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ABSTRACT

OPTIMAL CONTROL PROBLEMS FOR SAFE AND EFFICIENT LANE
CHANGES OF SELF-DRIVING VEHICLES

ALI, Ardm Haseeb Mohammed
Ph.D., Department of Electronic and Communication Engineering
Supervisor: Assoc. Prof. Dr. Klaus Werner SCHMIDT

September 2017, 148 pages

Intelligent Transportation Systems (ITS) aim at increasing the traffic throughput and
safety, reducing the total travel time and traffic congestion using novel achievements
of communication and control technologies. In particular, the development of self-
driving vehicles is an important application of ITS that is expected to show a
considerable impact in the near future.

When implementing self-driving vehicles, the realization of lane changes is a
necessary task. Accordingly, this thesis focuses on the computation of longitudinal
and lateral maneuvers during lane changes. The thesis first determines several
models for the longitudinal and lateral vehicle dynamics that are deemed suitable for
representing normal driving situations. In addition, a novel method for decoupling
the longitudinal and lateral motion is proposed. Based on the vehicle models, an
optimal control problem for lane change maneuvers is formulated and two methods
for the solution of this optimal control problems are developed. The first method is a
direct collocation method. Using a given number of collocation points, the optimal
control problem is converted to a nonlinear programming problem that can be solved

by standard nonlinear programming solvers. The second method is gradient-based.



Using a first-order approximation of the system model, a gradient-based search
achieves an approximation of the optimal control solution.

It is observed during the thesis study that the optimal control solutions cannot be
determined in real-time. In order to address this problem, the thesis further studies
the approximation of the optimal control trajectories by curves that can be
parametrized analytically and that can be computed in real-time. To this end, bi-
elementary paths that are based on clothoid curves and their analytical approximation
by bi-elementary arc-splines are found suitable. The thesis proposed computational
methods for the fast computation of lane change trajectories using these curves.

As an application of the developed results, the thesis considers the recent technology
of cooperative adaptive cruise control (CACC) for tight vehicle following. Existing
CACC designs assume straight roads and hence only consider the longitudinal
vehicle dynamics. The thesis extends the existing results to the case of CACC on

curved roads.

Keywords: Lane change, longitudinal motion, lateral motion, nonlinear vehicle

model, optimal control, clothoid curve.
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OTONOM ARACLARIN EMNIYETLI VE VERIMLI SERIT
DEGISIKLIKLERINE YONELIK OPTIMAL KONTROL
PROBLEMLERI

ALI, Ardm Haseeb Mohammed
Doktora., Elektronik ve Haberlesme Miihendisligi Anabilim Dali
Tez Yoneticisi: Dog. Dr. Klaus Werner SCHMIDT

Eyliil 2017, 148 sayfa

Akilli Ulagim Sistemleri (ITS) yeni iletisim ve kontrol teknoloji geligsmelerini
kullanarak trafik akisi ve giivenligini artirmak, toplam seyahat siiresini ve trafik
tikanikligin1 azaltmayr amaglamaktadir. Ozellikle kendi kendine giden araglar yakin
gelecekte kayda deger bir etki gostermesi beklenen ITS’nin Onemli bir
uygulamasidir.

Kendi kendine giden araclart uygularken serit degisimlerini fark etmek gerekli bir
gorevdir. Buna gore, bu tez serit degisimleri sirasinda boylamsal ve lateral
manevralarin  hesaplanmasina odaklanmaktadir. Tez ilk olarak normal siiriis
kosullarin1 temsil etmeye uygun boylamsal ve lateral ara¢ dinamikleri igin birkag
model belirlemektedir. Ek olarak boylamsal ve lateral hareketi ayrigtiran yeni bir
yontem sunulmaktadir. Ara¢ modellerine bagl olarak, serit degistirme manevralari
icin optimal bir kontrol problemi formiile edilip bu optimal kontrol problemlerinin
¢oziimii igin iki ydntem gelistirilmektedir. Ik ydntem dogrudan diizenleme
yontemidir. Belirli sayida diizenleme noktasi kullanan optimal kontrol problemi
standart lineer-olmayan programlama ¢oziiciiler ile ¢oziilebilen lineer-olmayan bir

programlama problemine déniistiiriilmektedir. Ikinci ydntem ise gradyan tabanlidir.
Vi



Sistem modelinin birinci derece tahminini kullanan bir gradyan tabanli arastirma,
optimal kontrol ¢6ziimiiniin tahminini elde etmektedir.

Tez c¢alismasi sirasinda optimal kontrol ¢6ziimlerinin gercek zamanli olarak
belirlenemeyecegi gézlemlenmistir. Bu probleme hitap edebilmek icin bu tez analitik
olarak parametre ile ifade edilebilen ve ger¢ek zamanli olarak hesaplanabilen egriler
ile optimal kontrol gezingelerin tahminini c¢alismaktadir. Bu amagla, klotoid
egrilerine dayal1 ¢ift-baglangic yollar1 ve bunlarin ¢ift baslangic kavis kamasi ile
analitik tahmini uygun bulunmustur. Tez, bu egrileri kullanarak serit degisimi
gezingelerinin hizli hesaplamasi i¢in hesaplama yontemleri onermistir.

Gelismis sonuglarin bir uygulamasi olarak, bu tez siki cihaz takibi i¢in yakin zamanli
kooperatif adaptif seyir sistemleri (CACC) teknolojisini degerlendirmektedir.
Mevcut CACC tasarimlart diizgiin yollar1 ele aldigindan yalnizca boylamsal arag
dinamiklerini degerlendirmektedir. Tez CACC vakasinin egimli yollardaki mevcut

sonuclarina da deginmektedir.

Anahtar Kelimeler: Serit degisimi, boylamsal hareket, lateral hareket, lineer

olmayan ara¢ modeli, optimal kontrol, klotoid egri.
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CHAPTER 1

Introduction

Rapid technology development and improvement of human life quality led to a
considerable increase in traffic. It also becomes a reason for increasing the de-
mand for a more efficient and smarter usage of the currently available transporta-
tion infrastructure. The natural consequence of these requirements is the emer-
gence of Intelligent Transportation Systems (ITS). ITS deployments aim at in-
creasing the traffic throughput and safety, reducing the total travel time and traffic
congestion using novel achievements of communication and control technologies
[1, 2, 3, 4]. Integration of communication technologies such as vehicle-to-vehicle
(V2V) and vehicle-to-infrastructure (V2I) communication in ITS give an opportu-
nity for vehicle cooperation, management and coordination of vehicle maneuvers,
provisioning of critical information to road users.

Among the most significant goals of ITS are traffic throughput increase, traffic
safety and reduction of traveling delays. They are targeted implicitly or explicitly
in any ITS application. Different requirements are associated with the stated goals
on different levels of a traffic network. On the overall network level, the route of
each vehicle from its starting position to its destination has to be decided. This
issue is addressed by dynamic route guidance methods that for example suggest
the avoidance of congested areas [S][6][7]. Nevertheless, such methods neglect
how vehicles move on the selected route. This task is handled on the next level
of the traffic network that is concerned with the traffic flow on highways or urban
networks. Finally, methods for the longitudinal and lateral control of vehicles
such as cooperative adaptive cruise control (CACC) and lane changing control

allow the control of individual vehicle maneuvers while ensuring traffic safety



[8,9,10, 11, 12, 13, 26, 14].

The topic of this thesis is the longitudinal and lateral control of self-driving
vehicles (SVDs) in the scope of ITSs. Such SVDs will be available in the near
future [15] and it is predicted by IEEE that SVDs will constitute 75 % of cars by
2040 [16]. In this context, the main task of this thesis is the design of suitable
vehicle trajectories that support vehicle maneuvers such as lane changes in dense
vehicle traffic. Hereby, trajectories are considered suitable if they can be easily
applied in real-time vehicle applications and if they can be used as building blocks
for higher-level planning tasks such as traffic flow control and traffic routing.

The suggested solution is based on a combined optimization of the lateral and
longitudinal movement in the framework of optimal control [17]. In addition,
the thesis investigates the convenient approximation of the optimal control by bi-
elementary paths that are formed as a concatenation of clothoid curves. Based on
this approximation, the thesis develops methods for the real-time computation of
suitable lane change trajectories. Finally, the thesis presents several applications
that can be designed based on the developed results. The main contributions of

the thesis are listed as follows.

e A new nonlinear vehicle model for the longitudinal and lateral motion is
proposed based on a dynamic bicycle model. Using the idea of feedback
linearization, the traction force of the vehicle is computed so as to decouple
the longitudinal motion from the lateral motion. This is essential when
maintaining a desired vehicle speed or acceleration while simultaneously

performing lateral maneuvers.

e Instead of working with a time-based vehicle model, the vehicle model is
converted to a representation that depends on the arc-length. Such represen-
tation is beneficial when comparing the resulting vehicle trajectories on the
road, when determining approximations and when following the computed

trajectories.

e An optimal control problem for lane changes is formulated based on the

developed vehicle model. The formulation is general and can be used for



representations of the vehicle model in different coordinates.

A collocation method for the solution of the optimal control problem is
developed. Using a given number of collocation points and third-order
polynomials for approximating the relevant state variables, the optimal con-
trol problem is converted to a nonlinear programming problem. A reliable
solver is used to compute direct solutions of the optimal control problem for

lane changes.

A gradient-based method for solving the optimal control problem for lane
changes is developed. Using a finite difference approximation of the sys-
tem model, a gradient-based search allows computing the optimal control

solution.

Optimal control solutions are computed for a wide range of maneuvers,
involving different velocities, accelerations and lane change distances. It is
shown that the gradient-based method determines better solutions regarding

the steering angle for performing optimal lane change maneuvers.

The main disadvantage of applying optimal control is the fact that optimal
control trajectories cannot be computed in real-time. Analyzing the result-
ing optimal control trajectories, it is determined that they can be tightly
approximated by bi-elementary paths. Such paths are formed by concate-
nating clothoid curves and an analytical approximation of such paths by

arc-spline trajectories is proposed.

The thesis determines an analytical bound on the path curvature depending
on the maximum velocity profile of a vehicle during a lane change. Using
this bound, the thesis proposes a computational procedure for selecting the
parameters of bi-elementary paths that are suitable for lane change trajec-
tories. This parameter selection can be efficiently carried out in real-time
based on the current vehicle velocity and a bound on the admissible accel-

eration.



e The thesis further shows that the developed methods can be used to improve
the technology of cooperative adaptive cruise control (CACC) that realizes
tight vehicle following based on distance measurements and communicated
state information among vehicles [18, 19, 20, 21, 22, 23]. Noting that the
existing CACC methods such as [19, 20, 21] are developed under the as-
sumption of straight roads, the case of CACC on curved roads is solved
in the thesis based on decoupling the longitudinal vehicle motion from the

lateral dynamics.

The remainder of the thesis is organized as follows. Chapter 2 gives the back-
ground information about nonlinear vehicle models and clothoid curves that are
used for approximating lane change trajectories. In Chapter 3, the optimal con-
trol problem for lane changes is formulated and solved using collocation and a
gradient-based method. The approximation of optimal control trajectories by bi-
elementary paths is investigated in Chapter 4 and the usage of the approximated
trajectories in different applications for self-driving vehicle is studied in Chapter

5. Chapter 6 gives conclusions and discusses future work.



CHAPTER 2

Background

This chapter provides the background information for this thesis. The vehicle
models used in the scope of the thesis are introduced and illustrated in Section
2.1. In addition, Section 2.2 provides the basic information about a certain type
of clothoid curves that are used for representing lane change trajectories in this

thesis.

2.1 Vehicle Models

2.1.1 Kinematic Bicycle Model

The most simple model is a purely kinematic bicycle model [24] with three de-
grees of freedom as shown in (Fig. 2.1). The three degrees of freedom are repre-
sented by the vehicle longitudinal position (X), lateral position (Y) and the vehicle
yaw angle (®). The vehicle position is measured along the coordinate axes to the
position of the rear wheel of the vehicle. The vehicle yaw angle (®) is measured
with respect to the global (X) axis. The longitudinal velocity of the vehicle at the
center of gravity is denoted as v.

It has to be noted that this model only captures kinematics of the vehicle and
does not consider any dynamics. In particular, the vehicle speed is assumed to be

a constant v. The model equations are

X =vcos(¥W) (2.1)
Y = vsin(®) (2.2)
W= b tan(0) (2.3)



\

Figure 2.1: Kinematic Bicycle Model

2.1.2 Dynamic Vehicle Model in Global Coordinates

Since the kinematic model in the previous section does not correctly represent the
vehicle motion in realistic driving scenarios, the study in this thesis is based on
the dynamic bicycle model as shown in Fig. 2.2. The global coordinates are X, Y
and W and a body coordinate frame with the coordinates x, y, (U is attached to the

vehicle center of gravity (CG).

AY hy
Fer
Fy
b

Figure 2.2: Dynamic Bicycle Model

The relation between the inertial and body coordinates is

X = xcos(W) — ysin(W) (2.4)
Y = xsin(W) +ycos(W) (2.5)
Y-y, 2.6)



The dynamic equations in the body frame are given as

Fi+F
E=yP+ —"f; x (2.7)
Fyi+F,
j= i 2 (2.8)
L;U _ aFyf — ber (2'9)
IZZ

Hereby, m is the vehicle mass, I, is the moment of inertia and a, b are the dis-
tances between the wheels and the CG. The longitudinal forces Fy¢, Fir and the
lateral forces Fyr, Fy; at the front and rear tires are computed using (2.10) to (2.13)

depending on the respective forces in the wheel direction Fy, Fer, Fir and F;.

Fyr = Fircos(0) — Fiesin(0) (front wheel, x-direction) (2.10)
Fyr = Figsin(d) + Fipcos(0) (front wheel, y-direction) (2.11)
F.. = F;, = 0 (rear wheel, x-direction) (2.12)
Fy, = F; (rear wheel, y-direction) (2.13)

Fi is the traction force provided by the engine and F;, = 0 when using actuation
at the front tires. The forces F¢f and F; depend on the lateral tire slip angles Q¢

(front) and @, (rear) of the respective tire:

afztan_l(y+xaw) ) (2.14)
O{r:tan_l(y_xbw) (2.15)

Then, the tire forces can be computed using the magic formula [25] that is fre-
quently used in the literature [26, 11, 27]. A detailed description of the tire forces
is given in Section 2.1.4.

For further use in the thesis, we finally transform the model in (2.7) to (2.9) to



the global coordinates X, Y, W. Using (2.4) to (2.6), it holds that

X =i cos(W) —x sin(W) W — ji sin(W) — y cos(W) W
Y = sin(W) +x cos(W)W + j cos(W) — y sin(W) W
P =p.

Substituting (2.7) to (2.8) into these equations leads to

N (cos(0) cos(W) —sin(d) sin(W) sin(9) cos(W) +cos(d) sin(W) sin(W)
X =k — Fet — Ler
m m m
(2.16)
o Flfcos(5) sin(W) ;sin(cS) cos(W) +Fcfcos(é) cos(kP)n; sin(9) sin(W¥) +Fcrcos(LP)
2.17)
W a(Fgsin(8) + F.gcos(0)) —chr‘ (2.18)

IZZ

In addition, the slip angles in (2.14) and (2.15) can be formulated using the global

coordinates as

1, Y cos(W) — X sin(W) +a¥
X cos(W) +7Y sin(W)
1, Y cos(W) — X sin(W) — bW
(

X cos(W) +Y sin(W)

ap=tan"'( )—0 (2.19)

a, = tan” ! ( ) (2.20)

2.1.3 Dynamic Vehicle Model in Local coordinates

The model in the global coordinates in Section 2.1.2 is formulated using the sec-
ond time-derivatives of the global position X, Y. In this section, an alternative
model that only requires the first time-derivatives of the position coordinates is
derived based on the side-slip angle 3 similar to [28, 26]. To this end, we first
write the vehicle model in (2.7) to (2.9) in terms of the velocity v = \/)?y2 of
the CG and the slip angle 3 = tan~!(y/x). We compute

1 Ay—yx, 1

P aE )T

(45— 38) = 5 (5~ 5%).

Y



Substituting (2.7) and (2.8), we obtain

(F sin(8) + Fg cos(8) + Fir) cos(B)

B= o= — W cos?(B) 2.21)
§— (Ff sin(0) +FC;c0s(5))a—Fcrb (2.22)
X =vcos(W+pB) (2.23)
Y =vsin(W+p). (2.24)

2.1.4 Tire Force

In order to study the dynamic behavior of vehicles for designing control systems,
a tire model is needed. The magic formula model of Pacejka is a popular model
for this purpose. It is a semi-empirical tire model that determines the tire force
depending on the respective tire slip. Its basic form is given by the following

equations [29, 25]:

F.= D¢ Sin(CCf tan_l (Bcf ar— E¢ (Bcf ar— tan_l (Bcf CYf)))) (2.25)
Pz:r — Dcr Sin(CCr tan_l (Bcr ar - Ecr (Bcr ar TN tal’l_l (Bcr ar)))) . (2.26)

In this thesis, we make the common assumption that the parameters for the rear
and front tires are equal. That is, we use B, C, D and E. Here, D determines the
maximum possible lateral tire force, which depends on the normal force of the
vehicle. Using the vehicle mass m and a road friction coefficient U, the maximum

lateral force is given by
D= umg. (2.27)

The remaining parameters are shape parameters that determine the dependency of
the tire force on the slip angle. The magic formula is illustrated by several param-
eter choices in the following figures. Fig. 2.3 shows that the maximum/minimum
force is adjusted by the parameter D. The final force for large values of the slip

angle af depends on the parameter C as can be seen in Fig. 2.4. The location of



the maximum/minimum force changes with the choice of B (see Fig. 2.5) and the

sharpness of the maximum of the curve depends on E (see Fig. 2.6).

4
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Figure 2.3: Magic formula: dependency on the parameter D.

In general, the parameter choice for each application depends on the vehicle
and the specific tires used. In this thesis, we use the parameters from [30] as

summarized in Table 2.1.

Table 2.1: Vehicle parameters.
m I B C D E a b
1480 1950 8.22 1.65 —1.7-10* -10 1.421 1.029

10
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Figure 2.4: Magic formula: dependency on the parameter C.
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Figure 2.5: Magic formula: dependency on the parameter B.
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2.1.5 Simulation

In order to validate the vehicle model, we present several simulation examples of

vehicle maneuvers. Fig. 2.7 to 2.12 show simulations with an initial velocity of

vo = 20 m/sec and different steering angles 0 and traction forces Fis.

Fig. 2.7 shows a left turn with a steering angle of & = 1°.

200
51 = 100
0 - . - - 0 - . - -
0 2 4 6 8 10 0 2 4 6 8 10
time [sec] time [sec]
T T T
€ 100 =
=
K]
@ 501
a
>
0 L L . | | 1
0 10 20 30 40 50 60
X-position [m]
6000 8000
6000
= 4000 1 =
== —5 4000
w | w
2000 2000
0 0
0 2 4 6 8 10 0 2 4 6 8 10

time [sec]

time [sec]

Figure 2.7: Vehicle simulation: vy = 20, Fif =0, 6 = 1°.

The same left turn with an additional traction force of Fif = 500 is shown

in Fig. 2.8. It can be seen in comparison to Fig. 2.7 that the lateral forces are

increased due to the increase in velocity.

The experiment in Fig. 2.9 again considers a left turn with an increase in the

steering angle from 0° to 3° within 10 sec.

Fig. 2.10 considers the case of a sinusoidal steering angle signal & = 1° sin(2 11¢).

Fig. 2.11 as well applies a sinusoidal input signal but at a negative traction

force Fif = —500 (braking). Here, the lateral forces are decreased compared to

Fig. 2.10 due to the decreased velocity.

Finally, Fig. 2.12 performs a left/right turn by a change in the steering angle

13
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Figure 2.8: Vehicle simulation: vy = 20, F; = 500, d = 1°.

at a higher velocity of vyp = 30m/sec.
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Figure 2.10: Vehicle simulation:

vo =20, F =0, & = 1° sin(2 711).
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Figure 2.11: Vehicle simulation: vy = 20, Fjz = —500, & = 1° sin(2 1¢).
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Figure 2.12: Vehicle simulation: vy = 30, Fjz =0, d =0.01° —0.05° g (¢ — 3).
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2.2 Clothoids Curves and Approximations

This thesis is concerned with the computation and representation of lane change
trajectories for self-driving vehicles. A trajectory type that is frequently used in
road construction is the clothoid curve, whose curvature changes linearly with the
arc-length [31]. Since clothoid curves are also employed in this thesis, Section
2.2.1 provides a brief explanation of clothoid curves. A disadvantage of clothoid
curves is the lack of an analytical representation. A possible approximation of

clothoid curves in the form of arc-splines is described in Section 2.2.2.

2.2.1 Clothoid Definition

Clothoids are spiral curves as in Fig. 2.13, whose curvature k(s) changes linearly
with their arc-length [32, 33, 34, 35, 36].

30 30

n
o

20

o

Y-position [m]
Y-position [m]

0 10 20 30 40 0 20 40 60 80 100
X-position [m] arc length [m]

Figure 2.13: Illustration of a clothoid curve

The evolution of a clothoid in the coordinates X, Y, W is evaluated depending

on the arc-length parameter s:

W(s) = /O k(z)dz+ ¥y
X(s) = /Oscos(W(z))a’z—kXs

Y(s) = /0 sin(W(z)) dz -+,

Here, W, X and Y represent the initial values for the tangent angle, X-position

17



and Y-position, respectively.
In the sequel, we employ the following notation for clothoids with arc-length
S

S

S. The starting point is written as Py = [ ] , the initial curvature is ks = k(0) and

the final curvature is kf = k(S). We write
C =€ (P, Y5, ks, kg, S) (2.28)

for a clothoid with starting point F, initial tangent angle W, initial curvature kg, fi-
nal curvature k¢ and arc-length S. We note that a clothoid is uniquely characterized
by these parameters since the curvature is directly given by k(s) = ks + M
For a given clothoid C = € (P, Ws, ks, k¢, S), we introduce the notation Ps(C) = P,
W(C) = Wy, ks(C) = ks, k¢(C) = ks and S(C) = S. In addition, the change in
tangent angle is computed as AW(C) = w and the final tangent angle is
W, (C) = W + AW. We further write Y¢(C) for the final y-position, whereby it has
to be pointed out that there is no analytical expression for ¥;(C).

In order to illustrate the properties of clothoid curves, we consider several
example curves in Fig. 2.14 to 2.19. Fig. 2.14 shows a curve with Py =0, W =0,
ks =0, kf = 0.015 and S = 100. That is, the curvature increases from k(0) = 0 to
k(S) = 0.015 within an arc-length of S = 100. The final tangent angle is W¢(C) =

0.75 and the final y-position is Y;(C) = 23.99.

25 T T T T T T T T T Ps

Y e B3
o w o
T T

Y-position [m]

w
T

(=

0 10 20 30 40 50 60 70 80 80 100
arc length [m]

Figure 2.14: Clothoid curve %(0,0,0,.015,100).

Fig. 2.15 shows an example %°(0,0,0,.015,50) with the same parameters ex-
cept for a different arc-length of S = 50. It can be seen that the final tangent angle

18



W¢(C) = 0.375 and the final y-position Y;(C) = 23.99 are both smaller than in Fig.
2.14.

-
o

P

Y-position [m]
o
T
1

'] -3 " 1 ] 1 1 1
0 5 10 15 20 25 30 35 40 45 50
arc length [m]

o

Figure 2.15: Clothoid curve %(0,0,0,.015,50).

The next example %(0,0.2,0,.015,100) considers the case where the initial
tangent angle is non-zero as shown in Fig. 2.16. Since the remaining parameters
are identical to the first example, it can be seen that the resulting clothoid is only
rotated by Wy compared to the clothoid in Fig. 2.14. The final tangent angle is
Y =0.95.

50 T T T T T T T T T

Ps
40t g

Y-position [m]
w
o
T
L

N

o
T

Il

Py Y, Y

1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
arc length [m]

Figure 2.16: Clothoid curve %(0,0.2,0,.015,100).

The next example %'(0,0,.005,.015,100) considers the case where the initial
curvature is non-zero different from the first example. Fig. 2.17 shows that the
resulting clothoid has a larger final tangent angle Wy = 1.0 and a larger final y-

position Yr = 39.1 compared to the clothoid in Fig. 2.14.
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Figure 2.17: Clothoid curve %(0,0,.005,.015,100).

Fig. 2.18 demonstrates a clothoid € (0,0,0,—.015,100) with a negative final
curvature kf = —0.015. Since the remaining parameters are identical to the first
example, it holds that this curve is symmetrical to the clothoid in Fig. 2.14 with

respect to the x-axis and the final angle is Wf = —0.75.

Ps

Y-position [m]

0 10 20 30 40 50 60 70 80 90 100
arc length [m]

Figure 2.18: Clothoid curve %(0,0,0,—.015,100).

In the final example, we consider a clothoid %(0,0,0.015,0, 100), whose cur-
vature decreases along the arc-length. That is, the initial and final curvature values
are swapped compared to the clothoid in the first example. In this case, it turns out
that the final angle Wy = 0.75 is identical, whereas the final y-position Yy = 47.9
is larger compared to Fig. 2.14.

We note that all the previous clothoid examples were chosen such that the sign

of the initial curvature ks and the final curvature k¢ are the same since such curves
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Figure 2.19: Clothoid curve %/(0,0,0.015,0,100).

are employed in this thesis.

Clothoids are considered as suitable curves for vehicle trajectories since they
enable a smooth change of the trajectory curvature [31, 37, 38]. Although clothoid
trajectories generally do not fulfill the dynamic constraints of the vehicle motion
as described in Section 2.1, it holds that they can be closely followed by vehicles.
On the downside, clothoid curves have several disadvantages in practical applica-
tions. First, it is the case that there is no analytical representation of the X-position
and Y-position of a clothoid trajectory. That is, in order to obtain all points on a
clothoid, the integral equations in (2.28) have to be solved. Accordingly, it is dif-
ficult to directly compute and parametrize clothoid trajectories. It is as well not
possible to characterize offset curves of a clothoid as clothoids, which is for ex-
ample needed when representing parallel lanes of a road [34]. In addition, it is
not straightforward to compute the distance of a point to a clothoid curve, which

is highly relevant when performing trajectory tracking of vehicles.
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2.2.2 Clothoid Approximation using Arc Splines

This section presents arc-splines [34] as an approximation of clothoid curves that
addresses the issues expressed in the previous section. An arc-spline approximates
a clothoid by concatenated arc segments. The resulting curve can be parametrized
analytically and it is straightforward to determine an offset curve for each arc,
which is again represented by an arc. In addition, the minimum distance of any
point to an arc can be evaluated analytically.

We consider the approximation of a clothoid curve C = €'( Py, Ws, ks, k¢, S) as
in (2.28), whereby it is assumed that the initial curvature kg and final curvature k¢
have the same sign. Then, an arc-spline with approximation order n is determined

by n+1 arc segments. The relevant parameters of an arc-spline are defined as

follows:
ke — k.
e Curvature increment; h= ———
n
o g o . kf - ks
e Curvature of arc j, j=0,...,n: kj=ks+ jh=ks+ j
: Sks
e Angle spanned by the first arc (j = 0): wp = 5
n

Sk _ kS jlk—k)S

Angle spanned by arcs with j=1,...,n—1: w;

n n n?
Skn Sk
e Angle spanned by the last arc (j = n): w, = 2—: = Z_nf
S

Length of the first and last arc (j = 0,n): So =S, = P
n

e Length of the remaining arcs with j=1,...,n—1: §; = -
n

Angle at the end of each arc for j =0,...,n—1:
Wi =Wt 3w (2.29)

Using the defined parameters, the arc-spline for the clothoid curve in (2.28) is

parametrized as follows.
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First segment (j = 0)

If ks = 0, the first segment is a line segment from the start point Py with the

parametrization
cos(W S
P+ (¥5) , sef0,—]. (2.30)
sin(Ws) 2n

and the end point

S
2n

cos(Ws)

Ry=P+
T sin(Wy)

(2.31)

We write L = £ (P, Ws, S for a line segment with starting point P, initial orien-
tation Wy and length Sy. That is, the line segment described by (2.30) and (2.31)
is written as .2 (P, W, —).

2n
If ks # 0, the first segment is an arc segment with radius Ry = 1/ks and center
— sin(Ws)
Co=PF+Ro from the tangent angle W to the tangent angle Wy =
cos(¥y)

k.
W +wp =W + 2—S The parametrization is
n

sin(0) — sin(¥y)

P, + Ry
cos(W) —cos(0)

, 0¥, W (2.32)

and the end point is

sin(Wp) — sin(W¥y)

Py=PFP, +Ry
cos(Ws) — cos(Wo)

(2.33)

Considering that an arc segment is uniquely determined by the starting point F,
the initial orientation angle W, the radius R4 and the arc-length S, we write
A = o/ (P, Ws, Ry, Sp) for a general arc segment. The arc segment represented by
(2.32) and (2.33) is hence written as .7 (Ps, Ws, Ry, Ry (Wo — W¥s)).

Segment 1 ton— 1
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These segments are always represented by arc segments with the respective ra-
— sin( W j—1 )

diusR;=1/k;, j=1,...,n—1. The center pointis C; = P,_1 +R;
cos(Wj_1)

b

the parametrization is

sin(@) —sin(W;_)

Ci+R;
o cos(Wj_1) —cos(0)

:ijl—i—Rj QG[Lijl,LPj].

sin(0) ]

—cos(0)

(2.34)

and the end point evaluates as

sin(W;) —sin(W;_1)

Pj=C;+R,
b cos(W;_1) —cos(¥))

=P 1+R; (2.35)

. S
These arc segments are written as A; = .o/ (Pj_1,W,;_1,R;,—).
n

Last segment (j = n)
The type of the last segment depends on the ﬁnaé curvature k¢. If kf = 0, the
last segment is a line segment L, = £ (P,—1,¥,—1, 2—) from point B, ; with the
n

parametrization

cos(W,—1)

P,_1+s
! sin(W,_)

. s€0,-]. (2.36)

and the end point

P,=P, 1+ S
n— fn—1 n

cos(W,—1)

2.37
sin(qJn_l) ( )

If k¢ # 0, the last segment is an arc segment with radius R, = 1/k¢ and center
— sin(\Pn, 1)

C,1=PFP,_1+R
! ! ! cos(W,—1)

from angle W, _; to angle W,. The resulting
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parametrization is

sin(0)

—cos(6

sin(0) —sin(W,—1)
=P 1+Ry
cos(W,_1) —cos(0)

Cn+Rn[ , €W, 1,W,).

(2.38)

and the end point is

sin(W sin(W,) —sin(¥,—
Po=Cot Ry | M) | g g, | S TS | 50
—cos(W¥,) cos(W,_1) —cos(W,)
. . S
This arc segment is written as A, = &7 (P,—1, W,—1, Ry, 2—)
n
ki +ks) S
It is interesting to note that the change of tangent angle AG = M is

2
identical to that of the corresponding clothoid curve. We write & (Ps, Ws, ks, k¢, S, n)

for the approximation of the clothoid curve € (P, Ws, ks, k¢, S) with approximation
order n.

Examples for arc-splines with n =5 are given in Fig. 2.20 and 2.21. C5(0, 0,0,1.2,5,5)
in Fig. 2.20 has ks = 0 such that the first segment is a line segment. The remaining
segments are arc segments with linearly increasing curvature. Accordingly, the

radius of successive arc segments is decreasing.

F=y
»
O
i<

g 4
—_ i —_
E3 1 £3
c c
2|l & 2
g2 r 82
a | o
> i >4
i
Poy g
0 0.5 1 1.5 2 25 3 0 1 2 3 4 5
X-position [m] arclength [m]

Figure 2.20: Arc spline ‘5(0,0,0, 1.2,5,5).

Cf(O,O,OS, 1.2,5,5) in Fig. 2.21 has ks > 0 and k¢ > O such that all segments
are arc segments.
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Y-position [m]
N

o

2.5 2 3 4 5
X-position [m] arclength [m]

o

Figure 2.21: Clothoid curve (5(0, 0,0.3,1.2,5,5).

In the scope of this thesis, it is important to note that the approximation ac-
curacy of arc-splines can be adjusted by the approximation order n. In particular,
the following result from [34] ensures that the approximation accuracy increases

quadratically with the approximation order.

Proposition 1. Cf(Ps, Wy, kg, kp, S,n) . Consider a clothoid curve C =€ (Ps, Wy, ks, ky, S)
and its arc-spline approximation C = ‘f(Ps, Wy, ks, kr, S, n) with approximation or-
der n. Write P(s) for the point of C at arc-length s and P(s,n) for the point of C

at arc-length s for approximation order n. Then, it holds that

max [IP(s) = Plsm)|| = 6 (1/m). (2.40)

The increased approximation accuracy is illustrated in the following figures.
the clothoid curve €(0,0,0,0.015, 100) and its arc-spline approximation % (0,0,0,0.015, 100, 5)
1s shown in Fig. 2.22, whereas Fig. 2.23 shows the same clothoid curve and its arc-
spline approximation % (0,0,0,0.015,100, 10). It can be readily seen that the ap-
proximation error is significantly reduced when choosing a higher approximation
order.

In summary, this section considers clothoid curves that are suitable for repre-
senting road segments and their arc-spline approximations. Clothoids are curves,
whose curvature changes linearly with the arc-length, whereas arc-splines consist
of circular segments, whose curvature changes linearly along the arc segments.
The advantage of arc-splines is that they can be parametrized analytically, which

is not possible for clothoids. In addition, it holds that the approximation accuracy
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Figure 2.22: Comparison of 4(0,0,0,0.015,100) and €(0,0,0,0.015,100,5).
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Figure 2.23: Comparison of 4(0,0,0,0.015,100) and 4(0,0,0,0.015, 100, 10)..

of arc-splines can be increased by choosing a sufficient number of arc segments
(approximation order). When using arc-splines for vehicle trajectories, it has to
be taken into account that there are small jumps in the curvature that cannot be
perfectly followed by vehicles.
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CHAPTER 3

Optimal Control Computations for Lane Changes

As the first main contribution of this thesis, this chapter is concerned with the
the computation of lane change trajectories for self-driving vehicles. To this end,
Section 3.1 summarizes some related work on this subject. Section 3.2 develops
the problem formulation in the form of an optimal control problem. Section 3.3
and 3.4 present solutions of this optimal control problem using collocation and a
gradient-based method, respectively. A discussion and comparison of the obtained

results is given in Section 3.5.

3.1 Basic Setting and Related Work

Lane changing is the process, where a vehicle moves from its current lane to an

adjacent lane as depicted in Fig. 3.1.

Figure 3.1: Basic lane change maneuver.

A lane change is carried out following a certain trajectory 7 in the coordinate
plane (X-Y-plane). Hereby, the change in the Y-position is given by the lane width

AY, whereas the change in the X-position and the orientation angle W during
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the lane change determine the particular shape of 7. In principle, a trajectory
T with a small value of AX requires a fast change of the orientation angle W
and is hence difficult to follow when vehicles travel at high velocities or perform
acceleration maneuvers. In turn, trajectories 7" with large values of AX permit
small variations of W and are suitable for fast vehicles. The disadvantage of such
trajectories is given by the fact that vehicles simultaneously occupy two lanes of a
larger segment of the road, leading to an inefficient use of the road infrastructure.
Accordingly, it is highly relevant to adjust lane change trajectories 7" depending
on the velocity/acceleration profile of vehicles.

Lane changing maneuvers influence the safety and throughput of a transporta-
tion system. A single lane changing vehicle affects the behavior of all the sur-
rounding vehicles in its current and target lanes [9][39]. It was shown in the lit-
erature that lane-changing maneuver due to lane drop generates congestion [40].
Furthermore, one tenth of accidents are caused by lane changes [41]. Hence, a
lane change should be performed in a safe and efficient way avoiding extreme
maneuvers which can impair safety and traffic throughput.

When investigating lane changes, two basic problems are studied in the litera-

ture.

1. From the traffic control perspective, it is necessary to analyze the decision

process of when to perform a lane change and its effect on the traffic flow.

2. From the automatic control perspective, it is important to plan suitable tra-
jectories for lane changes depending on the driving situation and to pre-
cisely follow these trajectories by generating input signals for the vehicle in

order to ensure driving safety and comfort.

Regarding item 1. the survey article [10] gives a detailed review of existing
lane changing models for the traffic flow analysis, indicating their advantages and
disadvantages. The authors classify the lane changing models as models based
on search algorithms (search algorithms from computer science are utilized for
finding future positions of vehicles) and models based on traffic characteristics.

Examples of lane changing models based on search algorithms are [42, 43].
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PRediction In Dynamic Environment (PRIDE) [42] uses short term and long term
prediction algorithms in order to determine the actual vehicle behavior. A cost is
assigned to each of future action (acceleration/deceleration, lane changing) and
the total cost is used for determining the set of possible future positions and cor-
responding probability that a vehicle is going to be in that position. The next
position of a vehicle is chosen according to calculated probabilities and computed
distances between positions. A lane changing model based on a forward search
algorithm is given in [43]. Here, a branching tree of sequential actions for each
modeled vehicle is constructed when a sufficient gap between vehicles is available
in the target adjacent lane. The sequence of actions requiring minimum travel time
is selected and applied by the driver.

Examples of lane changing models based on traffic characteristics are given in
[44, 45, 46, 47, 8, 48]. Gipps’s model in [44] is based on the physical possibil-
ity, safety, necessity and desirability of lane change. Another factor affecting the
drivers decision to change a lane is the distance between the current position and
the intended exit point. Lane changing is possible if there is sufficient gap and the
maneuver is guaranteed to be safe. Wiedemann and Reiter proposed a lane chang-
ing model based on the desire to drive faster or slower. In this model, some lanes
are for fast drivers, some of them are for slow ones. The lane changing depends
on the difference between the front vehicle speed and subject vehicle’s desired
speed [45]. Hidas’ model suggests to classify lane changes as free, forced, and
cooperative. In a free lane change, the distance between leader and following ve-
hicles in the target lane does not change. In a forced lane change, it first decreases
before the maneuver and increases after the maneuver is completed. In a cooper-
ative lane change, it increases before the maneuver and then decreases [46, 47].
Recently the Lane Change Model with Relaxation and Synchronization (LMRS)
was introduced in [8]. Here, relaxation is a phenomenon of driver’s application of
small deceleration and acceptance of different time headways. Synchronization
means alignment with a gap prepared by vehicles in an adjacent lane. Free, syn-
chronized, and cooperative lane changes are realized. Another lane change model

considering the car-following behavior is presented in [48]. This model mainly
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focuses on an accelerated lane change with regard to the kinematic behavior of
the subject vehicle.

It has to be noted that the vehicle models used in the described studies are
abstracted from the actual vehicle dynamics and rather optimized for the simula-
tion/analysis of the traffic flow. That is, the problem of trajectory generation and
trajectory following is not considered in these studies.

There are several research works regarding item 2. A lane change model for
self-driving vehicles was presented in [49]. In this study the emphasis was made
on generating a safe path (based on piecewise Bezier curve). The resulting work
was tested on a real self-driving vehicle. Model predictive control (MPC) is used
in lane change steering maneuver in [50]. Constraints are formulated for find-
ing a trajectory and suitable input signals, while avoiding collisions. The paper
also contains a study on lane changing maneuvers for collision avoidance. [51]
presents and utilizes an optimal-control based method for quantifying the maneu-
verability of actively controlled passenger vehicles during emergency highway-
speed situations. The research is motivated by the desire to better understand the
performance benefits of additional actuated degrees of freedom such as rear steer-
ing when compared to a typical vehicle. The emergency maneuvers considered
are obstacle avoidance, barrier avoidance and lane changes. Necessary conditions
for optimality and optimal control laws are found for each case. Solutions are
found using a lumped-parameter planar single-track vehicle model and nonlinear
tire dynamics are assumed. [11] provide optimal control-based strategies to ex-
plore the dynamic capabilities of a single-track car model that includes tire models
and longitudinal load transfer. The paper explores the system dynamics by the use
of nonlinear optimal control techniques to compute aggressive car trajectories. An
optimal path-planning method is proposed for self-driving ground vehicles in case
of overtaking a moving obstacle in [52]. The path for the overtaking maneuver is
generated by a two-phase optimal path-planning problem. On the one hand, the
vehicle approaches the obstacle as close as possible. On the other hand, tight
following of a reference path and constraints on the lateral acceleration of the

vehicle are imposed. The trajectory generation problem faced by an self-driving
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vehicle in moving traffic is investigated in [14]. A semi-reactive planning strat-
egy is proposed. It realizes long-term maneuvers and ensures short-term collision
avoidance.

The problem in item 2. is the main subject of this thesis. That is, we focus
on the generation of suitable lane change trajectories 7y depending on the driving
situation which is described by the velocity/acceleration profile of vehicles. In the
following, we develop optimal control formulations in order to compute trajecto-
ries and input signals for lane changes. Different from the previous studies, the
formulation in this thesis includes variations in the longitudinal vehicle motion
and uses a specific model for decoupling the longitudinal motion from the lateral

vehicle motion as described in the sequel.

3.2 Lane Change Formulation

Our study is based on the dynamic vehicle models in Section 2.1. In the sequel,

we develop optimal control formulations based on these models.

3.2.1 Decoupling The Longitudinal and Lateral Motion

As the first contribution of the thesis, we note that the longitudinal and lateral
dynamics are coupled when using the models in Section 2.1. That is, a change in
the lateral motion via the longitudinal input force Fif has an effect on the lateral
motion and a change in the steering angle J also has an effect on the longitudinal
motion.

We next propose a modification of Fj¢ in order to decouple the longitudinal

motion from lateral maneuvers. To this end, we define the arc-length g as the
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traveled distance of the CG and the acceleration a of the CG as

g=v (3.1)

=7 — d FO . ! (2x5@+2"')—xjc'+y"—cos([3)jc'+sin([3)"
S dn W o T '
_ COS(B>Efcos(5);Fcfsin(5) —|—sin(B)FlfSin(5) +F;1fcos(5) +Fer

(3.2)
Solving for Fis and writing a, for the reference value of the acceleration, we obtain

may — Feg(cos(d) sin(B) — sin(d) cos(B)) — Fer sin(B) .

Fi = cos(8) cos(B) -+ sin(3) sin(B)

(3.3)

That is, Fi¢ represents the required traction force to achieve a desired accel-
eration a; of the CG even during turning maneuvers (0 # 0). Using (3.3), the
longitudinal motion in terms of the motion of the CG is decoupled from the lat-
eral vehicle dynamics. In particular, the longitudinal vehicle model is now given

by
q=ar, (3.4)

We next discuss several requirements when realizing the traction force accord-
ing to (3.3). First, we note that measurements or estimates of the signals d, 3 and
F¢¢ are available in advanced vehicle applications. The steering angle & can be
directly measured. Furthermore, the sideslip angle 3 = tan~!(y/x) can either be
estimated directly using recent methods such as [53, 54] or computed using es-
timations or measurements of the velocities X and y from inertial measurement
units and differential GPS [55, 56]. Similar, existing estimation methods such as
[57, 58] can be used for estimating the lateral tire forces F.r and F;.

Second, we consider that the computed traction force Fir in (3.3) has to be
realized by applying torque to the actuated wheels of the vehicle. This task is

achieved by recent methods for traction force tracking [56].
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Decoupled Model in Global Coordinates

Substituting (3.4) in the model in Section 2.1.2, we obtain the following model
including feedback of the force Fy.

ma; v cos(W+9) — FpiY — Fp Y cos(9)

*= m(X cos(W+9)+Y sin(W+9)) (35)

_ marysin(W+9) + Fee X + Fer X cos(9) (3.6)
m(X cos(W+90)+Y sin(W+9)) '

@ _Fyb | a(mayvsin(d) + F (X cos(W) +7 sin(W))) 37
L, L: (X cos(W+9)+7Y sin(W+9)) '

aF (X sin(W) sin(d) — Y cos(W) sin(d)) (3.8)

L (X cos(W+9) +Y sin(W+9))

Decoupled Model using the Slip Angle

Substituting (3.3) into the model in Section 2.1.3, the model based on the slip

angle is
p= B (1 gcos(@) + M BONEZ0), o), 39)
o a(mag+ Fecos(B) — Fer sin(B) sin()) — b Fer cos(B —9)
v= L. cos(3 —9) 310
X =vcos(W+P) (3.11)
Y = vsin(W+ B). (3.12)

3.2.2 Transformation of the Decoupled Model to Arc-length Coordinates

The models established previously are formulated using differential equations in
time. Nevertheless, when using lane change trajectories, it proves useful to rep-
resent these trajectories depending on the traveled distance on the road, denoted
as arc-length 5. We next transform the previous models to a representation in the
arc-length coordinate s. To this end, we first provide several basic substitutions.

In addition, we denote the derivative with respect to the arc-length by e’.
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. dX dx d
x=""=502 _x

_dX _dX ds _ 3.13
dt  ds dr (3-13)
4y dYy ds
y=" =222 vy 3.14
dt  ds di s (3.14)
AY ¥ ds
:—:—-—:LP/-' .1
dt  ds di s (3.15)
¥y s_xr 2 ix s (3.16)
ar T dr
Y=Y".2+Y.§ (3.17)
Y=y .2y .5 (3.18)
. dB 4B ds .,
_dB_dB ds_ 5 . 1
B=wr=% o~ FF (3.19)

Decoupled Model in Global Arc-length Coordinates

Using the above relations, the model in the global coordinates can be transformed
to the arc-length representation. Note that § = v and § = a; are used.

X' A X a MY cos(W+9d) — FeY' v— F Y vcos(9) (3.20)
r m(X'vcos(W+0)+Y'vsin(W+9)) '
_ mayvsin(W+0) + Fe X' v+ Fr X' v cos(0)

Y'Y ar = 321
L Q m(X'vcos(W+9)+Y vsin(W+9)) (3.21)
W2y g — Fub N a(mayvsin(0) —i—FCf(X’vcos(W? +Y'vsin(W)))
L, L. (X'vcos(W+9d)+Y vsin(W+9))
(3.22)

aFy (X' vsin(W) sin(d) — Y v cos(W) sin(d))
L;(X'vcos(W+0)+ Y vsin(W+9))

(3.23)
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Decoupled Model in Slip Angle Arc-length Coordinates

Similarly, the model based on the slip angle is formulated in the arc-length coor-
dinates on (3.24) to (3.27).

r_Fc i _5 /
B v="LP) (£ 1 Frcos(d)+ ™ Cos(f;f(f) )y~ W co(p),
(3.24)
v 2 ay . a(mag+ Fgcos(PB) — Frsin(B) sin(d)) — b Fer cos(f — 0)
Wiy +W.g = . cos( — 0) ,
(3.25)
X' =cos(W+P) (3.26)
Y =sin(W+B). (3.27)

3.2.3 Optimal Control Problem Formulation

The main task of this chapter is the formulation and solution of optimal control
problems for lane changes based on the models in the previous section. The opti-

mal control problem to be solved is written as

S
: 2
Iél(lsr)l{/o 0°(s)ds} (3.28)
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subject to the dynamic equations of the respective model in Section 3.2.2 and the

constraints
(3.29)
Yinin <Y(5) < Yimax,  pPYmin <Y (5) < ppYinax, (3.30)
Winin < W(s) < Winax,  ppWmin < W'(s) < ppWinax, (3.31)
Omin < O(5) < Omax>  POmin < 8'(5) < pOimax, (3.32)
$(0)=v, §0)=0 (3.33)
X0)=0, X'(0)=1, X"(0)=0, Y(0)=0, Y'(0)=0, Y"(0)=0,
(3.34)
B0)=0, B'(0)=0, B"(0)=0, W(0O)=0, W(0)=0, W(0)=0,
(3.35)
X' (S)=1, X"(S)=0, Y(S)=4Y, Y'(S)=0, Y"(S)=0,
(3.36)
B(S)=0, B'(S)=0, B"(S)=0, W(S)=0, W(S)=0, W(S)=0,
(3.37)

That is, the objective is to minimize the accumulated steering angle. In ad-
dition, constraints on Y, W, & are given by (3.30) to (3.32) and initial and final
conditions are formulated in (3.33) to (3.37). The conditions in (3.30) state that
the lateral (Y-)position and lateral acceleration should remain between the given
bounds. This is necessary in order to ensure that the computed lane change trajec-
tory as in Fig. 3.1 is computed between the respective lanes and without entering
other lanes. In addition, it is preferred to avoid large lateral accelerations. A simi-
lar constraint is given for the orientation angle W and the corresponding rotational
acceleration in (3.31). The steering angle and its derivative are bounded in 3.32,
which captures physical limitations of the steering system. Initially (s = 0), it is
assumed that the vehicle moves along the X-axis with a constant velocity v as
specified in 3.33 to 3.35. At the end of the maneuver (s = S in (3.36) and (3.37)),

the driving direction is again the X-axis. Nevertheless, the Y-position is now AY,
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which describes the lane change width.

3.3 Collocation Method

3.3.1 Parameters of Our Collocation Method

In order to realize an optimal control solver with direct collocation, we use the
model in the global coordinates X,Y,W in Section 3.2.2. We recall that the slip

angles formulated in the global coordinates are

o, —X'sin(W) +Y' cos(W) +a¥
oy =tan~ (- X' cos(W) +Y’ sin(W) )=2 (3.38)
ar= tan_l(_X/ sin(‘)EPY coffigP bl].l) (3.39)

X' cos(W) + Y’ sin(W)

In order to apply direct collocation, the arc-length is divided into N collocation
intervals with N 4 1 equidistant collocation points: s; = k- h with the step size h
and k=0,...,N.

We use cubic interpolation polynomials for representing the Y-position, the
orientation angle W and the steering angle . We further assume that the longitu-
dinal speed v and acceleration a; are known. Hence, it holds for k =0,...,N and

for sp <t <ty

k

(5) = d (s — 5¢) s — 5¢)2 + (s — 50)?
WK(s) = bf + b (s — si) + DA (s —s1) + D5 (s — s5)°
(s)
(s)

5 (s) = cf+ K (s —sp) + (s —sp)? + A —s1)°

XK(s) = dE+d(s—sp) +d5 (s — sp) + d (s — 5¢)°

Hereby, it is necessary to respect the initial conditions and final conditions for
the state variables and their derivatives in (3.33) to (3.37). In the considered lane
change scenario, it is desired that all initial and terminal conditions evaluate to
zero. Only the final Y-position is determined as Y (S) = AY (lane width) such that
the vehicle moves to the neighboring lane at Y (S) = AY. For the initial and finite
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points, this means that

o S8
oo oo oo

Ss

ay +dY¥ h+ady n* +d > = A
BN+ h+ bYW by P =0
N+ N+ =
dY +dNh+adY n?+dy P =0

o o o O

For the first derivatives, it must hold that

)

)

Q &
—o =O =O =O
I
=) (el -)

I
[a—

al +2dl h+3adi* =0
bY +2b5 h+3bY h* =0
N2 nt3dn =0
dN +2dYh+3dY h* =1

39

(3.40)
(3.41)
(3.42)
(3.43)
(3.44)
(3.45)
(3.46)
(3.47)

(3.48)
(3.49)
(3.50)
(3.51)
(3.52)
(3.53)
(3.54)
(3.55)



The initial and final conditions for the second derivatives are

a3 =0 (3.56)
b =0 (3.57)
=0 (3.58)
=0 (3.59)
28 +6ah=0 (3.60)
205 +66Yh=0 (3.61)
2 +6 =0 (3.62)
2dY +6dYh=0 (3.63)

Moreover, continuity of the state trajectories up to the second time derivative has
to be ensured. For k=0,...,N — 1, this implies that

Yo =Y*10), (YY) (h) = (1 (0), (¥9"(h)=(¥*")"(0)
Wi(h) = WEH0),  (Wh'(h) = (WEF1Y(0),  (Wh" (1) = (W*1)"(0)
X5 () =X10), (XY (h) = (X*1)(0), (X")"(h) = (X*1)"(0)

Evaluating the above equations, we get for k=0,...,N—1and Y:

ab +d h+dSn? + i = a’é“ (3.64)
i+ 2d5h+3d5n? =t (3.65)
2d5+6d5h=2d"" (3.66)

Fork=0,...,N—1and W

b+ bh h4- b5 n? + b5t = b (3.67)
PY 4268 365 % = pFH! (3.68)
265 +6b5h=2b5"" (3.69)
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k=0,...,N—1and d:

ds+dfh+dsn? +dsn® = dlt! (3.70)
df +2d5h+3d5n? = di ! (3.71)
2d5+6d5h=2d5"! (3.72)

Collecting the parameters a¥, b¥ dlk fork=1,...,N and i =0,1,2,3 in the

1771

vector of decision variables z, the equality constraints in (3.40) to (3.63) and (3.64)

to (3.72) can be written with suitable matrices Aeq and beq as
Aeqz = beq. (3.73)

In addition, the dynamic equations in (3.20) to (3.23) need to be met. Evaluating

these equations at each collocation point k4 for k =0, ..., N, it must hold that

_mayv cos(b’o‘ + c’é) — Fcfa’]‘ V— Fcra’]‘ v cos(c’é)

2d5 V4 da. = (3.74)
F ' 4 m (df v cos(bS +cb) + ak v sin(bf + &)
ok ok k k k
2a]2€ ) V2 _|_a]l€ = magv Sln(bo +C0) +Fcfd1 V+Fz;rd1 1% COS(C()) (3.75)

m (dfv cos(bf + cb) +ak v sin(bh + k)

26k P g = — Fub a(mayvsin(ch) + Fg (d¥v cos(b) +af v sin(b))))

1, L (dfv cos(b + k) + ak v sin(bf + cf)
(3.76)
k_ 1y “1(p ok k “1(pak
Fy=Dsin(Ctan™ (Bay—E(Bay—tan” (Bay)))) (3.77)
FX=Dsin(Ctan ' (Ba*— E (Ba* —tan"'(Bak)))) (3.78)
—df sin(bf) +ab cos(b) +abt
d¥ cos(bf) + ak sin(bf)
—d¥ sin(bf) + a cos(bS) — bk
df cos(bf) + ak sin(bk)

af =tan~'( )—ck (3.79)

ak = tan™!( ) (3.80)

These nonlinear equality constraints on the decision variables can be summarized

as
Ceq(z, X0, . XN X0 XNy =0. (3.81)
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Finally, the constraints on the input signal J, the state variables Y, W and their
derivatives in (3.30) to (3.37) have to be considered for k=0,...,N

Yin < @5 < Ymax,  pPYmin < 265 < pp¥inax, (3.82)
l'IJmin S b](c) S quax» PPLPmin S 2bl§ S ppwmax; (383)
6min < Cg < 6max: pémin < C]f < péma)u (3~84)

These constraints can be written as

Zmin < Z < Zmax- (3.85)

with the lower bound z,;, and the upper bound z;,,x for the decision variables z.
In summary, the optimal control problem in (3.28) to (3.37) is converted to the

nonlinear optimization problem

N—1
mzin Z h-(cE)? +yh(ck)? (3.86)
k=0
subject to
Zmin < Z < Zmax (3.87)
Ceq(z, X0, . XN X0 XN) =0 (3.88)
Aeqz = beg. (3.89)

This nonlinear program can be solved by any nonlinear programming solver.
In our work, the solver SNOPT [59] provided by the Tomlab software library is

used.

3.3.2 Example Solution

We next show several example solutions when applying the collocation method
for AY = 3.7, which is a common distance for lane changes [60]. Different lane
change distances S € {40,50,60,70,80,90, 100,110,120}, travel velocities of v €
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{20,30,40,50} and different accelerations of a, € {—2,—1,0,1,2} are chosen.
The following plots show the evolution of the Y-position along the arc-length
for the different cases. Each plot belongs to a certain lane change distance and
shows one subplot for each acceleration value. The results for each velocity are
shown in these subplots. Note that some combinations of velocity/acceleration
might be missing in cases where no optimal control solution could be found by
the collocation method.

It can be seen from Fig. 3.2 and 3.9 that short arc-lengths can only be cho-
sen for small velocities and accelerations. Otherwise, there is no solution for
the optimal control problem. In addition, it can be seen from the figures that
the trajectories for higher velocities start with a smaller curvature in most of the
cases, especially in cases of a positive acceleration. It also has to be noted that,
although the trajectories for different velocities are similar in many cases, some
cases show large deviations. This observation suggests that the obtained solution
might be incorrect in some cases. In order to verify the optimal control solutions,
a gradient-based method for solving the optimal control problem is investigated

in the next section.
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Figure 3.2: Optimal trajectory for S = 50, a, = —2 and a, = —1.
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3.4 Gradient-based Method

In addition to the collocation method in the previous section, we develop a gradient-

based method based on the model in Section 3.2.2.

3.4.1 Formulation of QOur Method

In a general form, the state-space model in (3.24) to (3.27) can be written as
Z = f(z(s),u(s),s) (3.90)

withthestatez:[ﬁ v Y XY o w].

Then, the optimal control problem as in Section 3.2.3 can be formulated as
min @(z(S)) (3.91)
u

subject to the constraints

z= f(z(s),u(s),s) (3.92)

uew (3.93)
hi(z(S)) =0,Vi € E (3.94)
gj(z(8)) <0,vjeJ (3.95)
q(z(s)) <0,Y0 <5 <S. (3.96)

The objective function is chosen as @(z(S)) = w(S), the terminal equality con-
straints in (3.94) are the same as in (3.33) to (3.37), the input signal belongs to a
given set 7/ in (3.93), terminal inequality constraints in (3.95) can be imposed if
desired and (3.96) represents the additional state constraints in (3.30) to (3.32).
The problem in (3.91) to (3.96) is a nonlinear optimal control problem with
state constraints. A gradient-based method for solving such optimal control prob-
lems is proposed in [61]. We next describe the adaption of this method for the

computation of lane change maneuvers. The application of the method is based
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on the reformulation of the problem in (3.91) to (3.96) in terms of the input signal
u. To this end, the state depending on the applied input u is written as z% and the
objective function is written as F(u) := @(z"(s)). Then, the reformulated problem

18
min Fo(u) (3.97)

subject to the constraints

hi(u) := hi(z(S)) =0,Vi € E (3.98)
gi(u):=g;j(z(S)) <0,VjeJ (3.99)
G(u)(t) :=q(z"(s),s) <0,¥0 < s < S. (3.100)

Using (3.97) to (3.100), the idea of the described method is to perform a search for

the optimal input signal difference d based on first-order functional derivatives:

o(u+d) = Fo(u) + (OF (u),d) (3.101)

hi(u+d) ~ hi(u) + (Ohi(u),d), Vi€ E (3.102)
giu+d)~=gj(u)+(0g;(u),d), Vjel (3.103)
Gu+d)(t) =~ g(u)(t)+(0g(u)(t),d), VreR. (3.104)

Using an arc-length discretization with (not necessarily equidistant) points sg, 51, . . .

such that s = 0 and s, = S, the functional derivatives can be written as matrices
in the form F' := OF (u), H" := Oh(u), G4 :=0g;(u) and Qg := D0g(u)(sk).
These matrices are obtained by an explicit Runge-Kutta simulation using finite
differences in the current implementation. Using these matrices and assuming a
previously computed input signal u with the corresponding state z“, a direction-
finding subproblem is solved in order to find the best modification of the input

signal d:

B+—|| I5 (3.105)
de% BER
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subject to

Fid i .
o -+ max |fi(u) + Hj'd| — max [ hi(u)| < B (3.106)
gj(u)+Gjd<p (3.107)

G(u)(sk) + Q5 d < B, Vs0,...,8n. (3.108)

This direction-finding subproblem tries to find a small input difference d such
that the first-order approximation fulfills the terminal and state inequality con-
straints in (3.107) and (3.108). In addition, the objective function is minimized
together with the equality constraint violation in (3.106). This direction-finding
subproblem is convex and can be solved by quadratic programming [61]. It is

applied repeatedly during the actual optimal control algorithm:
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Gradient-based Optimal Control Algorithm

1. Fix parameters y,n € (0,1), cop > 0, K > 1. Choose an initial control input
uy € 7% which satisfies the constraints g;(uo) < 0 for j € J and §(up)(t) <0

for all sg,...,s,. Set[ =0, c_| = ¢y,

2. Let ¢; be the smallest number from the set {¢;_1,K c;_1,K>c/_1,...} such
that the solution (d}, 3;) from the direction-finding subproblem satisfies
maxjeg |hi(uy)|

B+ <0
c

3. if B; = 0 return

4. Let a; be the largest number from the set {1,17,n?,...} such that

Fo(u)
cr

Fo(ul +a dl)
C

+max|fl,-(u1+a1d1)‘ < +maXVli(uz)‘ +Vya; B,
i€k i€k

gilu+apdy) <0VjelJ
G(u+ardp)(tx) <0,Vrg,... 1.

Write ;1 = u;+a; d,.
5. [:=1+1. Go to step 2)

The algorithm repeatedly tries to adjust the input signal by a difference d in or-
der to minimize the objective function while fulfilling the terminal and state con-
straints. Step 1) defines parameters Y, 1, K and initializes the weight parameter c;.
In addition, an initial input signal is selected. Step 2) finds a suitable search direc-
tion d; in order to jointly minimize the objective function and the violation of the
equality constraints. If 3; = 0 in Step 3), it is concluded that no further improve-
ment is possible such that the algorithm terminates. Otherwise, step 4) determines
a largest possible input adjustment @; d; along the chosen search direction without
violating the actual constraints. This adjustment is added to the previously com-
puted input signal such that the new input signal becomes u;, | = u; + a;d;. The

algorithm is then repeated with the new input signal.
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3.4.2 Example Solution

We apply the developed gradient-based method to the same scenarios as in Section
3.3.2. The resulting trajectories can be seen in the following figures. Similar to
the evaluation of the collocation method in Section 3.3.2, it is the case that the op-
timal control problem cannot be solved for large velocities and small arc-lengths.
Fig. 3.10 and 3.11 show that solutions for S = 40 and S = 50 are only possible
for v =20 m/sec. Optimal solutions for v = 50 m/sec are found starting from an
arc-length of § = 90 (see Fig. 3.15). In general, it is observed that the optimal
trajectories for larger velocities start with a smaller curvature. This effect can be
intuitively explained by the fact that less steering is preferred when traveling at

higher velocities.
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Figure 3.17: Gradient method: S =110,AY =3.7,a € {-2,—1,0,1,2}.
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3.5 Comparison And Discussion

We finally compare the trajectories found by the two different optimal control
methods. We choose different arc-lengths S and a low velocity of v =20 and a

high velocity of v = 40 for this comparison.
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Figure 3.19: Comparison of optimal trajectories for S = 50, v =20 and a €
{-2,-1,0,1,2}.

It can be seen that both methods cannot find a solution for small arc-lengths
and large velocities/accelerations. This is expected due to the vehicle dynamics.
If a solution can be found, it can further be seen that the position trajectories for
both methods are mostly similar. Nevertheless, it has to be noted that the optimal
costs determined for both methods are not identical when looking at Table 3.1.
In particular, much higher costs are required when using the collocation method,
especially in the case of large velocities.

It is hence concluded that the collocation method faces numerical problems.
When inspecting the optimal control solutions it turns out that these problems
occur when representing the steering angle 0. In particular, oscillations in the

steering angle are observed, leading to the larger cost compared to the gradient-
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Figure 3.20: Comparison of optimal trajectories for § = 60, v =20 and a €
{-2,-1,0,1,2}.

based method when solving the optimal control problem. These oscillations can
be seen in Fig. 3.31 and 3.32.

Together, it is concluded that the gradient-based method provides better and
more reliable optimal control solutions for lane changes. Accordingly, the results

of the gradient-based method are used for the further development of the thesis.
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Table 3.1: Comparison of optimal cost (10~3) for collocation and gradient-based
method

a= -2 a=-—1 a=0 a=1 a=?2

coll \ grad \ coll \ grad \ coll \ grad \ coll \ grad \ coll \ grad

S=70,v=20 | 0.67 | 0.22 || 0.50 | 0.16 || 0.25 | 0.12 || 0.78 | 0.12 || 0.49 | 0.10

S=60,v=20 | 094 | 0.35 || 0.76 | 0.30 || 0.53 | 0.31 || 0.70 | 0.30 || 0.59 | 0.23

S=50,v=20 | 0.82 | 0.57 || 1.06 | 0.56 || 0.85 | 0.55 || 1.57 | 0.56 || 1.00 | 0.58

S=90,v=30 | 0.21 | 0.04 || 0.48 | 0.03 | 0.42 | 0.03 || 0.60 | 0.02 || 0.53 | 0.02

S=80,v=30 || 020 | 0.09 || 1.49 | 0.09 | 1.51 | 0.09 || 1.44 | 0.11 | 1.44 | 0.10

S=70,v=30 | 0.70 | 0.18 || 1.05 | 0.17 || 0.71 | 0.19 || 1.54 | 0.19 || 1.28 | 0.22

S=110,v=40 || 0.33 | 0.01 || 0.86 | 0.02 || 1.38 | 0.02 || 0.45 | 0.02 | 0.62 | 0.02

S=100,v=40 || 0.63 | 0.03 | 1.39 | 0.02 | 0.53 | 0.03 || 1.39 | 0.03 || 1.32 | 0.03

S=90,v=40 | 1.30 | 0.04 || 1.28 | 0.05 || 0.94 | 0.04 || 1.13 | 0.04 || 1.11 | 0.05

S=120,v=50 | 0.80 | 0.02 || 0.85 | 0.02 || 0.74 | 0.02 || 1.15 | 0.03 || 1.12 | 0.03

S=110,v=50 | 0.73 | 0.03 || 1.01 | 0.03 || 0.86 | 0.03 || 0.84 | 0.03 | 0.78 | 0.04

S=100,v=50 | 0.80 | 0.04 || 0.87 | 0.04 || 0.80 | 0.04 || 0.80 | 0.05 || 0.82 | 0.06
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Figure 3.31: Comparison of optimal trajectories for § = 50, v =20 and a €
{-2,-1,0,1,2}.
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CHAPTER 4

Approximation of Optimal Control Solutions

The previous chapter shows that lane change trajectories for self-driving vehi-
cles can be determined by applying optimal control to nonlinear vehicle models.
Although the computed optimal control inputs could be directly used as feedfor-
ward signals for performing lane changes, it has to be noted that it is not possible
to determine the optimal control solutions in real-time. This chapter shows that
the obtained optimal control trajectories are very similar to bi-elementary paths,
which consist of clothoid segments. Accordingly, the focus of the chapter is the
approximation of the optimal control solutions by bi-elementary arc-splines which
can be computed in real-time.

The chapter is organized as follows. Section 4.1 presents a suitable control
architecture and Section 4.2 provides a representation of position trajectories that
are in general suitable for vehicle following applications. Section 4.3 shows an
approximation of such trajectories that enables an easy trajectory parametrization.
The parametrization of approximated optimal control trajectories is proposed and

analyzed in detail in Section 4.4.

4.1 Control Architecture

It was identified in the previous chapter that optimal control trajectories for lane
changes can be computed by the proposed gradient-based method. Nevertheless,
it has to be noted that the computation of such optimal control trajectories has
several practical disadvantages. First, it is not possible to solve the optimal control
problem in real-time due to the different optimization steps. In addition, it has to

be pointed out that the suggested computation requires a precise knowledge of the
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velocity and acceleration signal of the vehicle during the lane change. Finally, it
is the case that the computed optimal control solution is given by a feedforward
input signal that has to be precisely applied to the vehicle. Hereby, the input signal
is represented by time/steering angle pairs or position/steering angle pairs which
need to be determined for each different lane change.

In order to circumvent the stated problems, this thesis suggests to employ a
generic representation of the position trajectories that is suitable for lane changes.
These position trajectories are then used as reference signals to be followed by the
vehicle, whereby the trajectory following task can be realized by any lane keeping

application. The suggested architecture can be seen in Fig. 4.1.

Lane Change Realization

Lane
keeping

ﬂ’Fcf:Fcr;x;)}; ¢?,X,y

Signal

Maneuver Vehicle measurement
Computation Eaiee vand ,
estimation

computation

Figure 4.1: Control architecture for trajectory following during lane changes.

In this architecture, the vehicle receives the traction force F¢ and the steering
angle O as input signals. Fis is computed as decoupling force according to (3.3).
The steering angle is computed by the respective lane keeping control applica-
tion. In this thesis, we assume that the lane keeping controller obtains the planned
lane change trajectory Y and a short-term prediction of the vehicle trajectory ¥ as
an input signal from the maneuver computation unit. In addition, real-time mea-
surements are received from the vehicle. The main subject of this chapter is the
computation of suitable lane change trajectories and predicted vehicle trajectories
by the maneuver computation unit. Hereby, it is desired to determine a suitable
representation of lane change trajectories that closely approximates the actual op-

timal control solution but that can be evaluated in real-time.
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4.2 Elementary Paths and Bi-elementary Paths

In this section, we first introduce the notions of an elementary path and a bi-

elementary path and discuss several properties of these curves.

4.2.1 Elementary Path

An elementary path consists of two clothoid curves that are joined together. De-

noting the overall arc-length of an elementary path as S,, the elementary path

consists of two curves:

2k
e First curve C; = €' (P, ¥s,0,k1,S,./2) with the curvature k(s) = S—ls, s €
[0,S./2]. In particular, k¢(C|) = k; is the curvature at the end of C N

2k
e Second curve: C, =€ (Pe(Cy),Ws(C1),k1,0,8,./2) with k(s) = S—l (Se—s),
e
s € [Se/2,S.]. That is, the curvature at the end of the second curve is zero.

For convenience we denote such elementary path as
(ga(P&LPS?khSe) (41)

An example for an elementary path with length S, = 100 is show in Fig. 4.2.

N
o

I I
—— First clothoid

E?’O L = = Second Clothoid ”‘a't

:ézo— ,/’/ 1

8 PR

S0t _,—"/ ]
0 ‘ % ! ! ! |

o

10 20 30 40 50 60 70 80 90 100
arc length [m]

Figure 4.2: Elementary path £(0,0,0,0.015,100).

Using the same notation as in Section 2.2.1, several facts about elementary

paths can be derived [31]. Consider a generic elementary path E = & (Ps, Ws, k1, Se)-
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First, it holds that the tangent angle change can be expressed depending on the

arc-length and the curvature parameter ki :

ap = W(E) — Wy(E) = 2ran~ (LE)VZH(E) ) Seky,

Xe(E)—X.(E)) ~ 2 (4.2)

From the practical perspective, it is as well important to establish a relation
between the tangent angle change ag and the change AYg = Y;(E) — Y(E) in the
Y-position. For example, such relation will later be needed to evaluate the width

of a lane change. To this end, it is recalled from [60] that
AYE:Se-D(GE)-Sin(CYE/Z). 4.3)
Hereby, the function D(ag) is defined as
0.5
D(ag) =2 / cos(2a (—s*+s5))ds. (4.4)
0

Although it is not possible to evaluate (4.4) analytically, it is possible to compute
D(ag) for the relevant range of values for ag. In this thesis, values of ag €
[—11/4,11/4] are used. Noting that D(ag) = D(—0E), it is hence, sufficient to
evaluate D(0g) in the interval [0, 77/4]. The resulting function evaluation is shown
in Fig. 4.3. For computational purposes, we propose to use a tight polynomial

approximation of D(ag). In the sequel, we use the approximation

A

D(a)=po+pra+pa*+pa’ (4.5)

with the parameters po = 1, p; = 1.34-107%, p» = —6.75-107% and p3 = 1.64-
1073, The approximation is chosen such that the residual norm is below 1077.
D(ag) is also shown in Fig. 4.3.

4.2.2 Bi-elementary Path

The main objective of this section is the representation of lane change trajectories

with the help of clothoids and their arc-spline approximations. Hereby, it has to
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Figure 4.3: Approximation of D(Q)

be pointed out that elementary paths are not suitable for this task since they lead
to a change O in the tangent angle, which is not desired for a lane change. How-
ever it is possible to concatenate two elementary paths with an opposite tangent
angle change in order to obtain a bi-elementary path for lane change trajectories

as shown in Fig. 4.4.

Ay ¢,
c
NG y |
___________ = |
L AY
ol ~ |
______ Co I I
AY; C; o | | | S
51/2 S $1+5,=5-5, 5-5,/2 s
Ak (a)
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-
-
- ! $,+5,=5-S,
S/2 S
e

Figure 4.4: Components of a bi-elementary path.

A bi-elementary path consists of 5 segments C,C,, L, C3,Cy that are defined in

terms of the arc-length parameter s. The segments C; and C, form an elementary
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path
E, = &(0,0,k;,Se1) (4.6)
starting from the point Ps(E;) = 0 with the tangent angle Wg(E;) = 0. The length

of E; is Sg, and the maximum curvature is kj. As a result, an angle change of

Se, ki . . .. . . .
g, = % is obtained. Writing a = O, for brevity, the change in the Y-position

is approximated by
AYg, = Sg, D(a) sin(a /2). (4.7)
Ej is followed by a straight line segment
L =2 (B(Er), We(E1),S1) (4.8)

with length §; and with the orientation angle O, of the preceding elementary path

E;. Accordingly, the change in the Y-position of L is
AYy = S sin(ag, ) (4.9)
C4 and Cs again form an elementary path
E, =& (P(L),a,k, SE,) (4.10)

with length Sg, that starts from the end point P;(L) of the preceding line segment
with the tangent angle a. In order to ensure that the tangent orientation W¢(E,) at

the end of the curve is zero, it must hold that

R
That is, it must hold that
Se1k
ky = _ Del®l (4.11)
SeZ
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Since the tangent angle changes from a to zero, the associated change in the Y-

position is approximated by
AYg, = Sg, D(a) sin(a /2). (4.12)

Then, the overall change in the Y-position of a bi-elementary path is derived
from (4.7), (4.9) and (4.12) as

AY = Sg, D(a) sin(a /2) + Sy sin(a) + Sg, D(a) sin(a /2). (4.13)

In the remainder of the thesis, it will be more convenient to consider a different
parameterization of a bi-elementary path based on the share of each part in the
overall arc-length S. To this end, we introduce the parameters A € (0,1) and
y € (0,1] and define

Se, +Se, =yS
St=(1=y)-S
Sg,=AYyS
Se,=(1—A)yS.

That is, y represents the length of the elementary paths in relation to the overall
arc-length S. A large value of y (and hence small value of 1 — y) implies a short
straight line segment L. The ratio of the arc-lengths of the elementary paths E;
and E, is given by A. If A > 0.5, it holds that E| is longer than E;.

Using these shape parameters A and Y, a bi-elementary path can be character-

ized as

B(S,k1,A,Yy). (4.14)
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and the overall change in the Y-position is approximated as

AY = AYg, + Y, +AY,
= Sk, D(a) sin(a /2) + Sy sin(a) + Sg, D(a) sin(a /2)
= AySD(a)sin(a/2)+ (1 —y)Ssin(a) + (1 —A)yD(a) sin(a/2)
=S (yD(a) sin(a/2)+ (1 —y) sin(a)). (4.15)
In addition, we define the function Py : [0,S] — R : Py(s) = );Eﬁ’?] as the

b

trajectory of the bi-elementary path in the X-position and Y-position.

Fig. 4.5 and 4.6 show bi-elementary paths with arc-length S = 100 and cur-
vature k; = 0.005 for different values of A and y. The variation of A in Fig. 4.5
shows that choosing a larger value of A (a longer first elementary path Ej) also
leads to a larger change in the Y-position. The same effect is observed for a larger

value of y (a shorter straight line segment L) in Fig. 4.6.

Y-position [m]

0 10 20 30 40 50 60 70 80 90 100
arc length [m]

Figure 4.5: A(S,k1,A,y) for S = 100, k; = 0.005, y = 1 and different A.

4.2.3 Parameter Computations

When determining lane change trajectories for self-driving vehicles based on bi-
elementary paths, it is required to determine the relevant parameters S, A, y, AY,

ki and a. According to the previous section, these 6 parameters are related by the
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Figure 4.6: A(S,k;,A,y) for S =100, k; = 0.005, A = 0.5 and different Y.

following equations:

AY = S (yD(a) sin(ar/2) + (1 —y) sin(a)) (4.16)
a=" v25k1 4.17)

That is, it is required to assign four of these parameters. The remaining parameters
can be computed from (4.16) and (4.17).

Regarding the choice of the fixed parameters, we consider two relevant cases.
In all cases, the change in Y-position AY and the shape parameters A and y are

given.

Case 1: A, y, k; and AY are given

In this case, it is assumed that also the curvature parameter k; is known. Since
Ak

1-A
denotes the maximum curvature of the second elementary path, the choice of k;

|k1| denotes the maximum curvature of the first elementary path and |k;| =

determines the maximum curvature encountered on the bi-elementary path. Then
it is required to determine o and S. We know from (4.16) and (4.17) that
YA Sk 2a

2 :>S:y)\k1'
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This can be substituted in the equation for AY and we get

2a A . :
AY = Ak (vD(a)sin(a/2)+ (1 —y) sin(a)).

This gives a nonlinear equation for o
fila)=2a (yD(a)sin(a/2)+ (1—y)sin(a)) —AYAyk; =0.  (4.18)

It will be shown in Section 4.2.4 that (4.18) can be solved uniquely using the

Newton method.

Case 2: A, y, S and AY are given

In this case, it is assumed that also the arc-length S is known. The choice of
S determines the length of the lane change on the road. Then it is required to
determine o and k.

We know from the above equations that

_ YASk _ 2a
a = > :>k1_y/\S.

This can be substituted in the equation for AY and we get
AY = S (yD(a) sin(ar/2) + (1 —y) sin(a)).

This again gives a nonlinear equation for o that can be uniquely solved using

the Newton method:
f(a) = (yD(a)sin(a/2)+ (1 —y) sin(a)) —AY /S =0 (4.19)

4.2.4 Newton Method

It is desired to obtain a fast solution of the nonlinear equations in (4.18) and (4.19)
in order to evaluate bi-elementary paths for lane changes in real-time. This sec-

tion shows that the Newton method is suitable for this purpose and even provides
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a unique solution in both cases. To this end, we first briefly describe the Newton
method. Consider the equation f(a) = 0, where f(a) is a nonlinear function. Us-
ing an initial value o and the first derivative f'(a) of f(a), the Newton iteration

proceeds as follows

S [f(zi)
l 1'(zi)

tzi, i=0,1,.... (4.20)

The iteration terminates if | f(0;11)| < &, where € is a small tolerance value.
Depending on the nonlinear function f, the convergence of the Newton method
might be slow and it is not ensured that the correct root is found for functions
with multiple roots. Nevertheless, there are several results that support unique

convergence [62].

Proposition 2. Consider a function [ : o — f(a) : [a,b] — R. Assume that f(a)

is twice differentiable and satisfies the following conditions on [a,b):
1. f(a) <0and f(b) >0
2. fi(a) >0ona,b]
3. f">0on|a,b]

Then, the Newton iteration converges to a unique solution Q* of the equation

fla)=0in |a,b] if the starting value fulfills ap > ao*.

Proposition 3. Consider a function f: o — f(a) : [a,b] — R. Assume that f(a)

is twice differentiable and satisfies the following conditions on [a,b):
1. f(a) <0and f(b) >0
2. f'(a) > 0onla,b]
3. f"<0onla,b]

Then, the Newton iteration converges to a unique solution Q* of the equation
fla)=0in|a,b] if the starting value fulfills ay < a*.

We next use these two propositions to show that the Newton iteration con-

verges to a unique solution for the cases in Section 4.2.3 and 4.2.3.
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Case 1

Theorem 1 shows that the nonlinear equation (4.18) fulfills the conditions in

Proposition 2.

Theorem 1. Consider that a € [0,11/4], 0 <y <1, 0<A -k <0.05 and 0 <
AY < 10. Then, the nonlinear equation in (4.18) has a unique solution a* that

can be computed by the Newton iteration in (4.20) with the initial value 0y = T1/4.

Proof. In order to prove Theorem 1 we show that (4.18) fulfills the conditions in

Proposition 2. We consider the function f(a) = fj(a) in (4.18) and write

fila) =gi(a,y) =AY A yk

with

¢1(a.y) = 2a (yD(a) sin(a/2) + (1 - y) sin(a)).
That is, gi(a,y) depends on a,y and g;(0,y) = O such that the offset value
f1(0) = =AY A yk; is only determined by AY, A, y and k;. The evaluation of

g1(a,y) for values of y € (0, 1] and the relevant range of o € [0, 71/4] is given in
Fig. 4.7.

—vy=0
—y=02
——vy=04
—y=0.6
——y=0.38

y=1.0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
a [rad]

Figure 4.7: g|(a,y) and g/ (a,y) for y € (0,1] and a € [0, 17/4].
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Focusing on the interval [a,b] = [0, 11/4], it is readily observed that g (a,y) =
21(0,y) =0 for all y € (0,1] and g;(b) = g1(11/4) > 0.577. In order to apply
Proposition 2 item 1), it must hold that fj(a) < 0 and f;(b) > 0. Considering that
fila)=gi(a,y) =AY A yk; and AY >0A >0,y >0, k; > 0, it is clear that

fila) = f1(0) = g1(0,y) =AY A yk; = =AY A yk; < 0.

Then, it must be confirmed that fi(b) = f1(11/4) = g1(11/4,y) —AY A yk; > 0. To
this end, we determine the largest value of AY A yk;. It holds by assumption that
A €(0,1), ye (0,1], 0 < k; <0.05 and AY < 10. Together, the desired bound

evaluates to
AY A yk; <10-1-0.05=0.5< m&ngl(b, y) = 0.577.

That is, indeed fj(b) > 0 such that condition 1) in Proposition 2 is fulfilled.
In addition, it holds that

fila) =gi(a,y) >0

for all values of y € (0,1], A € (0,1), AY and k; and f}'(a) = g} (a,y) is always
positive for a € [0, 71/4] as can be verified by Fig. 4.7. Hence, condition 2) and 3)
in Proposition 2 are also true.

Since it is assumed that only angles in the interval [0, 71/4] are suitable for
lane changes, it suffices to choose 0y = 71/4 in order to fulfill all conditions in

Proposition 2. 0

In words, Theorem 1 confirms that the Newton iteration with the flinction

, this

fi(a) in (4.18) converges to the unique solution a*. Applying S$* = 3 3}(1
leads to a lane change with width AY using the bi-elementary path Z(S*,k;,A, ).

When applying Theorem 1, the defined bounds for A, y, k; and AY need to be
justified. By definition, it is clear that 0 < A,y < 1. In addition, it holds that the
curvature parameter k| represents the inverse of the road radius. Considering that

the smallest possible radius for a vehicle is given by the turning circle radius R7,
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Ak
1—A

it must hold that k&y < 1/Ry and |ky| = < 1/Rr. That is,

Ak
I1-A

1/R 1/Rrk
—/T )\k</T1

<1/Rr=A(ki+1/Rp)<1/Rpr =A< = —_—
<1/Rr (ki +1/Rr) < 1/Rr 1Ry 'S 1Ry

Considering that k; is bounded by 1/R7, the bound for A k; is given by

I/Rr-1/Ry 1
Ay < LB LRe

- 421
"“1/Rr+1/R;r 2Ry (4.21)

Applying the fact that the turning radius of series vehicles is usually not below
10m, it can hence be assumed that A k; < 0.05. In addition, AY represents the
lane width for a lane change. When performing a single lane change, the lane
width is usually assumed as AY = 3.7 m. Also allowing for multiple or wider lane
changes, we consider a bound of AY < 10.

We next provide several examples for bi-elementary paths that were computed
according to Case 1 as described before. Fig. 4.8 shows the case where k; is
varied. It is evident that a larger curvature enables a shorter lane change trajectory.
Similarly, a larger value of A in Fig. 4.9 and a larger value of y in Fig. 4.10 result

in shorter lane change trajectories.

4

w
T

Y-position [m]
N

- 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80
arc length [m]

Figure 4.8: #(S,k1,A,y) for AY =3.7,A = 0.5, y =1 and different k;.

Case 2

We next show that the nonlinear equation (4.19) fulfills the conditions in Proposi-

tion 2.
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Y-position [m]
N

L L L L L L
0 10 20 30 40 50 60 70 80
arc length [m]

Figure 4.9: A(S,k1,A,y) for AY =3.7, k; = 0.01, y =1 and different A.

—y=03
——y=04
—vy=05|
——y=0.6
—y=07|

Y-position [m]
N

L L L L L L
0 10 20 30 40 50 60 70 80
arc length [m]

Figure 4.10: (S, k;,A,y) for AY =3.7, k; =0.01, A = 0.5 and different y.

Theorem 2. Considerthat o € [0,11/4],0<y<1,5>30and0<AY < 10. Then,
the nonlinear equation in (4.19) has a unique solution a* that can be computed

by the Newton iteration in (4.20) with the initial value oy = 0.

Proof. We consider the function f(a) = fo(a) in (4.19) and write

f(a)=g(a,y)-AY/S

with
g2(a,y) = (yD(a)sin(a/2) + (1 —y) sin(a)).

That is, g»(a,y) depends on a,y and g,(0,y) = O such that the offset value
f2(0) = =AY /S is only determined by AY and S. The evaluation of g>(d,y) for
values of y € (0, 1] and the relevant range of o € [0, 17/4] is given in Fig. 4.11.
Focusing on the interval [a,b] = [0, 11/4], it is readily observed that g,(a,y) =
22(0,y) = 0 for all y € [0,1] and g2(b) = g2(71/4) > 0.367. In order to apply
Proposition 3 1), it must hold that f;(a) < 0 and f>(b) > 0. Considering that
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
a [rad]

—y=06
T T —y=08
R T i 7=1.0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
a [rad]

Figure 4.11: g>(a,y) for y € (0,1] and a € [0, 17/4].

fH(a)=g(a,y)—AY/Sand AY > 0, S > 0, it is clear that
f2(a) = 2(0) = £2(0,y) —AY /S = —AY /S < 0.

Then, it must be confirmed that f>(b) = f>(11/4) = go(11/4,y) —AY /S > 0. To
this end, we determine the largest value of AY/S. Similar to Section 4.2.4, we
consider a bound of AY < 10. In addition, we consider a shortest arc-length for a

lane change of § = 30 as in [60]. Then, the desired bound evaluates to
AY/S <10/40 =0.25 < m;ngz(b, y) = 0.367.

That is, indeed f>(b) > 0 such that condition 1) in Proposition 3 is fulfilled.
In addition, it holds that

hHla)=gy(a,y)>0

for all values of y € [0,1], A € (0,1), AY and k; and £}/ (o) = g5(a,y) is always
negative for o € [0, 77/4] as can be verified by Fig. 4.11. Hence, condition 2) and
3) in Proposition 2 are also true.

Since it is assumed that only angles in the interval [0, 77/4] are suitable for lane
changes, it suffices to choose 0 = 0 in order to fulfill all conditions in Proposition
3. [
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We next provide several examples for bi-elementary paths that were computed
according to Case 2 as described before. Fig. 4.12 shows the case of an increasing

arc-length, Fig. 4.13 shows the case of an increased value of A and Fig. 4.14 shows
the case of an increased value of Y.

4

w
T

N
T

Y-position [m]

-

o

0 20 40 60 80 100 120
arc length [m]

Figure 4.12: A(S,k;,A,y) for AY =3.7, A = 0.5, y =1 and different S.

N

w

Y-position [m]
N

-
T

(=]

0 10 20 30 40 50 60 70 80
arc length [m]

Figure 4.13: A(S,k;,A,y) for AY =3.7, S =80, y =1 and different A.
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Y—position [m]

== 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80
arc length [m]

Figure 4.14: (S, k;,A,y) for AY =3.7, S =80, A = 0.5 and different y.
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4.3 Approximations of Elementary and Bi-elementary Paths

4.3.1 Approximation of Elementary Paths

According to Section 4.2.1, an elementary path with arc-length S, is represented

by two clothoid curves C; = € (P, ¥s,0,k1,S./2) and C; = €' (P.(Cy ), W¢(C1), k1,0, S /2).
Hence, it is possible to approximate an elementary path by arc-spline approxima-

tions C; = € (P, Ws,0,k1,S,/2,n) and C; = € (P.(Cy), Wt(Cy), ky,0,S,/2,n) of

C and G, respectively. We denote the corresponding approximated elementary

path as & (P, Wy, k1, S,n).

An example of such approximation is shown in Fig. 4.15.

40 T T

39.39

—— Elementary Path 35.25
= 9.8 99.9 100
S0} ,
[
o
a
> 10+ i

0 - ’ T 1 1 1 1 | 1
0 10 20 30 40 50 60 70 80 90 100

X-position [m]

Figure 4.15: Elementary path &(0,0,0,0.015,100) and approximation

A

£(0,0,0,0.015,100,5).

4.3.2 Approximation of Bi-elementary Paths

In analogy to Section 4.3.1, a bi-elementary path can be approximated by arc-
splines. Consider %(S,k;,A,Yy), which is defined by E; = &(0,0,k;,A yS), L =
ZL(P.(Ey),W¢(E1),yS)and E; = &(P.(L), W¢(L), %, (I1—=A)yS). Then, the ap-
proximation of a bi-elementary path is given by the corresponding approximations
E1=&8(0,0,k1,A yS,n), L= 2 (Pe(E1),Wi(E1),yS) and Er = &(Pe(L), Wr(L), 7251, (1
A)yS,n). Itis denoted as B(S, ki, A,y,n).
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4.3.3 Distance Computation

When using arc-splines to approximate vehicle trajectories, it is possible to analyt-
ically evaluate the distance of any point to the arc-spline. This is of high relevance
when evaluating the distance error for trajectory following. We next present this
distance evaluation for the two relevant trajectory segments. Line segments and
arc segments.

The basic layout for line segments is shown in Fig. 4.16.

Figure 4.16: Distance error for a line segment: (a) positive error; (b) negative
error.

We consider a generic line segment L = .Z (P, ¥, S) with the starting point P,
the orientation angle W and the length S. The point of interest is P. The vectors

in the figure are computed as

[cos(@)}
v=1L , (4.22)
sin(0)
1 1 % 1 |—sin(0)
. N = — 4.23
n=gozQv=g O®O L[cos(@)]’ (4.23)
w=P—F. (4.24)

® in (4.23) denotes the vector product.

Using these vectors, two relevant questions can be answered. First, it is de-
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termined if the point P is in the range of the line segment L. This is the case if
P lies between the two parallel dashed lines in the figure and is computationally

evaluated as

(w,v)
[Iwll-L

0< <I. (4.25)
Here, (e, ) denotes the scalar product and || e || denotes the vector-2-norm. Note
that ||v|| = L.

The distance of P to the line L is the projection of the vector w on the vector

n. That is,

(4.26)

Note that e is positive in the configuration in Fig. 4.16 (a) and negative in the
configuration in Fig. 4.16 (b).

Regarding arc segments, we consider a generic arc 7 (C, R, W, W) with the
center point C, the radius R, the starting orientation angle W and the final orien-

tation angle Wy as shown in Fig. 4.17.

(b)

Figure 4.17: Distance error for an arc segment: (a) positive radius; (b) negative
radius.

We first evaluate if a point P is in the range of the arc segment .o7. That is, it

has to be checked if P lies between the dashed lines in Fig. 4.17. This is precisely

86



the case if the angle 8 assumes values between Wy and Wy. Hereby,
W= tan"" (v,/vy). (4.27)

Using the vector v = P — C, we distinguish the two cases R > 0 and R < 0 as fol-
lows (recall that a negative value R indicates a negative change in the orientation
angle in our formulation). It holds that Wy < W¢if R > 0 and Wy > W if R < 0.
That is, P is in the range of .o/ if

We<W<We ifR>0
; el (4.28)
WYe<WYIY, if R<O.
Then, the distance error is
R— if R >0
e= Ml . (4.29)
lIv[|[+R ifR<O

In summary, (4.26) and (4.29) can both be evaluated by simple arithmetic

operations.

4.3.4 Trajectory Prediction

The lane keeping controller in Fig. 4.1 receives the lane change trajectory Y as
well as a predicted vehicle trajectory ¥ from the maneuver computation unit. Al-
though this is not the main focus of the thesis, we next propose a possible repre-

sentation of ¥ assuming that Y is given and the vehicle is currently located at a

point P =

X
Y] with the orientation angle W as shown in Fig. 4.18.

Then, ¥ is computed along the arc-length s starting from P. Considering the

closest arc-spline segment C; and its successors Cy, ..., the predicted trajectory is
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Figure 4.18: Computation of the predicted vehicle trajectory Y.

evaluated as

( Alzﬂ(P,qJ,Rl) fOI‘SSRl-LPl
- AZZ,Qf(Pf(Al),LP—I—LPl,Rz) forR; - W, <s<R;- W +R ¥
A3 = (P(A1), W+ W +Wo,R3) forR;-Wi+Ry- W <R -W +Ry-Wr+R3-W;3

(4.30)

There are several advantages of this parametrization. First, it holds that every
point on ¥ has an analytical representation such that distance computations are
straightforward as has been shown in Section 4.3.3. Second, the predicted trajec-
tory ¥ captures the properties of the current vehicle location P, orientation W and

the knowledge about the curvature of the future path ¥ to be followed.

4.4 Approximations of Optimal Control Trajectories

4.4.1 Explanation of the Method

The main aim of this section is the approximation of the optimal control trajecto-

ries computed in Section 3.4 by bi-elementary paths. To this end, we develop an
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[ N N S

algorithm for finding the relevant parameters k;, A and y. The algorithm evalu-
ated a grid of parameters for A and y and determines the values that constitute the
smallest deviation from the actual optimal control trajectory. The candidate sets

for A and y are given as follows.
e Candidate set for A: A ={0.2,0.21,...,0.9}

e Candidate set for y: ' = {0.4,0.41,...,1.0}

Input: A, T, S, AY
Output: A, V, ky dpin = Inf
for A € A do
for yerl do
Solve f>(ar) = 0 with solution a* in (4.19)
2a
Compute k; = VAS

Compute B = %A(S,k1,A,Y)
Compute O = O(S,AY)
Compute distance value d = f(f (Pg(s) — Po(s))?ds
if d < d,;;;, then
‘ Set dmin =d, /\min =A > Ymin =V, kl,min = kl

end
end
return )\mina Ymin> kl,min

Algorithm 1: Approximation of the optimal control solution.

In the next sections, we apply Algorithm 1 for different choices of the vehicle

velocity v.

4.4.2 Comparison for Low Speeds

We first consider small speeds by focusing on v = 20. Table 4.1 shows the maxi-
mum distance values between the respective optimal control trajectories and their
approximations. Note that no trajectories for S > 80 and a = —2 were obtained
since the velocity becomes negative. In the remaining cases, it can be seen that the
approximation is very tight. Comparably large deviations are only observed for

the small arc-length S = 50 which seem to be unsuitable for the chosen velocity.
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Table 4.1: Maximum distance for the optimal control approximations in cm.

|

e 2] -1 ]o0 1 ]2
S=50 [ 84 ] 171] 121 ] 176] 2538
S=60 || 44 | 66 | 42 | 26 | 8.1
S=70 |55 61 | 69 | 69 | 7.3
S=80 | — | 47 | 35 | 32 | 63
S=00 | — | 22 | 37 | 51 | 7.1
S=100 | — | 36 | 25 | 44 | 57
S=110 | — | 130 ] 70 | 29 | 49
S=120 | — | 55 | 77 | 29 | 24

For illustration, the approximated trajectories for values of S € {50, 60,

and a; € {—2,—1,0,1,2} are shown in the following figures.

——S =50,v=20,
——S=50,v=20,

S=50,v=20,2a
—S8=50,v=20,a
——8=50,v=20,a

[

LI | [ | [}
o

=N

w
T

1
2

Y-position [m]
n

0 5 10 15

20

25
X-position [m]

30

35

40

..., 120}

Figure 4.19: Optimal control approximation for S = 50, v = 20 and different

values of a.

In addition, the respective parameter values for the best approximation are

listed in Table 4.2.

The main observations from the approximation experiments are summarized

as follows. First, it can be seen in Table 4.2 that feasible trajectories cannot be ob-

tained if § = 50 is small and the acceleration a, = 1,2 is large. Here, a very large

curvature larger than 0.02 is encountered, which cannot be followed at the des-

ignated speed. In order to justify this claim, consider that the maximum possible
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—S =60,V =20, -
——S8=60,v=20,

S=60,v=20,2a
—S=60,v=20,a
——8=60,v=20,2a

[
wow oo
© LR

w
T

1
2

Y-position [m]

Il
0 10 20 30 40 50 60
X-position [m]

Figure 4.20: Optimal control approximation for S = 60, v = 20 and different
values of a.

—S=70,v=20,a=-2
——S=70,v=20,a=-1
_3r S=70,v=20,a=0
£ ——S=70,v=20,a=1
IS ——S=70,v=20,a=2
= 2F
(%2}
o
&
>
P
0 Il Il Il Il I}
0 10 20 30 40 50 60 70

X-position [m]

Figure 4.21: Optimal control approximation for § = 70, v = 20 and different
values of a.

curvature at v = 20 is given by
pg/v’ =0.82-9.81/20% = 0.02.

It can also be seen that all the other cases lead to feasible trajectories, whereby the
parameter values for each specific value of S are similar. It is further interesting
to note that short trajectories (S = 50 and S = 60) require A < 0.5 such that the
first elementary path is shorter than the second one. All other trajectories have
A > 0.5. It can also be seen that y > 0.8 in most of the cases and the maximum

curvature clearly decreases for longer trajectories.
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——8=80,v=20,a=-1
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w
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Y-position [m]
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X-position [m]

Figure 4.22: Optimal control approximation for S = 80, v = 20 and different
values of a.

——8=90,v=20,a=-1
——8=90,v=20,a=0

S=90,v=20,a=1
——S8=90,v=20,a=2

w
T

Y-position [m]

0 10 20 30 40 50 60 70 80 90
X-position [m]

Figure 4.23: Optimal control approximation for S = 90, v = 20 and different
values of a.

For the practical application, the main question is which of the parameter com-
binations should be chosen for the given velocity of v = 20. In principle, a larger
value of § leads to a trajectory with a smaller curvature that can be followed more
easily by a vehicle. On the other hand, such trajectory leads to a longer duration
of the lane change, which is undesirable. In addition, the cost of the trajectory
should be low. According to the study in Section 3.4, the lowest cost for v = 20
are obtained for S = 70. Hence, a choice of S =~ 70 is most suitable for this veloc-
ity. In addition, it can be seen from Table 4.2 that the maximum curvature should
be around 0.009, A = 0.67 and y = 0.84 when looking at the case of a = 2 for the

most critical trajectory.
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Figure 4.24: Optimal control approximation for S = 100, v = 20 and different
values of a.

——S=110,v=20,a=-1
——S=110,v=20,a=0

S=110,v=20,a=1
—S=110,v=20,a=2

w

Y-position [m]

0 20 40 60 80 100
X-position [m]

Figure 4.25: Optimal control approximation for S = 110, v = 20 and different
values of a.

Using the choice of k; = 0.004 and hence k; = 0.009, A = 0.67 and y = 0.84,
we next perform simulation experiments for v =20 and a; = —2,—1,0,1,2. The
simulation results are presented in Fig. 4.27 to 4.31. In these experiments, the
lane-keeping controller from [63] is used.

It is interesting to observe that the trajectories and input signals are very simi-
lar. In addition, it holds that the trajectories for a, = —2, —1 are followed slightly
slower compared to the optimal control trajectory due to the choice of the tra-
jectory parameters. Slightly larger deviations are observed for the case of large
accelerations. It can also be seen from Table 4.3 that the control cost is only

slightly larger when using trajectory following. This difference can also be con-
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Figure 4.26: Optimal control approximation for S = 120, v = 20 and different
values of a.

Table 4.2: Parameters (k;, A, y) for the optimal control approximations.

[ a ] ) -1 0 1 2

§=50 ] (0.016,0.42,0.68) | (0.021,0.34,0.57) | (0.019,0.37,0.63) | (0.022,0.33,0.58) [ (0.028,0.27,0.54)
§=60 || (0.011,04,0.79) | (0.011,04,0.77) | (0.012,0.35,0.84) | (0.012,0.35,0.88) | (0.011,0.39,0.77)
§=70 | (0.012,0.74,0.77) | (0.008,0.60,0.82) | (0.008,0.62,0.83) | (0.009,0.65,0.79) | (0.009,0.67,0.84)
§=80 | (0.006,0.6,0.89) | (0.006,0.63,0.85) | (0.006,0.62,0.90) | (0.006,0.63,0.83) | (0.006,0.64,0.83)
§=90 | (0.004,0.59,0.9) | (0.006,0.68,0.92) | (0.005,0.64,0.81) | (0.005,0.63,0.8) | (0.005,0.61,0.79)
§=100 || (0.003,0.56,0.9) | (0.004,0.63,0.83) | (0.004,0.66,0.91) | (0.004,0.6,0.8) | (0.005,0.71,0.8)
§=110 | (0.003,0.57,0.91) | (0.003,0.57,0.88) | (0.003,0.56,0.89) | (0.003,0.57,0.85) | (0.004,0.7,0.8)

§=120 || (0.002,0.5,0.99) | (0.002,0.53,0.88) | (0.002,0.54,0.87) | 0.002,0.45,0.96) | (0.002,0.45,0.95)

cluded from Fig. 4.27 to 4.31 when inspecting the steering angle J.
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Figure 4.27: Trajectory following for v =20 and a; = —2.

Table 4.3: Comparison of the optimal cost for the gradient method and the cost
of trajectory following (-10~3)

a | 2] -1]1]0]2 ]
gradient | 0.22 | 0.16 | 0.12 | 0.12 | 0.10
following || 0.38 | 0.25 | 0.18 | 0.14 | 0.12
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Figure 4.28: Trajectory following for v =20 and a; = —1.
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Figure 4.29: Trajectory following for v =20 and a; = 0.
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Figure 4.30: Trajectory following for v =20 and a, = 1.
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Figure 4.31: Trajectory following for v =20 and a; = 2.
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4.4.3 Comparison for High Speeds

We next perform the same comparison as in Section 4.4.2 for a large velocity of
v = 40. We first evaluate the optimal control approximation according to Algo-
rithm 1. Table 4.4 shows the maximum distance values between the respective

optimal control trajectories and their approximations.

Table 4.4: Maximum distance for the optimal control approximations in cm.
[ a [ 2] 1 ]0 [ 1] 2]
S=70 128 | 11.7 | 11.0 | 10.5 | 9.6
S =280 10.1 | 129 | 105 | 16.2 | 139
§$=90 84 | 16,5 | 107 | 9.7 | 11.1
S=100 9.4 8.2 56 | 120 | 11.3
S=110 6.6 82 | 10.0 | 11.7 | 10.1
S=120 6.9 7.8 8.1 10.1 | 12.7

For illustration, the approximated optimal control trajectories are shown in
Fig. 4.32 to 4.37.

——S8 =70,V =40,
——8 =70,V =40,

S=70,v=40,a
——8=70,v=40,a
——S8=70,v=40,a
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X-position [m]

Figure 4.32: Optimal control approximation for S = 70, v = 40 and different
values of a.

In addition, the respective parameter values for the best approximation are

listed in Table 4.5.
The main observations from the approximation experiments for v = 40 are

as follows. First, we determine the maximum curvature that leads to feasible
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Figure 4.33: Optimal control approximation for S = 80, v = 40 and different
values of a.
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Figure 4.34: Optimal control approximation for § = 90, v = 40 and different
values of a.

trajectories at v =40 as
pg/v? =0.82-9.81/40% = 0.005.

That is, the minimum possible arc-length is S = 90, whereas the trajectories for
S =70 and S = 80 are at the limit of feasible driving.

For the practical application, the main question is which of the parameter com-
binations should be chosen for the given velocity of v =40. Similar to the previous
section, we consider that a larger value of S leads to a trajectory with a smaller

curvature that can be followed more easily by a vehicle. On the other hand, such

99



——8=100,v=40,a
——8=100,v=40,a=-1

S$=100,v=40,a=0
—=8=100,v=40,a=1
——8=100,v=40,a=2

-2

w
T

Y-position [m]
N

L 1 Il Il
0 10 20 30 40 50 60 70 80 90 100
X-position [m]

Figure 4.35: Optimal control approximation for S = 100, v = 40 and different
values of a.
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Figure 4.36: Optimal control approximation for S = 110, v = 40 and different
values of a.

trajectory leads to a longer duration of the lane change, which is undesirable. In
addition, the cost of the trajectory should be low. According to the study in Sec-
tion 3.4, trajectories with a low cost for v = 40 are already obtained for S = 90.
Hence, a choice of S ~ 90 is suitable for this velocity. In addition, it can be seen
from Table 4.2 that the maximum curvature should be around 0.005, A = 0.61 and
y = 0.81 when looking at the case of a = 2 for the most critical trajectory.

Using the choice of k; = 0.0032 and hence k; = 0.005, A =0.61 and y=0.81,
we next perform simulation experiments for v =40 and a, = —2,—1,0,1,2. The
simulation results are presented in Fig. 4.38 to 4.42. In these experiments, the

lane-keeping controller from [63] is used.
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Figure 4.37: Optimal control approximation for S = 120, v = 40 and different
values of a.

Table 4.5: Parameters (kj, A, y) for the optimal control approximations.

| a | 2 | 1 0 I 2
S=70 | (0.007,0.56,0.84) | (0.008,0.6,0.81) | (0.009,0.63,0.81) | (0.009,0.66,0.76) | (0.01,0.66,0.76)
S=280 | (0.006,0.6,0.89) | (0.006,0.62,0.91) | (0.007,0.64,0.84) | (0.006,0.62,0.91) | (0.007,0.64,0.84)
S=90 | (0.005,0.59,0.88) | (0.005,0.58,0.76) | (0.005,0.64,0.82) | (0.005,0.64,0.76) | (0.005,0.61,0.81)
S=100 || (0.003,0.56,0.95) | (0.004,0.63,0.83) | (0.004,065,0.94) | (0.004,0.6,0.81) | (0.005,0.69,0.84)
S=110 || (0.003,0.57,0.91) | (0.003,0.57,0.88) | (0.003,0.63,0.83) | (0.003,0.59.0.8) | (0.04,0.68,0.85)
S=120 || (0.002,0.44,0.99) | (0.002,0.56,0.85) | (0.003,0.58,0.89) | (0.002,0.45,0.95) | (0.003,0.59,0.73)

Similar to Section 4.4.2, the trajectories and input signals are very similar. In

addition, it can be observed that slightly larger deviations are observed for the

case of large accelerations. It can also be seen from Table 4.3 that the control cost

is not significantly larger when using trajectory following.

Table 4.6: Comparison of the optimal cost for the gradient method and the cost
of trajectory following for v = 40

a2 [TV ][O0 ]2
gradient || 0.04 | 0.05 | 0.04 | 0.04 | 0.04
following || 0.06 | 0.07 | 0.06 | 0.06 | 0.07
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Figure 4.38: Trajectory following for v = 40 and a; = —2.
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Figure 4.39: Trajectory following for v =40 and a; = —1.
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Figure 4.40: Trajectory following for v =40 and a; = 0.
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Figure 4.41: Trajectory following for v =40 and a; = 1.
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Figure 4.42: Trajectory following for v =40 and a; = 2.
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CHAPTER 5

Application Examples Using Approximated Trajectories

The previous thesis study considered the decoupling of the longitudinal and lat-
eral vehicle motion and the arc-length representation of the vehicle model in Sec-
tion 3.2, the optimal control computations in Section 3.3 and 3.4, as well as the
computation of optimal control approximations using arc-splines in Section 4.4.
This chapter uses the previous results for three driving applications. First, Section
5.1 considers the efficient parameter selection for bi-elementary paths for lane
changes. Second, Section 5.2 shows how the developed arc-spline representation
of road trajectories can be used for lane keeping. Finally, Section 5.3 develops a
method for safe and comfortable vehicle following on curved roads using a com-
bination of the decoupling strategy in Section 3.2 and cooperative adaptive cruise
control (CACCQO).

5.1 Parameter Selection for Bi-elementary Paths

5.1.1 Computational Method

The method presented in the previous section enables the efficient computation
of bi-elementary paths assuming that the relevant parameters such as kj, A and
y are already given. The remaining question is the selection of these parameters
depending on the driving situation. Qualitatively, it holds that small curvature
values (and hence long trajectories) should be chosen at large speeds and/or ac-
celerations, whereas large curvature values (short trajectories) can be tolerated at
small velocities. In the sequel, we develop a method for selecting the relevant

parameters based on a characterization of the maximum possible curvature for a
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given velocity/acceleration profile.

To this end, we assume that the entry velocity of a lane change is vy and the
maximum acceleration during a lane change is amax. In practice, the entry velocity
is the current vehicle velocity when initiating a lane change and hence available.
In addition, am,x is determined by the limits for comfortable driving which are
in the order of amax = 2 m/sec? [64, 65, 66]. Using v and dmax, the maximum

velocity profile during a lane change is given by
v(t) = vo + amax ! (5.1
and the corresponding arc-length is computed as

1
$(t) = Vot + - Gmax 1. (5.2)

Since bi-elementary paths are formulated depending on the arc-length parameter

s, we next write the maximum velocity profile in terms of the arc-length as

t(s) = ! (—=vo+ 1/ V5 + 2 amax $), (5.3)

Amax

Vmax (8) = Vo + dmax 1(s) = vo — vo + \/v(z)+2amaxs = \/v% + 2 Amax S-
(5.4)

It is now possible to establish a relation between the maximum velocity profile
in (5.4) and the maximum feasible curvature based on the well-established friction

circle [67]. Assuming a point mass vehicle model as in [60], it must hold that
Biong + A < K287, (5.5)

whereby, ajong 1s the longitudinal vehicle acceleration, ajy is the lateral vehicle
acceleration, U is the friction coefficient of the road and g is the gravity constant.

Moreover, the lateral acceleration on a curved road with radius R and curvature
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k= 1/R depends on the longitudinal velocity v(s) via

2
A (8) = v(;) = v(s)2 k. (5.6)

Respecting that djong < dmax, the maximum curvature profile is derived as

kmax (S) — I’l g amax . u g amax (5‘7)

V2« (8) N v(z) + 2 amax S

In words, any lane change trajectory with a curvature, whose absolute value at
each arc-length s remains below kmax(s) can be taken by vehicles that enter the
lane change with velocity vo and whose acceleration is bounded by apax. More-
over, in view of the previous discussion on lane change trajectories in Section 3.2,
it is desired to find a shortest possible bi-elementary path with a curvature that is
bounded by kmax ().

Consider a generic bi-elementary path %(S,k;,A,y). According to Fig. 4.4,
the maximum curvature is reached at s = A yS/2 with a curvature value k; and
at s =S— (1 —A)yS/2 with a curvature value k, = —A /(1 —A)k;. In order to
determine a bi-elementary path with the shortest arc-length (and hence largest

curvature), it is required to achieve
ki = kmax(A yS/2) and kp = —A /(1 = A ) k) = —kmax (S— (1 —A) yS/2). (5.8)

Substituting (5.8) into (5.7), it follows that

A

kmax<52) = mkmax(SZ) (5.9)
- uz'gz_arznax _ A uz'gz_arznax
vi+2a(S—(1-A)yS/2) 1—Avi+2aAyS/2

(5.10)

This equation can be solved for A and the corresponding value of k; follows from
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(5.8).

Amax = f)\ (S)
B (S amax — \/52 A V2 — 282 a2 Y+ % Gl + 2 S amax V3 + Vi + V5 — Samax ¥)
B 2Sdmax ¥
(5.11)
2222
Kimax = fio (8,A) = & B~ (5.12)

v%+S-amaX-y-)\'

That is, (5.11) and (5.12) must be fulfilled in order to achieve the maximum fea-
sible curvature. In addition, (4.18) must be ensured to obtain the desired lane

width AY. In the sequel, we reformulate (4.18) in terms of the arc-length S by

substituting o = A V2/€1 S. Accordingly, it must hold that
~ AV S, . Ayk S . AYk S
f5(8.k1,2,9) = S (vD(EEE2) sin(ZE2) 4 (1= yysin(“712)) —ay =0,
(5.13)
Substituting (5.11) and (5.12) into (5.13), we must solve
Is(S, fie, (S, 12(8)), /2 (), ¥) =0 (5.14)

in order to obtain a bi-elementary path with the maximum possible curvature.
Theorem 3 states that a unique solution of (5.14) can be obtained using the Newton

iteration in (4.20).

Theorem 3. Consider that S € [0,500], 0.3 <y <1 and 0 < AY < 10. Then, the
nonlinear equation in (5.14) has a unique solution S* that can be computed by the

Newton iteration in (4.20) with the initial value Sy = 500.

Proof. In order to prove Theorem 3 we show that (5.14) fulfills the conditions in

Proposition 2. For each value of y, we consider the function f(S) = fs(S,y) in
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(5.14). Inspecting (5.13), it holds that f5(S,y) can be written as

Is(S,y) =gs(S,y) —AY.

The function gg(S, y) is shown for different values of y, amax, vo and U in Fig.
5.1.

vy = 20, Gpar =2, p = 0.82 vo = 20, Gpar =4, pp = 0.82
200 150
? <100
w100} )
<2 & 50
0 - - - - 0 - - -
0 100 200 300 400 500 0 100 200 300 400 500
arc-length [m] arc-length [m]
vo = 50, Gpaz = 2, H= 0.82 vy = 50, Gax =4, p = 0.82 —_—y= 0.3
100 60
—y=04
B = 40 | —v-os
w501 o ——y=06
2 = 20} 1| =——y=07
ol - j : y=0.8
0 100 200 300 400 500 % 100 200 300 400 504 — " Y=09
arc-length [m] arc-length [m] —y=10
v = 50, Aoy =2, 4 =0.5 v = 50, Ay =4, 1 =05
60 30
=40 =20
) )
220 <210
0 0 T
0 100 200 300 400 500 0 100 200 300 400 500
arc-length [m] arc-length [m]

Figure 5.1: Evaluation of fs in (5.14) for different values of y.

Focusing on the interval [a,b] = [0,500] for S, it is readily observed that
gs(a,y) = gs(0,y) =0 for all y € [0.3,1] and ggs(b) = g;(500) > 10.32. In or-
der to apply Proposition 2 1), it must hold that fs(a,y) < 0 and fs(b,y) > 0.
Considering that fs(S,y) = gs(S,y) —AY and AY > 0, it is clear that

fs(a,y) = f5(0,y) = gs(0,y) =AY = —AY <0.
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Similarly, it is confirmed that
fs(b,y) = f5(500,y) = gs(500,y) —AY > 10.32—10 > 0.

Hence, condition 1) in Proposition 2 is fulfilled.
In addition, it holds that

£5(S,y) = g5(S,y) >0

for all values of y € [0.3,1] and f{(S,y) = g¢(S,y) is always positive for § €
[0,500] as can be verified by Fig. 5.1. Hence, condition 2) and 3) in Proposition 2
are also true.

Since it is assumed that only arc-lengths in the interval [0,500] are suitable
for lane changes, it suffices to choose Sy = 500 in order to fulfill all conditions in

Proposition 2. 0

We again note that the parameter intervals in Theorem 3 are chosen according
to practical considerations. First, the same values for AY as in Section 4.2.3 are
assumed. Second, the values for Yy are selected based on the fact that smaller
values of y lead to very long bi-elementary paths as was already observed in Fig.
4.10. In addition, it will be further highlighted in Section 5.1.2 that small values
for y are not suitable for lane change trajectories.

In summary, this section develops a straightforward procedure for selecting
the parameters of a bi-elementary lane change path for a given entry velocity vy,
maximum acceleration am,x and shape parameter y. The steps of the procedure

are listed as follows.
1. Determine the solution S* of (5.14) using the Newton method
2. Compute A* = f (5*) from (5.11) and k} = f, (S*,A*) from (5.12).
3. Evaluate the desired bi-elementary path as Z(S*, kj,A*,y).

The resulting bi-elementary path is the shortest path for a given value of y that

fulfills the curvature constraint in (5.7) for all possible velocity profiles that start
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from the entry velocity vy and that meet the acceleration constraint dpy,x. A suit-

able choice for the parameter y will be discussed in the subsequent section.

5.1.2 Trajectory Examples

In this section, we validate the proposed method by several examples. We consider
different friction coefficients 4 = 0.82 (dry asphalt) and y4 = 0.5 (wet asphalt) and
accelerations up to 5m/sec?. Considering that accelerations below a = 2 m/sec?
are considered as comfortable [64, 65, 66], amax = Sm/sec? is selected as a case
with a large acceleration.

In the first example, the entry velocity is vo = 20 m/sec, the friction coefficient
is U = 0.82 (which corresponds to dry road) and y = 1. Fig. 5.2 shows the com-
puted bi-elementary path (upper part) and its curvature k(s) with the correspond-
ing maximum curvature km,x (s) (lower part) for different maximum accelerations.
It is readily observed that the bi-elementary paths are computed such that the cur-
vature constraint kmax (s) is met. In accordance with (5.11) and (5.12), k(s) equals
kmax at the two points of maximum curvature such that there is no feasible shorter
bi-elementary path. Comparing the different accelerations, it is clear that larger

accelerations require a longer arc-length due to the reduced maximum curvature.
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Figure 5.2: Trajectory computation for vo =20 m/sec, y=1, U =0.82 and amax =
1 m/sec? (left), amax = 2 m/sec? (middle) and ama, = 5 m/sec? (right).

Fig. 5.3 considers the same case as Fig. 5.2 with the difference that the entry

velocity vo =40 m/sec is increased. Since a larger entry-velocity implies a reduced
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maximum curvature in (5.7), the bi-elementary paths in this case are considerably
longer compared to the ones in Fig. 5.2.
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Figure 5.3: Trajectory computation for vo =40 m/sec, Y= 1, U = 0.82 and amax =
1 m/sec? (left), amax = 2 m/sec? (middle) and amax = 5 m/sec? (right).

Fig. 5.4 repeats the experiment in Fig. 5.2 with a reduced friction coefficient

g = 0.5. It can again be seen that the resulting bi-elementary paths perform the

lane change with the smallest possible arc-length, whereby the arc-length is in-

creased compared to Fig. 5.2. In particular, it turns out that an acceleration of

amax = 3 m/sec? is not tolerable in this case. Fig. 5.4 shows the computation for
a = 4 m/sec? because of this reason.
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Figure 5.4: Trajectory computation for vop = 20m/sec, y =1, 4 = 0.5 and amax =
1 m/sec? (left), amax = 2 m/sec? (middle) and amqay = 4 m/sec? (right).

The previous examples are evaluated for y = 1, that is, there is no straight line
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segment in the resulting bi-elementary paths. We next study the effect of changing
y using vy = 20 m/sec, amax = 2 m/sec” and 4 = 0.82. The resulting bi-elementary
paths are shown in Fig. 5.5. It is clear from this experiment that smaller values of y
lead to longer trajectories. This effect is mainly caused by the usage of a non-zero
curvature during a shorter fraction of the overall arc-length when Y is decreased.
We note that the same effect was observed for all experiments with different values

of vo, U, amax and AY. An analytical evaluation of this observation is not in the

scope of this thesis.

~
1

Y—position [m]
o
T
)
Il
o
o o

0 % I I I I L L ! 7=08
0 5 10 15 20 25 30 35 40 45 50— =07
arc—length [m] 7 =06
v =05
e S = = = dhne(s)
= /}N ------------------------
i
= 0 — |
5
3—0.02 mmmmmmmm = mm I L L L

arc—length [m]

Figure 5.5: Trajectory computation for vop = 20m/sec, 4 = 0.82 and dmax =
2 m/sec? and different values of V.

In summary, the evaluation in this section shows that the proposed parameter
selection method in Section 5.1.1 indeed determines bi-elementary paths for lane
changes with the shortest possible arc-length, while meeting the imposed curva-
ture constraints. Considering that the shortest lane change trajectory was obtained
for y =1, it is suggested to apply the proposed method for this value of y. It is
finally pointed out that the proposed parameter selection method can be applied in
real-time. It is only required to solve (5.13), which can be done using the Newton
method with a limited number of iterations. In all our experiments, a solution of
(5.13) for € = 10~ (which corresponds to a precision of 1 ym) could be obtained

within not more than 15 iterations.
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5.1.3 Realization and Evaluation

The lane change trajectories in Section 5.1.1 were computed based on the maxi-
mum curvature evaluation in (5.7), which is based on a point mass vehicle model.
This section validates the suitability of the computed trajectories using the control
architecture in Fig. 4.1 with the vehicle model in Section 2.1.3.

We first consider the case of dry roads such that 4 = 0.82. We perform simula-
tion experiments in the control architecture in Fig. 4.1. Lateral control is realized
by the lane keeping method in [63] and the traction force Fis is computed such that
the desired acceleration profile for each experiment is achieved. In each experi-
ment, the vehicle performs a lane change after traveling 50 m on a straight road and
continues driving on that road after the lane change until the X-position reaches
250 m. The lane width of 3.7 m is chosen if not stated otherwise. Following the
discussion in Section 5.1.2, the value y = 1 is used.

In the first experiment, the entry velocity is vp = 20 m/sec and the maximum
acceleration is amax = 2m/sec’. In this case, a trajectory with A* = 0.46, ki =
0.018 §* = 42.86 m is computed. Fig. 5.10 shows the simulation result. In the
upper plot, the reference trajectory is compared to the actual vehicle trajectory and
the lower plot shows the acceleration bound U g as well as the applied longitudinal
acceleration ajong and the overall acceleration , /alzon y + alzat. It is readily observed
that the vehicle is able to follow the reference trajectory with a small error. This is
due to the fact that the reference trajectory is computed respecting the constraint
in (5.7) on the maximum curvature. As a result, the overall acceleration does not
exceed the acceleration bound as can be seen in the lower part of Fig. 5.6.

Fig. 5.7 shows the simulation result for vo = 20 m/sec and amax = 4 m/sec?.
In this case a longer lane change trajectory with A* = 0.42, k7 = 0.015 and $* =
49.74 1s obtained due to the increased maximum acceleration. Again, it is the case
that the vehicle can follow the computed reference trajectory.

Similarly, Fig. 5.8 shows the case of an increased entry velocity vy = 40 m/sec
and amax = 2 m/sec?. The resulting parameters are A* = 0.48, kj = 0.005 and §* =
81.80. It is again observed that the lateral acceleration stays below the computed

maximum acceleration such that the vehicle can follow the reference trajectory.
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Figure 5.6: Trajectory following for vy = 20 m/sec, amax = 2m/sec’, 4 = 0.82
and AY =3.7m.

The last experiment in this section is concerned with the case of a double lane
change with AY = 7.4m at vy = 20 m/sec and am,x = 2 m/sec?
parameter values are A* = 0.44, k} = 0.017 and $* = 62.94 m. Fig. 5.9 shows that

the computed reference trajectory is suitable for vehicle following.

. The resulting

We next consider the same type of experiment for the case of wet roads. That
is, u = 0.5. Fig. 5.10 displays the case of vg = 20 m/sec and dpax = 2 m/sec’
with the parameter values A* = 0.44, kf = 0.01 and $* = 58.08 m. Fig. 5.11
shows the case of vy = 40 m/sec and amax = 2 m/sec? with the parameter values
A*=0.47, k} = 0.003 and S* = 109.47 m. In comparison to the case of dry roads,
it is observed that the computed trajectories are longer. This is expected to the
reduced available lateral force. In addition, both figures show that the computed
trajectories are suitable for vehicle following and the acceleration bound is always

met.
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5.2 Trajectory Following using Lane Keeping Control

The previous sections show that clothoid-based trajectories and their arc-spline
approximations are suitable for the representation and fast computation of lane
change trajectories. This section is based on the fact that clothoid-based trajecto-
ries and their arc-spline approximations can in general be used to represent road
segments [31, 37, 38]. That is, lane keeping can be effectively be applied in the
control architecture in Section 4.1 when using arc-spline trajectories as a road
representation. In addition, the relations between the trajectory curvature and the
admissible vehicle velocity established in Section 5.1.1 can be used to evaluate
which velocity profile is suitable for a given road segment. Next, Section 5.2.1
formalizes the representation of road segments. Then, Section 5.2.2 determines
if a given velocity profile is suitable for driving along a road segment. Finally,

Section 5.2.3 evaluates road following by several simulation examples.

5.2.1 Road Representation

We introduce a set 7 = {T1,T»,..., Ty} in order to represent the trajectory of a
road. Each road segment 7; € .7 is given by a clothoid curve & (P, Wy, ks, k¢, S),
by an arc segment <7 (C, R, ¥, S) or by a line segment .2 (Ps, W, S). The relation

between consecutive segments is given by

P(Tip1) = P(7), Ws(Tin1) = Wi(90), ks(Ti1) = ke(T7), i=1,...,N—1.
(5.15)

That is, a road trajectory .7 has a continuous position, orientation angle and cur-
vature. In the sequel, the curvature of a road trajectory .7 is denoted as k7 (s).
Furthermore, an arc-spline approximation .7 of a road trajectory .7 is obtained
by replacing all clothoid curves in .7 by the corresponding arc-spline according
to Section 2.2.

An example for a road trajectory is shown in Fig. 5.12. It is given by the set
7 ={N,T,...,Ti7}, whose entries are specified in Table 5.1.
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Figure 5.12: Example road trajectory .7 .

5.2.2 Verification of Velocity Profiles

As was discussed in Section 5.1.1, there is a relation between the velocity/acceleration
profile of a vehicle and the admissible curvature of vehicle trajectories as given in
(5.5). This expression can be used to evaluate the drivability of a road trajectory

7 when given a desired velocity profile. Let
YRRt — V(1) (5.16)

be a velocity profile that maps each time instant ¢ to a velocity value #'(¢). Then,

the traveled arc-length is
1
y(r):/ V(1) dr. (5.17)
0

and the acceleration profile is

_dV(t)

()=, (5.18)

Assuming that 7/(¢) is a non-negative function such that vehicles always travel in

the forward direction, it follows that .#(¢) in (5.17) is a monotonically increasing
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Table 5.1: Parameters of the example road trajectory

| T | T | T |
y £(0,0,300) | €(P(T1),%+(T1),0,0.01,100) [ &/ (P(Tr),¥(T»),100,100) |
| T | B | T |
| ¢(R(T3),¥:(T3),0.01,0,100) | Z(P(Ty),W¢(Ty),300) | €(P(Ts),¥4(T5),0,—0.005,150) |
| T | Ty | T |
| o (B(Ts), Wi(Ts),—200,200) | € (Pi(T7), Wi(T7),—0.005,0,150) | Z(B(T3), ¥¢(T3),500) \
] Tho \ T ‘ Tia |
| €(R(T),¥:(Ty),0,—.01,100) | & (P(Tio),¥¢(Tho),—100,100) | €(P(Ti1),¥¢(Th1),—0.01,0,150) |
] Ti3 \ Ty ‘ Tis |
| Z(R(Ti2),¥i(T12),1000) | €(P(Ti3),%:(T13),0,0.008,50) [ o/ (Pi(Th4),¥i(The),125,200) |
| Tis | Tis | |
| ) | | |

€ (P:(Tqs),W¢(T;5),0.008,0,250) Z(P(Th), W#(Th6),600)

function. We write
SR R:s— .7 !(s) =t such that (1) =s. (5.19)

Both (5.16) and (5.18) can be parametrized using the arc-length in (5.17). The

resulting velocity and acceleration profile in terms of the arc-length are hence

written as
Y (s) =V (L Ns)), (5.20)
o (s) = o (L L(s)). (5.21)

Using (5.5), it must hold that

\/ alzong +a12at = \/szz(s) + 7/4(S) k?y <ug, (5.22)

which can be verified knowing the road curvature k » (), the velocity profile 7 (s)

and the acceleration profile .7 (s).
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5.2.3 Evaluation

We illustrate the condition in the previous section by using different velocity pro-
files for the example road in Fig. 5.12. We note that kpax = 0.01-1/m is the largest
curvature along the example road. That is, the velocity when passing the location

with the largest curvature is given by

P0.82 = VU &/kmax = 28.36m/sec,
when using 4 = 0.82 (dry road) and

Y0.5 = v/ 1 &/kmax = 22.15m/sec,

when using 4 = 0.5 (wet road). Accordingly, we first consider the simple case of
a constant velocity vy g and vps when passing the example road. The resulting
simulations are shown in Fig. 5.13 to 5.18.

The upper part of Fig. 5.13 shows the road curvature, whereas the lower part

compares the maximum admissible velocity

Viax(s) = \/ 1 g/k7(s)

and the actual velocity 7(s). Note that vyay is only displayed for cases where
k7 (s) # 0. It can be seen that the actual vehicle velocity always stays below
Vmax ($), whereby a higher velocity could be admissible in curves with a smaller
curvature.

This observation is also confirmed in Fig. 5.14 that compares the admissible
acceleration according to the friction circle with the actual acceleration. A small
violation of the bound U g is observed for a very short time duration in sharp turns.

Nevertheless, Fig. 5.15 confirms that the chosen velocity profile is suitable for
trajectory following. The tracking error for the overall example road trajectory

stays below 8 cm.
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The same observations are made in Fig. 5.16 to 5.18 for the case of 4 = 0.5
with the reduced velocity vy 5 = 22.15 m/sec. Here, the tracking error in Fig. 5.18
is slightly smaller compared to Fig. 5.15 and more time is needed to complete the

road.
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Figure 5.16: Road curvature (upper) and velocity comparison (lower) for v 5.
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The previous experiments were conducted with a constant velocity along the
whole road. The next experiment uses U = 0.82 and a velocity profile that ap-
proaches the respective maximum velocity of each curve as shown in the lower
part of Fig. 5.19.
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Figure 5.19: Road curvature (upper) and velocity comparison (lower) for v s.

It is again the case that there is a slight violation of the acceleration constraint
in Fig. 5.20 that does not show any negative effect on the tracking error in Fig.
5.21. Moreover, the travel time along the road trajectory is considerably shorten
than the comparable case in Fig. 5.15. That is, even when using such fast velocity
profile, the road approximation and prediction by arc-splines according to Section
5.2.1 and 4.3.4 is suitable for trajectory following with a small tracking error if

the acceleration constraint in (5.22) is fulfilled.
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5.3 Cooperative Adaptive Cruise Control on Curved Roads

An important ITS application for increasing the traffic throughput is tight vehicle
following that can be realized using the recent technology of cooperative adap-
tive cruise control (CACC) [18, 19, 20, 21, 22, 23]. CACC is based on distance
measurements and communicated state information among vehicles.

When designing CACC, it has to be ensured that oscillations are avoided and
signal levels are not amplified along a vehicle string in order to maintain driving
safety and comfort. In the literature, this requirement is addressed by the condition
of string stability [68, 69, 21] and there are various controller design methods in
order to achieve string stability.

The string stability research in the existing literature is conducted for the case
of straight roads, where it is sufficient to model the longitudinal motion using lin-
ear models. However, on curved roads, the lateral dynamics affect the longitudinal
motion of vehicles such that string stability as discussed in Section 5.3.1 can no
longer be ensured. Accordingly, the main focus of this section is to preserve string

stability when turning.

5.3.1 CACC

In this thesis, we consider the case where multiple vehicles follow each other in
the form of a vehicle string at a small inter-vehicle spacing. The basic scenario is
depicted in Fig. 5.22.

@ qi+1Vi+1,Aj+]

di+1

Figure 5.22: Vehicle following scenario.

Each vehicle i is characterized by its rear-bumper position ¢;, its velocity v;,

its acceleration a; and its length L;. Moreover, the distance between vehicle i and
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i — 1 is written as d; and evaluates to
di(t) :qi_l(t)—q,-(t)—Li. (5.23)

The literature suggests different methods for safe vehicle following [70]. This
thesis employs the recent technology of cooperative adaptive cruise control (CACC)
[68, 20, 23] that is an extension to the established technology of adaptive cruise
control (ACC). CACC employs both distance measurements using Radar or LI-
DAR and state information that is exchanged between vehicles using vehicle to
vehicle (V2V) communication.

The most common realization of CACC in the recent literature is based on the
idea of predecessor following (PF). Using PF, only vehicle i — 1 provides state
information to vehicle i via V2V communication [20, 22, 23]. The corresponding

control architecture is displayed in Fig. 5.23.

o R — — R R — — — — = S Ly
| I,
:> D; —» Kg; |
I
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qi-1 | e; IQi
— > Gi_j be’,‘ |
Uip I - I
| |
A P E—
| H; _ |
| -Li-r; vehicle i |

Figure 5.23: CACC realization for a generic vehicle i.

Here, G; represents the transfer function of the vehicle plant. Ky, ; is a feed-
back controller using the spacing error ¢; and Ky ; is a feedforward controller that
receives the input signal ;1 from the predecessor vehicle i — 1 with a potential
delay D; = ¢~ *i%. The transfer function H; represents the spacing policy employed
for tight vehicle following. The most commonly used spacing policy in the recent
literature is the constant headway time policy [22, 21, 23]. It defines the desired

vehicle spacing as

d,‘_/r =ri+ h;v;. (5.24)
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Here, r; is the distance at standstill (for v; = 0) and 4; denotes the desired headway

time. Accordingly, H;(s) = 1+ h;s and the spacing error ¢;(¢) is computed as
€l'<l‘) = di(l) — dl'J(l‘). (5.25)

Signals such as velocity, acceleration and spacing error of each vehicle depend
on the maneuvers of its predecessor vehicles. In order to keep the signal levels of
follower vehicles bounded, it is required that fluctuations that of predecessor vehi-
cles (due to maneuvers of the leader vehicle or disturbances within the string) are
attenuated along the string. Specifically, small signal variations of predecessor ve-
hicles should not cause increased signal levels in the follower vehicles in order to
maintain driving safety, comfort and scalability of the string length. Furthermore,
oscillations in a vehicle string are undesired.

This requirement is addressed by the property of string stability [68, 69, 20].
In this thesis, we employ a sufficient condition for strict Lo string stability as
defined by [21].

Consider Fig. 5.23. Let y; be a relevant output signal (such as acceleration) and
write u; for the input signal of the leader vehicle. We further define the transfer
functions Py (s) = Yi(s)/U(s) and I;(s) = Y;(s)/Y;i—1(s) with the respective im-
pulse responses pi(¢) and Y;(¢). Then, a vehicle string is strictly Lo, string stable
if [69, 21]

[p1(@)]]z, < 0, [[Ti(s)]|m, < 1 and y(r) > 0. (5.26)

Hereby, || ® ||z, and || ® ||q, represent the L; and He norm, respectively. (5.26)
ensures that the level of the output signal y; decreases along the string.

The literature employs different vehicle models for the study of string stability.
In this thesis, we use a model with acceleration input u; = a; for each vehicle i as
in [71, 72] with the transfer function
_ Oi(s) 1

—. (5.27)

Gils) Ui(s) 2
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Then, it is possible to apply controller transfer functions in the form

- 1
N 1+sh;

Kip,i(s) = w; (s + wy) and Kt ;(s) (5.28)

as suggested by [19] to achieve string stability.

5.3.2 Decoupling and Practical Implications

Our study is based on the nonlinear model in Section 2.1.3. On a straight road, it
holds that ¢y = y = & = 0. That is, the vehicle model in (2.7) to (2.9) reduces to
the linear plant model in (5.27) when using a traction force of Fif = m - u, Never-
theless, this is no longer true on a curved road such that string stability according
to Section 5.3.1 cannot be guaranteed on curved roads. However, using the de-
coupling proposed in Section 3.2, it already holds that the longitudinal motion is
decoupled from the lateral motion such that the linear plant model in (5.27) is also
valid on curved roads. Hence, Lo, string stability according to Section 5.3.1 holds
for the longitudinal motion along curved roads when applying (3.3). We note that
(3.3) reduces to Fif = ma;, on straight roads, where 0 = 3 = 0.

We next discuss several requirements when realizing the traction force accord-
ing to (3.3). First, we note that measurements or estimates of the signals J, 3 and
F.¢ are available in advanced vehicle applications. The steering angle & can be
directly measured. Furthermore, the sideslip angle 3 = tan~!(y/x) can either be
estimated directly using recent methods such as [53, 54] or computed using es-
timations or measurements of the velocities x and y from inertial measurement
units and differential GPS [55, 56]. Similar, existing estimation methods such as
[57, 58] can be used for estimating the lateral tire forces F¢r and F;.

Second, we consider that the computed traction force Fjr in (3.3) has to be
realized by applying torque to the actuated wheels of the vehicle. This task is
achieved by recent methods for traction force tracking [56].

Finally, we note that the proposed CACC extension controls the longitudi-
nal vehicle motion, compensating the effect of the lateral vehicle dynamics. The

steering angle for the lateral motion can be supplied manually by a human driver
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Figure 5.24: Control architecture for a generic vehicle i.

or automated by a lane-keeping system.

5.3.3 Vehicle Architecture

We employ the vehicle architecture in Fig. 5.24 for a simulation study of the pro-
posed CACC for curved roads. The nonlinear vehicle model with decoupling
traction force in Section 3.2 is extended by a traction force control module ac-
cording to [56] for obtaining realistic results. The vehicle signals 3, x, y, (J, X,
are measured and the lateral forces Fy, F¢r are estimated using the method by [57].
In order to follow a given road, the steering angle is adjusted using a lane keep-
ing method from the existing literature [63]. Finally, vehicle following is realized
by CACC as described in Section 5.3.1 extended with the proposed traction force
computation in (3.3). The required road curvature p for lane keeping and the dis-
tance d; and predecessor acceleration a;_; are obtained from measurements and
V2V communication. We note that the vehicle architecture is created in order to
evaluate the proposed decoupling method under realistic conditions. The selected
methods for traction force control, lane keeping, signal estimation and the CACC
controller design can be substituted by other methods. he relevant parameter val-
ues of the vehicle model and the CACC controller are summarized in Table 5.2.
We use the same parameter values for each vehicle.

In the following sections, we compare the proposed method (denoted as “with
decoupling”) with the common CACC implementation for straight roads (’with-

out decoupling”) that uses Fiy = m - a, instead of the decoupling force in (3.3).
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Table 5.2: Vehicle and CACC controller parameters.

m I, B C D E
1480 1950 8.22 165 —1.7-10* -10
a b h; wW; W;

1421 1.029 0.8 0.6 0.1

5.3.4 Evaluation
Vehicle Following in Curves

The first experiment evaluates the case of keeping a constant velocity while travel-
ing on a curved road. To this end, a road profile based on clothoid arcs is created,
respecting that clothoid arcs are to be used according to road standards [63]. That
is, the road profile consists of segments, whose curvature changes linearly with
the arc-length of the road as is shown in Fig. 5.25. The created road profile is
chosen to contain segments with increasing/decreasing as well as constant curva-

ture. Noting that the curve radius is given by 1/p, a minimum radius of 80 m is

obtained.
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Figure 5.25: Created road profile (upper); road curvature p (lower).
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Figure 5.26: Simulation results for a curved road with zero acceleration.

Using this road profile, we next simulate a vehicle string with 8 vehicles that
implement the architecture in Fig. 5.24 with the parameters in Table 2.1. In this
experiment, each vehicle has an initial velocity of 30 m/sec and the initial distance
error is ¢;(0) = 0 for each vehicle i = 2,...,8. The leader vehicle 1 travels along
the road with zero acceleration.

Fig. 5.26 shows a comparison of the case without decoupling (left) and with
decoupling (right). It can be seen that the acceleration deviates from the reference
acceleration up to around 0.5 m/sec? in the case without decoupling, whereas the
acceleration deviations are negligible when using decoupling. In addition, much

larger distance error signals are observed in the case without decoupling.

Vehicle Following with Acceleration Changes

In the next experiment, we consider the same road profile in Fig. 5.25. Neverthe-
less, we simultaneously adjust the acceleration of the leader vehicle with succes-
sive speed-up and slow-down maneuvers as can be seen in Fig. 5.27. The initial
velocities and distance errors are chosen as in Section 5.3.4. In comparison, it is
observed that the acceleration signals show oscillations and overshoot in the case
without decoupling, which indicates a violation of the string stability condition
in (5.26). It can further be seen that larger error signal levels are encountered if

decoupling is not used.
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Figure 5.27: Simulation results for a curved road with a given acceleration profile.
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Figure 5.28: Simulation results for a curved road with two lane changes.

Lane Change of a Vehicle String

In the last experiment, we perform two lane changes of the vehicle string on the
curved road in Fig. 5.25. The lane change trajectories are realized in the form of
concatenated clothoids as proposed by [60] and are initiated by the leader vehicle
at the times 6.8 and 18.0.

It can be seen in Fig. 5.28 that the decoupling strategy is again effective. The
acceleration signals of each vehicle follow the respective signal of the predecessor
vehicle without overshoot in the case with decoupling. Conversely, overshoot and

oscillations are observed in the case without decoupling, indicating a violation
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of string stability. Here, the oscillations starting around time 2 are due to the
curvature change of the road which is superposed on the lane change starting from
time 6.8. The oscillations starting around time 20 are caused by the lane change
at time 18. No such effect is seen in the case with decoupling. In addition, our

decoupling method again leads to smaller spacing errors.
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CHAPTER 6

Conclusions and Future Work

The development of self-driving vehicles is an emerging subject both in industry
and in the recent academic literature. Performing autonomous lane changes is one
of the important tasks when realizing self-driving vehicles. Hereby, it is required
to determine vehicle trajectories for lane changes that comply with the vehicle
dynamics as well as the driving situation and can hence be safely followed by
vehicles. In practice, it is necessary to choose a trajectory representation that can
be used for further calculations and to compute such trajectories in real-time. The
subject of this thesis is the computation of lane change trajectories for self-driving
vehicles, the approximation of such trajectories by clothoid-type curves and the
evaluation of the trajectory parameters in real-time.

The first main subject of this thesis is the computation of trajectories for lane
changes of self-driving vehicles using optimal control. Two optimal control meth-
ods are developed for nonlinear vehicle models that capture the longitudinal and
lateral motion during lane changes. As the first thesis contribution, these models
are extended by a feedback of the traction force in order to decouple the longi-
tudinal motion from the lateral motion. Hence, these models are different from
existing models in the literature. Based on the models, a collocation method and
a gradient-based method for solving the optimal control problem are developed as
the second thesis contribution. The collocation method uses third-order polyno-
mials for the trajectory approximation and can be solved using nonlinear program-
ming. The gradient-based method is based on a finite difference approximation of
the nonlinear vehicle model and a direction finding algorithm. It offers an easier

computation since it only requires the solution of quadratic programming prob-
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lems. The experimental evaluation of these methods shows that the collocation
method does not find correct optimal control solutions for large vehicle velocities.
In contrast, the gradient-based method is able to compute suitable optimal control
trajectories.

It is observed during the thesis study that the optimal control solutions cannot
be determined in real-time due to the different optimization steps. That is, they
are not suitable for a direct implementation in practical applications. In order to
address this problem, the second main subject of the thesis is the approximation
of the optimal control trajectories by curves that can be parametrized analytically
and that can be computed in real-time. To this end, the thesis suggests to use
bi-elementary paths that are based on clothoid curves and their analytical approx-
imation by bi-elementary arc-splines. As the third thesis contribution, it is shown
that bi-elementary arc-splines provide a tight approximation of the optimal con-
trol trajectories for lane changes. The thesis further proposes a control architecture
such that vehicles can follow the computed lane change trajectories at a desired
velocity.

Respecting the fact that bi-elementary paths can be used for representing lane
change trajectories for self-driving vehicles, the remaining question is how to de-
termine the trajectory parameters without using the optimal control solutions. The
fourth thesis contribution is the fast computation of vehicle trajectories for lane
changes depending on the driving situation. To this end, the thesis first develops
an efficient method for computing the parameters of bi-elementary paths based
on a Newton iteration. Then, the thesis determines an analytical bound on the
path curvature depending on the maximum velocity profile of a vehicle during a
lane change. Using this bound, the thesis proposes a computational procedure for
selecting the parameters of bi-elementary paths that are suitable for lane change
trajectories. This parameter selection can be efficiently carried out in real-time
based on the current vehicle velocity and a bound on the admissible acceleration.
Simulation experiments with the nonlinear vehicle model show that the proposed
method determines suitable lane change trajectories.

Finally, the thesis considers two applications of the developed methods. First,
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it is shown that the clothoid-based curves can be used to represent roads. Hence,
the proposed control architecture with clothoid-based reference trajectories en-
ables road following. Second, the application of the developed methods to the
technology of cooperative adaptive cruise control (CACC) is discussed. CACC is
used to ensure tight vehicle following in vehicle strings. In the existing literature,
CACC is always used on straight roads. Nevertheless, the desirable properties of
CACC such as string stability are no longer valid on curved roads. Using the pro-
posed control architecture that decouples the longitudinal from the lateral vehicle
motion, our method ensures string stability on curved roads.

There are several directions for future work in order to extend the contribu-
tions of the thesis. First, it is possible to refine the developed collocation method
by changing the parametrization from polynomials to arc-splines. The thesis fo-
cuses on the case of straight roads. In future work, it is intended to extend the
obtained results to the case of curved roads. In addition, the joint computation
of an optimal velocity profile and the desired lane change trajectory parameters
will be investigated. Finally, it is envisaged to apply the developed methods to
more detailed vehicle models such as four-wheel models instead of a single track

model.
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