. 1)

n—oo

From now onward, the letter Z denotes the family of simulation functions.

Definition 1.3. [26] A self-mapping T on a complete metric space (X, d) is called a Z—contraction with respect to
C € Z if there exists a simulation function C : [0, 00) X [0, 00) — R such that

Cd(Tx, Ty),d(x,y) 20 Vx,yeX

Theorem 1.4. [26] If a self-mapping T on a complete metric space (X,d) forms a Z—contraction with respect to
C € Z, then T has a unique fixed point.

Recently, the notion of the simulation function and Z—contractions have been extended and generalized in
various way, see e.g. [11-15, 19, 22, 30-34, 37]. Among them we consider the notion of W-simulation function
[22] and we compare it with #—simulation function [37]. We investigate the relationship between these
concepts.

On the other hand, Jleli and Samet [23, 2014] introduced a notion of O-contractions to generalize
certain fixed point results in the framework of Branciari distance spaces by using the auxiliary function
0 : (0, +o0) — (1, +o0) with the following conditions:

(61) 0Oisnondecreasing,
(62) for all sequence {t,} C (0, +09),

lim 6(t,) = 1 if and only if lim ¢, =07,
n—o0 n—oo

(03) there exists r € (0,1) and [ € (0, +c0) such that
. -1
lim =

t—0* tr

L.

Herein after © represent the collection of all functions 6, and ®, be the collection of all functions 6 :
(0, +00) — (1,+00) such that (61) and (0,) are held. Furthermore, we shall use the letter Q to denote the
collection of all continuous functions 6 : (0, +o0) — (1,+0c0) such that (61) and (6;) are satisfied. We note
that Ahmad et al. [10] observed the analog of Jleli and Samet in the context of standard metric spaces by
considering the continuity of ® instead of (03).
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Definition 1.5. Let (X, d) be a metric space, and let T : X — X be a mapping. T is called @—contraction, if there
exists 6 € Q and a constant k € (0, 1) such that

6(d(Tx, Ty)) < [6(d(x, y)I',
forall x,y € X with Tx # Ty.
Theorem 1.6. Every ®—contraction on a complete metric space has a unique fixed point.

Theorem 1.7. Let (X, d) be a metric space, and let T : X — X be a mapping. If there exists O € () and a constant
k € (0,1) such that forall x,y € X,

%d(x,Tx)sd(x,y) implies  0(d(Tx, Ty)) < [0(d(x, y)I,

then T has a unique fixed point.

Very recently, Cho [37] introduced the following class of functions as a new innovation and established a
new fixed point theorem for such contraction mappings in Branciari distance spaces.

Definition 1.8. [37] A mapping 9 : [1,00) X [1, 00) — R is called £ —simulation function if it satisfies the following
conditions:

(%) Q) =1
(92) S(t,8) <} forallt,s>1;

(93) if {ta), {sn} are sequences in (1, o) such that lim t, = lim s, > 1, and t, <, for all n € N, then
n—00 n—00

lim sup S(t,, sn) < 1. )

n—oo

Denote £ as the collection of £ —simulation functions 9 : [1,00) X [1,00) = R.

Definition 1.9. Let (X, d) be a Branciari distance space, and let T : X — X be a mapping. T is called £ —contraction
with respect to 9 if there exists 6 € ©® and S € £ such that,

(0(d(Tx, Ty)), 6(d(x, ) = 0,
forallx,y e X.

Theorem 1.10. [37, Theorem 4] Every £ —contraction on a complete Branciari distance spaces has a unique fixed
point.

In this paper, we show that the proof of [37, Theorem 4] is wrong and the continuity condition of 0 is
essential. In other words, we have to consider 0 € Q.

Very recently, Heidary Joonaghany et al. [22] established a new generalization of simulation functions
called W-simulation function. The following notations and definitions have been taken from [22].
Denote W([0, +0)), the set of all non-decreasing and continuous functions i : [0, +00) — [0, +o0) such that
Y(t) = 0if and only if t = 0.

Definition 1.11. [22] A function 1 : [0, 00) X [0,00) — R is called V-simulation if there exists i € W([0, +00))
such that

(n1) n(t,s) < P(s) — Y(t) foralls,t > 0,

(n2) if {tu}, {su} are sequences in (0, 00) such that lim t, = lim s, > 0, then

lim sup n(t,, s,) < 0.

n—00
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Example 1.12. [22] Let ¢ € W([0, +00)). The following models are some examples of Y — simulation functions:
(e1) Foreachs,t >0, let n(t,s) = ay(s) — P(t), in which a € [0, 1).

(e2) Foreachs,t >0, let n(t,s) = e(y(s)) — P(t), in which ¢ : [0, +00) — [0, +00) is a function such that ¢(0) = 0
and 0 < @(s) < s for each s > 0, and lim sup @(t) < s. (For example, p(s) = as in which 0 < a < 1).

t—s

Denote Zy, the set of all W-simulation functions. Note that every simulation function is obviously W-
simulation because ¢ can be considered as identity function on [0, o). However, a W-simulation function
is not necessary a simulation function (see [22, Example 2.4] for more detail).

The following results are acquired of [22]:

Theorem 1.13. [22, Theorem 2.6] Let (X, d) be a complete metric space and let T, S : X — X be two mappings such
that for all x,y € X,
1 min{d(x, Tx), d(y, Sy)} < d(x, y) implies that

n(d(Tx, Sy), m(x, y)) = 0, ©)

where N € Zy and

d(x,Sy) +d(y, T
m(x, y) = max {d(x, y),d(x, Tx),d(y, Sy), (x, 5y) 5 v x)}.
Then T and S have a unique common fixed point.
Since the following lemma shorten the proofs of our result, we recollect it to here.

Lemma 1.14. [20] Let (X, d) be a metric space and let {x,} be a sequence in X such that lim,_,e d(x,, Xy41) = 0. If
{x2,} is not a Cauchy sequence then there exists € > 0 and two sequences of positive integers {ny} and {my} such that,
1y is the smallest index for which ny > my > k and d(xop,, X2n,) > € and

(1) limy—eo d(Xom,, X2n,) = €,

(2) limy_eo d(x2m—1,X2n,) = €,
(3) limy—co d(Xam,, Xon41) = €,
(4) limy—oo d(Xom,—1, Xon+1) = €.

In this manuscript, we introduce new contractions that are based on the generalized simulation function,
I'-simulation function. We investigate the corresponding fixed results for these contractions in the context
of complete metric spaces. We also bote that the Z-contraction is a special case of the the contractions
generated by W-simulation functions. The given results are supported with concrete examples.

2. Main Result

We, first, present a generalization of W-simulation function that will be called I'-simulation. Let
I'([0, +o0)) denote the set of all non-decreasing functions y : [0, +00) — [0,+00) such that y(t) = 0 if
and only if ¢ = 0.

Definition 2.1. A function C : [0, 00) X [0, 00) — R is called I'-simulation, if there exists y € I'([0, +00)) such that:
(C1) C(t,8) <y(s) =y(t) foralls,t >0,

(C2) if {tu}, {sn} are sequences in (0, o0) such that lim t, = lim s, > 0O, then
n—00 n—oo

lim sup C(ty,, sn) < 0.

n—00
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A function C : [0, 00) X [0,00) — R is called Ty-simulation, if there exists y € I'([0, +00)) such that (C;) and the
following condition are satisfied:

(Cz) if {tn}, {s4} are sequences in (0, o) such that for alln € N, t, < s, and lim t,, = lim s, > 0, then

lim sup C(ty,, sn) < 0.

n—o0

Let Zr and Zr, denote the set of all I'-simulation functions and I'y-simulation functions respectively.
Every I'-simulation function is a I'p-simulation function. Also, every W-simulation function is obviously
I'-simulation function. But a I'g-simulation function is neither necessary a W-simulation function nor a
I'-simulation function.

Example 2.2. Definey : [0, +00) — [0, +00) by

[2t ifos<t<1
V(t)‘{st if1<t.

Also, define C : [0, 00) X [0, 00) — R as follows:

1
C(t,5) = 5y(s) =y
One can easily verify that y € T and C € Zr with respect to y. However, y ¢ VY and C ¢ Zy with respect to y.

Definition 2.3. Let (X, d) be a metric space. We say that the mapping T : X — X is a Zr-contraction, if there exists
C € Zr such that forall x,y € X,

Cd(Tx, Ty),d(x,y)) = 0. 4)

Definition 2.4. Let (X, d) be a metric space. A mapping T : X — X is said be a Suzuki Zr-contraction if there exists
C € Zr such that forall x,y € X,

%d(x, Tx) < d(x,y) implies that C(d(Tx, Ty),d(x,y)) = 0.

Definition 2.5. Let (X, d) be a metric space. A mapping T : X — X is said be a Zr-weak contraction if there exists
C € Zr such that for all x,y € X,

C(d(Tx, Ty), mr(x,y)) 2 0, (5)

where

mr(x,y) = max {d(x, y),d(x, Tx),d(y, Ty), d(x, Ty) ; a(y, Tx)} .

Definition 2.6. Let (X, d) be a metric space. A mapping T : X — X is said be a Suzuki Zr-weak contraction if there
exists C € Zr such that for all x, y € X,

%d(x, Tx) < d(x,y) implies that C(d(Tx, Ty), mr(x,y)) = 0.

in which

mr(x,y) = max {d(x, y),d(x, Tx), d(y, Ty), d(x, Ty) +d(y, Tx) } .

2

Remark 2.7. It is clear that
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(1) ([0, +0)) € I([0, +c0)), and so Zw € Zr,
(2) every Zr-contraction is a Suzuki Zr-contraction,
(3) every Zr-weak contraction is a Suzuki Zr-weak contraction.

The Example 2.2 shows that the converse of statement (1) is not true. Also, the following example shows that the
converse of statement (2) is not true.

Example 2.8. Let X = {0, 1, 3, 5} be endowed with the metric d defined by
d(x,y) = Ix = yl.

Clearly (X, d) is a complete metric space. Let T : X — X be defined as follows:
T(0)=3 and T(1)=T(3)=T(5) =5.

One can verify that T is not a Zr-contraction. In fact, for any C € Zr, the map T dose not satisfy the condition (4) of
Definition 2.3 at u = 0 and v = 1. Because, if C € Zr be a I'-simulation function with respect to the function y € T
then

C(d(Tu, To), d(u, v)) 22,1
y(1) —y(2)

0.

IAN A

On the other hand for u = 0 and v = 1 we have

1 1 3
Ed(u, TM) = Ed(O, 3) = E
But d(u,v) = d(0,1) = 1. So, we obtain that
1
Ed(u, Tu) £ d(u,v).
Also
1 1
Ed(U, T’U) = 5d(1,5) =2.
But d(u,v) = 1. So, we obtain that
1
Ed(v, To) £ d(u,v).
By choosing C(t,s) = 5 —t, it can be easily seen that, , for any u,v € X,
%d(u, Tu) < d(u,v) = C(d(Tu, Tv), d(u,v)) = 0.

This means that T is a Suzuki Zr-contraction.
The next example indicates that the converse of statement (3) is not true.
Example 2.9. Let X ={(1,1),(1,5),(1,6),(5,1),(6,1),(5,6), (6,5)} be endowed with the metric d defined by
d((x1,x2), (Y1, ¥2)) = [x1 = yal + |x2 = vl -

It is easy to see that (X, d) is a complete metric space.



E. Karapmar et al. / Filomat 35:1 (2021), 201-224 207
Suppose that T : X — X is defined as follows:

) (minfx,y}, 1) ifx=1lor y=1lor x<y
T y) = { (1, min{x,y}) otherwise.

Now, we show that for any C € Zr the map T dose not satisfy the condition (5) of Definition 2.5 at u = (5,6) and
v = (6,5).

For this purpose, let C € Zr be a I'-simulation function with respect to the function y € I'. Note that,
d(Tu, Tv) = d((6,1),(1,5)) = 9.
Also

mr(u,0) = max{d(u,v),d(u, Tu),d(v, To), WI2d0TY,

= max{d((5,6),(6,5)), d((5,6),(5,1)),d((6,5), (1,5)),

d((5,6),(1,5))+d((6,5),(6,1)) }
2

= max{2,5,5, %}
= b.
So,

C(d(Tu/ TZ)), mT(u/ 'U)) C(9/ 5)

7(5) = y09)
0.

IAN A

Thus T does not satisfy the condition (5). However, choosing C(t,s) = 35 —t, one can easily see that, for any u,v € X,

%d(u, Tu) < d(u,v) = (d(Tu, Tv),d(u,v)) = 0.
In fact, for u = (5,6) and v = (6, 5) we have

1 1

Ed(ur TM) = Ed((SI 6)/ (6r 1)) =3.
But d(u,v) = d((5,6),(6,5)) = 2, and

%d(u, Tu) £ d(u,v).
Also,

1

1
Ed(v, Tv) = 5d((6, 5),(1,5)) =

But d(u,v) = 2, so we obtain that

5
>
1

Ed(z}, To) £ d(u,v).

It is easily seen that for every two elements x,y € X, if 3d(x, Tx) < d(x, y) then

C(d(Tu, Tv),d(u,v)) = 0.
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For example, for u = (5,6) and z = (1, 1), we have:
mT(u/ Z) = max{d(u, Z)/ d(l/l, TM), d(Z, TZ)/ w}

= max{d((5,6),(1,1)), d((5,6),(6,1)),d((1,1),(1,1)),

d((5,6),(1,1))+d((1,1),(6,1)) }
2

= max{9,6,0, %3}
= 9
Also, we have
d(Tu, Tz) = d((6,1),(1,1))) = 5.
So, we get

C(d(TM, TZ)/ mT(u/ U)) = C(S/ 9)
= 89-5
= 3

> 0.

Aguain, for u = (6,5) and z = (1, 1), we have:

mr(u, z) maxid(u, z), d(u, Tu), d(z, Tz), L2110,
= max{d((6,5),(1,1)), d((6,5),(1,5)),d((1,1),(1,1)),

d((6,5),(1,1))+d((1,1),(1,5)) )
2

= max{9,5,0, %}
= O
Also, we have
d(Tu, Tz) = d((1,5),(1,1))) = 4.
So, we get

C(d(Tu/ TZ)/ mT(M, U)) = C(4/ 9)
= 89-4
= 4

> 0.

The other cases can be verified analogously.
Consequently, T is a Suzuki Zr-weak contraction, however it is not a Zr-weak contraction.

Definition 2.10. Let (X, d) be a metric space. We say that the mapping
T : X — X is Zr,-contraction, if there exists C € Zr, such that forall x,y € X,

C(d(Tx, Ty),d(x, y)) = 0.

Now, we present our first main result.
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Theorem 2.11. Let (X, d) be a complete metric space, and let T, S : X — X be two mappings such that forallx,y € X,
2 min{d(x, Tx), d(y, Sy) < dx, ) = 1(d(Tx, Sy), m(x, ) =0, ®)

in which C € Zt and

m(x, y) = max {d(x, y),d(x, Tx),d(y, Sy), d(x, Sy) +d(y, Tx) } ‘

2
Then T and S have a unique common fixed point.

Proof. Let xg € X be an arbitrary element. Define a sequence {x,},>0 b
y q y
Xops1 = TXop, Xonio = Sxo,41, for each n > 0.

If there exists k € IN such that x; = x;,1, then we claim that x; = x; for all j > k. To see this, suppose that k is
an even number such that xx = xp4q. If m(xg, x¢41) = 0 then, by the definition of m(x, y), we have xx1 = xg42.
So, one can suppose that m(xy, xx+1) # 0. Furthermore, one has

1 . 1 .
3 min{d(x, Txx), d(Xg41, SX1)} = 5 min{d(xg, Xi+1)

, A(Xk41, Xk12))
< d(xk, Xk11)-

Hence, for each even number k € IN we get

2 minfd(xi, T, d(ien, S¥e) < (st ). 7)
Thus, from (6) and (C;) we have

V(Ad(Xkr1, Xkr2)) < Y (X, Xr1)-
So, since y € T([0, +o0)), we have

A(Xpr1, Xia2) < M(Xk, Xier1)-

But,

(X, Xs1) = Max {d(xk, x1), Gt Te), d(esn, Sxean)

d(xk, Sxie1) + d(xp1, Txy) }
! 2

d(xy, x
= max {0, A(Xr1, X42), %}

(Xk, Xke1) + A(Xkr1, Xe42) }

d
< max {d(xk+1, Xk42), 5

0 + d(xgs1, xk+2)}
2

= max {d(xk+1/ X42),

= d(Xx+1, Xkr2),
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which is a contradiction. So, d(xii1, Xk+2) = 0 or m(xg, Xx1) = 0, i.e., X1 = X2 Hence, xp = X1 = Xgro-
Similarly, if k = 2n + 1 for some n > 0, we can prove that xx = X411 = Xx42. Therefore, x; is a common fixed
point of T and S. So, for all n > 0, we suppose that d(x,, x,+1) > 0 and m(x,, X,+1) # 0.

Now, we intend to prove that I}Lr{}o d(xx, Xg+1) = 0. To reach this goal, we claim that

A(Xp1, Xk42) < M(Xk, Xir1)
=d(x, xe1) VkeN. 8)

To prove the claim, at first, suppose that k is an even number. We have

1 1 .
> min{d(xx, Txx), d(xks1, SXks1)} = 3 min{d(xk, Xk+1)

, A(Xs1, Xir2)}
< d(xk, Xkr1)-

So, from (6) and ((;) we have:

Y(Ad(Xks2, Xk11)) = Y(d(Sxks1, Txx))
< y(m(xx, Xk+1)),
and by the fact that y € I'([0, +0)) we have
A(Xper1, Xer2) < M(Xk, Xie1)- )

On the other hand,

m(Xy, Xgs1) = Max {d(xk/ Xr+1), d(xk, Txi)

d X /Sx + d X ’Tx
s A(Xks1, SXps1), (%, SXxe41) + d(Xpes1 k)}

2

A(xx, X42)
2

= max {d(xk/ Xi+1), A(Xks1, Xks2),

< max {d(xk, Xkr1), A(Xkr1, Xk42)

A(Xx, Xk+1) + d(Xes1, xk+2)}
! 2
< max {d(xk, Xk+1), d(Xk+1, Xk2)} -

So, if d(xk,+1, Xky+2) = d(Xk,, Xk,+1) for some even number kg € IN we get
M (Xky, Xkr1) < A(Xky41, Xky42),

which is a contradiction by (9). Hence, for each even number k € IN,
A(xkr1, Xpv2) < d(xk, Xir1),

and so
m(xk, Xe1) < d(Xg, Xir1)-

Consequently, (8) is proved when k > 0 is an even number. By the same argument, one can verify that (8)
holds when k is an odd number. Thus, the sequence {d(x;, xX,+1)},>1 is non increasing and bounded below,
so it converges to a real number ¢ > 0. Hence,

lim d(x,, x,+1) = lim m(x,, x,41) (10)

={.
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We claim that ¢ = 0.
Indeed, combining (7) and (6), we have

C(d(Txk, Sxgs1), m(xx, Xp41)) 2 0,

for each even number k € IN. So,

lim sup C(d(xXon+1, X2n+2), M(X2p, X2n41)) = 0.

On the other hand, if we suppose that £ > 0 then (10) implies that
31_{?0 A(Xon41, Xon4+2) = }1_{{}0 M (X2, X2n+1)

=¢
> 0.

So, using (), it follows that

lim sup C(d(x2n41, X2n+2), M(X2n, X2n41)) < 0,

n—oo

which (11) cause a contradiction. So, the claim is completed and we obtain that

lim d(xn/ xn+1) < lim m(xn/ xn+1)
n—o00 n—oo

= lim M (X, Xn41)-

n—o0

Now we intend to prove that {x,} is a Cauchy sequence.
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(11)

(12)

In order to show that {x,} is a Cauchy sequence, using (12), it is enough to show that the subsequence
{x2,} is a Cauchy sequence. On the contrary, suppose that {x;,} is not a Cauchy sequence. Then Lemma
(1.14) shows there exist €9 > 0 and subsequences {x,,,} and {xz,} of {x,} such that 7 is the smallest index

for which ny > my > k and d(x,, X24,)) > €0 and
(I1) limy_e d(xXomy,, Xon,) = €0,
(l)  Limye0 d(X2m—1, X2n,) = €0,
(l)  limyeo d(Xamy, X2n,41) = €0,
(ls)  Hmyyeo d(Xom—1, X21,41) = €0.

Therefore, from the definition of m(x, y), we have:

lim m(xop,, X2m,-1) = lim max {d(xan/mek—l)r A(Xon, Xon+1)
k—o0 k— o0

7 d(mek—li x2mk)

d(x2n,, Xom,) + d(X2m—1, ink+1)}
! 2

€0+€0}

= max {eo, 0,0, 2

= €p.
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So,

I}I_)m d(mekr x2nk+1) = I}l—>m m(mek—l,xz,,k)
=€
> 0.
Hence, (C;) implies that

lim sup C(d(x2m, X2n,41), M(X2m-1,x5,,)) < O

n—oo

On the other hand, we claim that for sufficiently large k € IN, if ny > my > k, then

1 .
3 min{d(xXon,, Tx2s, ), A(X2m,—1, SXom—1)} < (X2, X2me—1)-

Indeed, since ny > my and {d(x,,, x,+1)} is non-increasing, we have
d(x2nk/ TxZﬂk) = d(xan/ xan+1)
< d(Xom+1, Xom,)

< d(Xka/ x2mk—1)
= d(X2m—1, SX2m,—1)-

Hence, the left hand side of inequality (14) is equal to

1 1
Ed(xznk, Txy,) = Ed(xzml Xon+1)-

Therefore, we first need to show that for sufficiently large k € IN,
if np > my > k then

d(xsz x2nk+1) < d(xan/ xzmk—l)'

According to (12), there exists k; € IN such that for any k > ki,

1
A(Xon, Xoner1) < >€o-

Also, there exists k, € IN such that for any k > k»,

1
A(X2m—1, Xom,) < 560.

Hence, for any k > max{k;, kp} and nx > my > k, we have

€0 d(x2nk/ x2mk)
d(xanr x2mk—1) + d(x2mk—1/ mek)

€0
< d(xou,, Xom—1) + 5

INIA

So, one concludes that

€o
> < d(Xon,, Xom—1)-

212

(13)

(14)
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Thus, for any k > max{k;, k} and ny > my > k, we have

A(xXon,, Xone+1) < %
< d(Xon, Xom-1)-
So (14) is proved. Applying (14) and (6), we get
C(d(Tx2m,, Sx2my-1), M (X2, X2, 1)) 2 0, (15)

for sufficiently large k € IN.
Taking (upper)limit on both side of (15), we obtain that

lim sup C(d(x2n,+1, X2m, ), M(X2n, , Xom—1)) = 0, (16)

k—o0

which is a contradiction by (13). So, {x,} is a Cauchy sequence and since X is complete, there exists u € X
such that x, » uasn — oo.

Now, we are going to show that u is a common fixed point of T and S.

Firstly, we prove that

lim m(u, x5,) = d(Su, u). 17)
n—oo

Note that

d(u,Su) < m(xy,, u)

max {d(xan, 1), ), o, Su) as)

Ao, S)+A (11 X2051) }
. .

7

Taking limit on both side of (18), we obtain that

d(u, Su) < lim m(u, x2,)

< max {O, 0,d(u, Su), W}
= d(u, Su).
Hence,
,}E?o m(u, Xo,) = d(Su, u).
This completes the proof of (17). In the same manner, one can show that
Lim m(u, x21) = d(Tu, u). (19)
Now, we claim that for each n > 0, at least one of the following inequalities is true:

1
Ed(XZn/ x2n+1) < d(x2n/ u)/ (20)

or

1
Ed(x2n+1/x2n+2) < d(xon, u). (21)
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On the contrary, if for some ny > 0 such that both of them be false, we get

d(x2n0/ x2n0+1) < d(x2n0/ u) + d(u/ x27‘10+1)

1 1
< Ed(XZHO/x2n0+1) + Ed(x2710+1/x2n0+2)

1 1
< Ed(xzm),xzm,ﬂ) + Ed(x2ng/x2n0+1)

= d(Xony, Xong+1),

which is a contradiction and the claim is proved. So, one can consider the following two cases:
Case (1): The relation (20) is established for infinitely many n > 0.
In this case, for infinitely many n > 0 we have

2 min{d(xs, Txan), d(u, Sw) = 3 minfd(xay, vaea), da, Su)

< =d(xon, Xon41)

N =

< d(xp, 1).
Consequently, using (6), it follows that for infinitely many n > 0,
C(d(Tx2u, Su), m(xzu, u)) = 0.
Therefore,

lim sup C(d(x2n+1, Su), m(x2,, 1)) = 0. (22)

k—o0

Now, we show that d(Su, u) = 0. Suppose that d(Su, 1) > 0. Then, since

lim d(Tx,,, Su) = lim m(u, x2,)

n—oo
=d(u, Su)
>0,

from (C2) we have

lim sup C(d(x2n+1, Su), m(xa,, 1)) <0,

k—o0

which contradicts (22). So, d(u, Su) = 0, i.e., Su = u. On the other hand, we have

m(u, u) = max {d(u, u), d(u, Tu), d(u, Su), d(u, Su) -; d(u, Tu)}
= max {O, d(u, Tu),0, d(u,zTu)}

=d(u, Tu).
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So,
m(u, u) = d(u, Tu).
Furthermore,

% min{d(u, Tu), d(u, Su)} = % min{d(u, Tu), 0}

=0
< d(u,u).

Thus, if d(Tu, u) > 0 then (6) implies that
n(d(Tu, Su), m(u, u)) > 0.

So, from ({;) one can observe that
d(Tu, Su) < m(u, u),

which contradicts (23). Hence, d(Tu,u) =0, i.e., Tu = u. So Tu = Su = u.
Case (2): The relation (20) is established only for finitely many n > 0.
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(23)

In this case there exists 119 > 0 such that (21) is true for any n > ny. Similar to Case (1), one can prove
that, (21) leads us to a contradiction unless Su = Tu = u. So, in any case u is a common fixed point of T and

S.
Finally, we show that the common fixed point of T and S is unique.
Suppose that u and v are two common fixed points of T and S. We have

% min{d(u, Tu), d(u, Su)} = % min{d(u, Tu), 0}
=0
=d(u, u).
On contrary, if d(u, v) # 0 then m(u,v) # 0. So, (6) implies that

C(d(u, v), m(u, v)) C(d(Tu, Sv), m(u, v))

0

vV

So, from (C;), one can conclude that
d(Tu, Sv) < m(u,v).

But

m(u,v) = max {d(u, v), d(u, Tu), d(v, Sv), d(u, Sv) +d(v, Tu)}

2
=d(u,0),
and it is a contradiction. So d(1, v) = 0 which completes the proof. [

The next result is an obvious consequence of Theorem 2.11.

Corollary 2.12. [22, Theorem 2.6] Let (X, d) be a complete metric space, and let T, S : X — X be two mappings such

that for all x,y € X,

%min{d(x, Tx), d(y, Sy)} < d(x, y) = n(d(Tx, Sy), m(x,y)) = 0,

(24)
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where n € Zy and

d(x, Sy) +d(y, Tx)}
> )

m(x, y) = max {d(x, y),d(x, Tx),d(y, Sy),

Then T and S have a unique common fixed point.

Proof. Taking into account the fact that Zw C Zr, one can obtain desired result. [

Putting S = T in the Theorem 2.11, we obtain:

Corollary 2.13. Every Suzuki Zr-weak contraction on a complete metric space has a unique fixed point.
The following results are some immediate consequences of Corollary 2.13:

Corollary 2.14. Every Zr-weak contraction on a complete metric space has a unique fixed point.
Corollary 2.15. Every Suzuki Zr-contraction on a complete metric space has a unique fixed point.
Corollary 2.16. Every Zr-contraction on a complete metric space has a unique fixed point.

Remark 2.17. With due attention to this that every Zr-weak contraction is a Suzuki Zr-weak contraction, Corollary
2.13 is a generalization of the Corollary 2.14. The following example shows that Corollary 2.13 is a genuine
generalization of the Corollary 2.14.

Example 2.18. In view of the Example 2.9, the mapping T is not a Zr-weak contraction. So T is not satisfied in the
Corollary 2.14. But T is a Suzuki Zr-weak contraction and we can easily see that T is satisfied in all conditions of
the Corollary 2.13, and (1, 1) is the unique fixed point of T.

Following the proof of Theorem 2.11, if we replace ” Zr-contraction” by ” Zr,-contraction”, and metric space
by Branciari distance space respectively, we can obtain the following result:

Theorem 2.19. Every Zr,-contraction on a complete Branciari distance space has a unique fixed point.

Proof. Let (X, d) be a complete Branciari distance space, and T : X — X be a Zr,-contraction. Then, there
exists C € Zr, such that for all x, y € X,

C(d(Tx, Ty),d(x, y)) = 0. (25)

Since C € Zr,, there exists y € I'g such that (), (C2) and (Cz) of Definition 2.1 are satisfied.

Let xy € X be an arbitrary element. Define a sequence {x,},>0 by
Xpe1 = Ty,

for each n > 0.

If x,y41 = xp, for some 1y € Ny then x,, is a fixed point of T. So, we can assume that x,.+1 # x,, for each
n € INp.
From (25) we have:

C(d(Txn/ Txn+1)r d(xnr xn+l)) > 0.
So, it follows from (C1) that

Y(A(Xpa1, Xn42)) = V(d(Txn/ TXp41))
< V(d(xn/ xn+1))/
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and since 1 is a nondecreasing function, one conclude that

A(Xpr1, Xne2) < A(Xp, Xna1),

for each n € IN.
Thus, the sequence {d(x;, Xn+1)}n>1 is non increasing and bounded below, so it converges to a real number
¢ > 0. Hence

lim d(x,, Xns1) = C.

For that sake of convenience, suppose that a,, = d(x,, x,+1), for each n > 0. Then a,41 < a,, for eachn > 0,
and we have

lima, = lima,.1 =¢.
n—oo

n—o0

we divide the rest of proof into five steps.

Step (1): We prove that ¢ = 0.

Assume that ¢ # 0. Then, (Cz) implies that

lim sup n(d(xy+1, Xn+2), A(Xn, Xn11)) < 0.

n—oo

But, (25) implies that for each n > 0

Cd(xp41, Xn42), d(xXn, X441)) = CA(Txy, Txps1), (X, Xp41))
>0,

which implies that

lim sup C(d(xXp41, Xn+2), A(Xn, Xn41)) = 0,

n—oo

and this is a contradiction. So,

lim a,, = lim 4,41 = 0. (26)

Now, we claim that
lim d(x, 1, %111) = 0.
Indeed, using (25) and (C1), we obtain
Cd(xns1, Xne2), A(Xn, Xn41))

C(d(Txnr Txn+1)r d(xnr xn+1))
0,

V(d(xnflr Xn+1)) — V(d(xn/ Xn+2))

v i v

and since y is a nondecreasing function, one conclude that

(X, Xp42) < A(Xn-1, Xn41),

for each n € IN.
Thus, the sequence {d(x—1, X4+1)}n>1 is non increasing and bounded below. In the same manner to that
which proved (26), one can show that

lim d(x,_1, Xps1) = 0. (27)
n—oo
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Step (3):
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We show that {x,} is a bounded sequence.

On contrary, assume that {x,} is not bounded. Then there exists a subsequences {x,,} of {x,} such
that for each k € IN, ny is the smallest index for which d(x,,,,, x,) = 1 and d(x,, x,,) < 1 for each
ng<m< Nk+1) — 1.

Then, we have

1 d(x”k+1 4 x”k)
d(xn(k+1) 7 xn(hl)—z) + d(xi’l(k+1)—2/ xn(kﬂ),l ) + d(xl’l(k+1)—1/ xnk)

d(xn(kﬂ)rxnk—Z) + d(xn(k+1)—2/ xﬂ(kJ,l)fl) + 1

IAIA A

Letting n — oo and using (26) and (27), we have

Lim d(xn, %) = 0. (28)
Now, using (26), (28) and R3, one can conclude that

1}1_1)1;10 d(Xngny-1, Xn-1) = 0. (29)
On So, using (25), (C1) and the fact that y is a nondecreasing function, one conclude that

d(xﬂ(kn)l xnk) < d(‘xn(kﬂ)—] ’ xnrl)/

for each n € IN.
Consequently, () implies that

llm Sup T](d(xn(k+1); xnk )I d(xl’l(k+1)—1/ xnk—l)) < 0

n—oo

But, it follows from (25) that, for each k > 1

C(d(xn(k+1)l xl’lk)/ d(xn(kﬂ),l 7 xnk—l)) = C(d(Tle(kﬂ),l 7 Txnk—l)/ d(xn(kﬂ),l 7 xnk—l))
>0,

which implies that

lim sup C(d(xn(k+1)l xﬂk)/ d(xl’l(k+1)_1 7 xﬂk—l )) 2 Ol

n—oo

and this is a contradiction. So, {x,} is a bounded sequence.

We going to prove that {x,} is a Cauchy sequence.

For this purpose, let
Sy =supd(x;, xj) :i.j > n.
Since {x,} is a bounded sequence, S, < oo for all n € IN. Furthermore, it is clear that the sequence {S,,}

is nondecreasing and bounded below. So, it converges to a real number S > 0. Assume that S > 0. It
follows from the definition of S, that for any k € IN there exists 1y and m such that my > n, > k and

1
Sk — % < d(Xy, Xn,) < Sk.
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Thus,
Lim d(xy,, xXn,) = S. (30)
On the other hand, using (25), (C1) and the fact that y is a nondecreasing function, one conclude that

d(xmkr xnk) < d(xmk—ll xnk—l)/

for each k € IN.
Hence, one has

d(xmk/ xl’lk) < d(xmk—lz x?‘lk—l)
< d(xmk—ll xmk) + d(xmkr xnk) + d(x}’lkl xnk—l)

Letting n — oo and using (26) and (30), we get

lim d(xp,—1,Xp-1) = S. (31)
n—oo
Finally, (C,) implies that

lim sup n(d(xm,, Xn,), A(Xm-1, Xn—1)) <O,

n—oo

which contradicts (25). Thus, {x,} is a Cauchy sequence and since X is complete, there exists u € X
such that x,, » u, asn — oo.

We prove that u is a fixed point of T.
Without losing of generality, one can suppose that d(x,, u) # 0 for each nn > 0. Using (25), (C1) and the
fact that y is a nondecreasing function, one conclude that

d(xp41, Tu) < d(xy, u),

for each n € IN.

So, for each n € IN, one has

0 < du,Tu
< d(u, xy) + d(xy, Xp41) + d(xy41, Tu)
S d(u/ xn) + d(xn/ x?’l+1) + d(xn/ u)‘

A

Letting n — oo and using (26), we get
d(u, Tu) =0,
which implies that Tu = u.

The fixed point of T is unique.
Suppose that u and v are two fixed points of T. We have d(u,v) = d(Tu, Tv). If d(u,v) # 0 then
d(Tu, Tv) # 0. So, (C,) implies that

lim sup n(d(u, v), d(u, v) = lim sup n(d(u, v), d(Tu, Tv) < 0.

n—oo n—oo

So, (C1) implies that
y(d(u,v)) < y(d(u,v)),

and this is a contradiction. So, d(u,v) # 0.

This completes the proof of theorem. [
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3. Results In ®—Contractions and .¥—Contractions In Metric Spaces

In the first part of this section we indicate that each ®—contraction is really a Zr-contraction. We also
show that the Theorem 1.6 and Theorem 1.7 are consequences of Corollaries 2.16 and 2.15 respectively.

Corollary 3.1. (Theorem 1.6) Every ®—contraction on a complete metric space has a unique fixed point.

Proof. Let T : X — X be a ©®—contraction on a metric space (X,d). Then there exists 6 € () and a constant
k€ (0,1) such that forall x, y € X,

6(d(Tx, Ty)) < [6(d(x, y)I*. (32)
Let us define the function (g : [0, ) X [0, ) — R as follows;

o t=0o0rs=0,
Colt,s) = kin(6(s)) — In(O(t)) otherwise.

We prove that

(a1) The function (g is a I'-simulation function with respect to the following function

0 F=0
v() :{ o) > 0.

(a2) T is a Zr-contraction with respect to the function Cg.

It is clear that y € I'([0, +0)). Furthermore, since k < 1, for each s,t > 0 we have

Co(t,s) kin(6(s)) — In(6(t))
In(6(s)) — In(6(1))

)/(S) - V(t)r

which proves ((;) in Definition 2.3.
Now, let {t,}and(s,} be sequences in (0, o) such that lim ¢, = lim s, = £ > 0, then since 0 € Q, by (6;)

n—oo

A

we have
lim 6(t,) = lim 6(s,) = 6(£) > 1.
Therefore

limsup, .. ColtnSn) = limsupn_m(kln(e(sn))—ln(@(tn)))

k
limsup, ln%
ClG)N

8(0)

In
< 0.

This proves (Cz) in Definition 2.3. So, (a2) is proved.
Finally, using (32), it follows that, for all x, y € X with T(x) # T(y),

Cod(Tx, Ty), s, y)) = KIn(O(d(, ) — In(O@(Tx, Ty)
In gty

Inl
0,

v

which means that T is a Zr-contraction, and then applying Corollary 2.16, we obtain desired result. [J
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Corollary 3.2. (Theorem 1.7) Let (X, d) be a metric space and T : X — X be A self- mapping. If there exists 0 € Q)
and a constant k € (0,1) such that forall x,y € X, %d(x, Tx) < d(x, y) implies that

0(d(Tx, Ty)) < [0(d(x, y)I,
then T has a unique fixed point.

Proof. In the same manner as proof of Corollaries 3.1 one can see that T is a Suzuki Zr-contraction. So, by
Corollary 2.15, T has a unique fixed point. [J

We emphasize and underline that 6 has not been assumed continuous in the [37, Theorem 4]. Under this
observation, when we seek the proof of this theorem, we see that it is doubtful. Indeed, in the proof of [37,
Theorem 4], the authors showed that

%1_{2 A(Xpesr), Xn) =1 and I}l_{g A(Xp(es1)-1, Xny-1) = 1,
and then they concluded that

%1_{{)10 O0(d(Xn+1), Xny)) > 1 and ;}1_{?0 O(d(Xnk+1)-1, Xn-1)) > 1,

and after that they named
te = 0(d(Xn(kr1), Xny)) and  se = 0(d(Xne1)-1, Xn-1)),
and yielded immediately

lim¢t, = lims, > 1!
n—oo

n—o0
It seems that the authors presumed the continuity of 0, although it is not assumed in their research.

According to this fact, the answer of a question “why lim ¢, = lim s,?” is unclear.

n—o0o n—oo

Notice that the authors used this unclear logic in the relation (52) of their proof too.
This is one of the main motivation of us to write a new proof for this theorem. Broadly translated our
findings indicate that .Z—contractions are special cases of Zr-contractions which we defined in this paper.

Theorem 3.3. Every .Z—contraction with respect to 9 : [1,00) X [1,00) — [0, 00) and 6 € Q, on a complete metric
space, is a Zr,-contraction.

Proof. Let (X,d) be a complete metric space and T : X — X be a .Z—contraction with respect to 9 :
[1,00) X [1,00) = [0, 00) and O € Q. For each x, y € X, we have

3(0(d(Tx, Ty)), 6(d(x, y)) = 1. (33)
Now, we define a function Cg : [0, o) X [0, 0) — R by
0 t=0o0rs=0

CH(t/ S) =
ln(S(G(t),G(s))) otherwise,

and we prove that
(m1) The function Cg is a I'p-simulation function with respect to the following function

0 £=0
() = { o) > 0.
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(12) Tisa Zr,-contraction with respect to the Cg.

It is clear that y € I'([0, +0)). Furthermore, for each s, t > 0, using (92), we have

ln(S(G(t), e(s)))
In(g)
y(s) — y(®).

Consequently ((;) is satisfied.
Now, let {t,}and({s,} be two sequences in (0, ) such that for alln € N, ¢, < s, and lim ¢, = lim's,, > 0,

then since 0 € Q, by (6,) one has 6(t,) < 6(s,) and

C@(t/ S)

A

lim 6(t,) = lim 6(s,) = 6(¢) > 1.
Consequently (93) implies that

limsup,,_, . Co(tu, su)

limsup, ln(S(Q(tn), G(Sn)))

= Inlimsup, (S(Q(fn), Q(Sn)))
< Inl
= 0.

This proves (Cz) in Definition 2.10. So, (ay) is proved which means that T is a Zr,-contraction.
Finally, using (33), it follows that, for all x, y € X with T(x) # T(y), we have 9(d(Tx, Ty)) > 1 and

Co(Tx, Ty),d(x,y) = In((OW@Tx, Ty), 0(d(x, )
In1
0,

v

which means that T is a Zr,-contraction, and then applying Theorem 2.19 , we obtain desired result. [

Corollary 3.4. Every £—contraction with respect to 9 : [1,00) X [1,00) — [0, 00) and 0 € Q on a complete metric
space has a unique fixed point.

Proof. By Theorem 3.3, T is a Zr,-contraction, and then applying Theorem 2.19 , we obtain desired result. [

4. Conclusion and Future Directions

The purpose of the current study was to determine the I'-simulation functions as a real generalization of
W—simuation mappings by which several known contractions. Also, we characterized the . —contraction
as a special case of I'-contractions induced by I'-simulation functions. Ultimately, we demonstrate that
there is a gap in the proof of [37, Theorem ]. In other words, the author have applied the continuity of 0 in
their results without assuming this fact and we change the assumption and present a new proof.

This research has thrown up many questions in need of further investigation. Taking into account
that the '-sumulation mappings are the greater collection of classical ones and are more applicable, one
can generalize the obtained results in metric-type spaces like b—metric space, ordered metric spaces and
etc. Moreover, further research regarding the other single-valued and multi-valued contractions would be
interesting, however working on multi-valued version of the current results seems to be more sophisticated.
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