SOME SPECTRAL METHODS WITH APPLICATIONS FOR THE
NUMERICAL SOLUTIONS OF PARTIAL DIFFERERENTIAL EQUATIONS

TUGBA ALTUNALAN

AUGUST 2016



SOME SPECTRAL METHODS WITH APPLICATIONS FOR THE
NUMERICAL SOLUTIONS OF PARTIAL DIFFERERENTIAL EQUATIONS

A THESISSUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED
SCIENCES OF
CANKAYA UNIVERSITY

BY
TUGBA ALTUNALAN

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE
DEGREE OF
MASTER OF SCIENCE
IN
THE DEPARTMENT OF
MATHEMATICS AND COMPUTER SCIENCE

AUGUST 2016
ii



Title of the Thesis: Some Spectral Methods with Applications for the Numerical
Solutions of Partial Differential Equations

Submitted by Tugba ALTUNALAN

Approval of the Graduate School of Natural and Applied Sciences, Cankaya
University.

4
Prof. Dr. Halil Tanyer MB&GLU

Director

[ certify that this thesis satisfies all the requirements as a thesis for the degree o
Master of Science. /

—
Assist. Prof, Dr.('(/)lz/lem DEFTERLI

Head of Department

This is to certify that we have read this thesis and that in our opinion it is fully
adequate, in scope and quality, as a thesis for the degree of Master of Scienée.

Assist. Prof, Dr/ Ozlem DEFTERL{

Supervisor
Examination Date: 01.08.2016
Examining Committee Members
Prof. Dr. Gerhard-Wilhelm WEBER (METU) f 1037 )()S

Assist. Prof. Dr. Ozlem DEFTERLI (Cankaya Univ.)

\
Assist.Prof. Dr. Dumitru BALEANU (Cankaya Univ.) % MM




STATEMENT OF NON-PLAGIARISM PAGE

[ hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ethical conduct. T also declare that,
as required by these rules and conduct, I have fully cited and referenced all material

and results that are not original to this work.

Tugba
ALTUNALAN

Signature : W:H/bd/{

Date ¢ 01.08.2016

Name, Last Name

iii



ABSTRACT

SOME SPECTRAL METHODS WITH APPLICATIONS FOR THE
NUMERICAL SOLUTIONS OF PARTIAL DIFFERERENTIAL EQUATIONS

ALTUNALAN, Tugba
M.Sc., Department of Mathematics and Computer Science
Supervisor: Assist. Prof. Dr. Ozlem DEFTERLI

August 2016, 85 pages

This thesis examines how some classes of partial differential equations are solved
numerically by using a set of spectral methods, namely Spectral Collocation method

and Spectral Galerkin method. It begins with a brief reminder about orthogonal
polynomials and fundamentals of partial differential equations. Then, the description

of the considered spectral methods are given in the following part of the thesis. The
use of spectral methods for solving real-world problems which are modelled by
partial differential equations, is given through some illustrative examples which
appears in different fields of science and engineering. Therefore, the usability,
efficiency and the importance of the studied spectral methods are emphasized. In
these recently studied representative examples, which are reviewed from various
application areas, some new and very performant mathematical tools were involved,
namely fractional differential operators. The obtained numerical results from the
mentioned spectral methods were presented through simulations with a comparative

study by some other numerical methods in the literature.
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Keywords: Partial Differential Equations, Spectral Methods, Orthogonal
Polynomials, Approximate Solutions
(0)/
KISMi TUREVLI DENKLEMLERIN SAYISAL COZUMLERI ICIN BAZI
SPEKTRAL YONTEMLER VE UYGULAMALARI

ALTUNALAN, Tugba
Yiiksek Lisans, Matematik-Bilgisayar
Tez Yéneticisi: Yrd. Dog. Dr. Ozlem DEFTERLI

Agustos, 2016, 85 sayfa

Bu tezde, kismi tiirevli denklemlerin bazi smiflarinin bir dizi spektral yontemler
kullanilarak nasil sayisal olarak ¢oziildiigli incelenmistir. Bu yontemler sirasiyla;
Spektral Siralama yontemi ve Spektral Galerkin yontemidir. ilk olarak, ortogonal
polinomlar ve kismi tiirevli denklemlerin temelleri hakkinda kisa bir hatirlatma
yapilmustir. Tezin bir sonraki kisminda, ele alinan spektral yontemlerin tanimlamalari
verilmistir. Bilim ve miihendisligin farkli alanlarinda ortaya ¢ikan ve kismi tiirevli
denklemlerle modellenebilen gergek diinya problemlerinin ¢6ziimiinde, spektral
yontemlerin kullannmi ve Onemi agiklayict ornekler kullanilarak verilmistir.
Boylelikle, ¢alisilan spektral yontemlerin kullanimi, verimi ve énemi vurgulanmistir.
Cesitli uygulama alanlarindan derlenen ve yakin zamanda c¢aligilan bu 6nemli
orneklerde, kesirli tiirevli operatorler olarak adlandirilan yeni ve ¢ok kullanigh
matematiksel araclar dahil edilmistir. Bahsi gecen spektral ydntemlerin
kullanimindan elde edilmis olan sayisal sonuglar grafiklerle verilmis, literatiirdeki

diger bazi sayisal yontemlerle yapilan karsilastirilmasi sunulmustur.

Keywords: Kismi Tiirevli Denklemler, Spektral Yontemler, Ortogonal Polinomlar,
Yaklasik Coziimler
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CHAPTER 1

INTRODUCTION

Numerical analysis is the collection of methods for computing numerical data. In
some cases, this results producing a sequence of approximations by repeating the
procedure several times. Numerical methods for Partial Differential Equations
(PDEs) can be classified into the local and global cases. The Finite-Difference (FD)
and Finite-Element (FE) methods are depend on local arguments, while the spectral

methods can give much higher accuracy, at the expense of domain flexibility.

Spectral methods were in common use during the last couple decades in order to find
the numerical solutions of PDEs since they provide better accuracy in comparison to
FD and FE methods. The rate of convergence of spectral approximations based on
the smoothness of the solution which gives as the possibility to reach high accuracy
with a small number of data. This property is called as ‘spectral accuracy’. On the
other hand, in FD and FE methods, the order of accuracy is based on some fixed
negative power of N, where N is the number of considered grid points. Spectral
methods have various meanings depending on the application areas like Functional

Analysis, Signal Processing, etc.

The numerical solutions obtained by the use of Spectral methods are denoted as a
finite expansion of some set of basis functions. When the PDEs is written in terms of
the coefficients of this expansion, the method is known as a Galerkin Spectral
Method. Spectral Collocation Methods (which also known as pseudospectal
methods), is another subclass of spectral methods and they are similar to Finite
Differences Methods because of the direct use of grid points. These grid points are
called ‘collocation points’. The other type of method class is the Tau Spectral
Methods which are similar to the Galerkin Spectral Methods, however the expanding

basis does not have to obey the boundary conditions requiring additional equations.
1



Recently, many researchers have started to study the spectral methods. The purpose
of their studies is to find the numerical solutions close to exact solutions of partial
differential equations. Although there are several methods for this manner, the
selection of a suitable method for the numerical solutions of partial differential
equation can be difficult since method differs in itself.

In this thesis study, our aim is to give a fundamental knowledge about some spectral
methods which are widely in use, and also to present some new results indicating
their performance through four different new applications from various fields by
using fractional operators as a new mathematical aspect. The structure of this thesis
is as follows. In Chapter 1, the main definitions for orthogonal polynomials are
reviewed. Based on this knowledge, two main spectral methods are presented in
Chapter 2. Moreover, a preliminary about PDEs is given in Appendix part.
Approximate methods for certain PDEs are reviewed in details, containing Spectral
Collocation Method and Spectral Galerkin Methods. In Chapter 3, some recent
results in the literature are presented by the study of four different real-world
applications using the new aspect of fractional calculus and the corresponding
numerical comparative study is given among two of them. Chapter 4 is dedicated to

my concluding remarks.
1.1 Preliminaries About Orthogonal Polynomials
1.1.1 Definition and Construction
Orthogonal Polynomials are essential polynomials in the construction and analysis of
spectral methods. Therefore, they are important to investigate and comprehend some

fundamental specifications of orthogonal polynomials in the weighted Sobolev space
L%,(a,b) if[1]



<f,9>= (f,9w = [, W f@g@dx = 0, (1.1)
where w is a fixed positive weight function in (a, b). It manage to substantiated that
<, > described above is an inner product in L2, (a, b).

A sequence of orthogonal polynomials is a sequence {p,}n=o Of polynomials with
deg(p,) = n, and having the property

<pup;j>=0 for i #]. (1.2)
Since orthogonality was not shifted by multiplying a nonzero constant it has been

normalized the polynomial p,, so that the coefficient of x™ is one, i.e. p,(x) = x™ +

o

Xt a(()") which is called monic polynomial.

The orthogonal polynomials can be produced by the following repetition relation [1]:

b
h fa XWPnPn-1 dx

b . (13
fa wpg_;dx

Example 1.1: As an example consider w(x) =1 and (a,b) = (0,1). Using the
Gram-Schmidt process the orthogonal polynomials can be produced as follows: Start

with the sequence {1, x, x?}. Choose p,(x) = 1. Then p,(x) can be derived as

<x1>
<1,1>

<x,po(x)>
<po(x),p0(x)>

py=x— x—= by pi(x)= (1.4)
since
<11>= f01 dx =1 and <x,1>= f01 xdx =% (1.5)

Futher, from the following recurrence relation p,(x) is obtained as,



2 <x%po(x)> _ <api(x)>
<po(0),po(x)> Po(x) <p1 ()1 (0> 1 (%) (1.6)

1
_ o <x%1>  <xPx-> 1 , 1 1
=x* — - —— |x—z)=x"—>—(x—=
<1,1> <x—5’x—5> 2 3 2

p2(x) =x

=x2—x—=,
6
since
<x%,1>=[[xldx =1, <xtx—2>= ['x*(x—Jdx (L7)
S ¥
T4 6 12’
and
R SR P (T
<x—,x—3> J, &x ?dx = —. (1.8)

The polynomials py(x) =1, p; =x—1/2 and p,(x) =x?> —x + 1/6 are three
main monic orthogonal polynomials on the interval (0,1) considering weight

function w(x) = 1. By repeating this process, it is acquired that

3 3 .5 .3 1
X)=x"—=x“+-x——
p3(x) > s 20
_ 4 3 ,9.2 2 1
X)=x"—2x"+-x"—-x+—
P4 (%) 7 7 70

— 45 _5,4,20,3_5,2,5, 1
ps(x) =x SXT X X"+ X 252,andsoon.

The orthonormal polynomials would be q, = po(x)/\/h—0 =1, like

_ b3 _ 3_3 2,3 1
95 = =207 (x “x? +ox— o), efte.

Gram-Schmidt Algorithm

<w,v;> <w,vp>
= Ny g Sy (L9)
[lvll [[vall

Given an arbitrary basis {uq,u,,..,u,} for an n - dimensional inner product space V,
the Gram-Schmidt Algorithm constructs an orthogonal basis {v;, v,, .., v,} for v.

—)Let 171 = ul,



<up,v1>

llvall?

and projxj is the orthogonal projection of u, on w;

—Let v, = u, — projii = u, — v; wWhere w; is the space spanned by v; ,

Theorem 1 .1:

A sequence of orthogonal polynomials {p,, (x)}.-, satisfies [1]

pn+1(x) = (Anx + Bn)pn(x) + Cnpn—l(x)i (n = 1'2'3 )’ (110)
where
kn+1 —4An hn
Ap="2, n=012.. and C,= -, (n=123,..). (L.11)
n n-1 n-1

Theorem 1.2:
A sequence of orthogonal polynomials {p,, (x)}n, satisfies [1]
n_ POOPLY) _ _Kkn y Pne1)Pn() " Prea ()P () ’ (1.12)
hk hnkn+1 xX=y

n=012,..) and

n {pk(x)}z _ kn
k=0 hk

X (Pr+1 () Pn(X) = Prs1 () Pn (X)). (1.13)

hnknt1

Zeros of Orthogonal Polynomials
The zeros of the orthogonal polynomials play a highly significant role in the

construction of spectral methods.

Theorem 1.3:
If {p,(x)}n=o is a sequence of orthogonal polynomials on the interval (a,b) with
compared to the weight function w(x), then the polynomial p, (x) has completely n

real simple zeros in the interval (a, b) [1].



Theorem 1.4:
If {p,(x)}n=, is a sequence of orthogonal polynomials on the interval (a,b) with
compared to the weight function w(x), the the zeros of p,,(x) and p,,,(x) separate
each other [1].

Gauss Quadrature

Let xg, x4, ..., x, be the zeros of py ., . Then, the linear system [2]

Y omk(x)w; = f:pk(x)w(x) dx, for all (p€ Pyyiq). (1.14)
The Gauss quadrature is the most accurate formula not possible to find x;, w; such
that Eq.(1.14) holds for all polynomials p € P,y . Although, considering the well
known result ) it sets off collocation points {x;} does not contain the endpoint a or b,
so it may create difficulties for boundary value problems. The second one is the
Gauss-Radau quadrature related to the roots of the polynomial

g(x) = Py () + apy(x), (1.15)
where « is a fixed and q(w) = 0. It can be ascertained that q(x)/(x — w) is
orthogonal to all polynomials of degree less than or equal to N — 1 in L*w(a, b) with
w = w(x)(x — w). Hence, the N roots of g(x)/(x — w) are all real, simple lying in
(a,b).

Gauss-Radau Quadrature
Let x, = w and x4, ...., xy be the zeroes of g(x)/(x — w) , where g(x) is described
by Eq.(1.15). Then, the linear system Eq.(1.14) approves a unique solution
(Wo, Wy, ..., wy)t withw; > 0 for (j = 0,1,..N) [2].

Furthermore,

Sop(x)w; = [ pwx)dx  forall (p € Pyy). (1.16)

(*): When {p,(x)}>-, is a orthogonal monic polynomials then p,,,(x) be also orthogonal to any polynomial

pg:With g < n.



Suchlike, a Gauss-Radau quadrature can be executed by fixing Xy = b. Herewith,
the Gauss-Radau quadrature is appropriate for problems with one boundary point.
Since the set of collocation points included the two end points, the Gauss-Lobatto
quadrature the most prevalently has been used in spectral approximations. Here,
considering the polynomial

9(x) =pys1 + apy(x) + B py-1(%), (1.17)
where a and B are chosen so that g(w) = g(b) =0. One can verify that
g(x)/((x —a)(x — b)) is orthogonal to all polynomials of degree less than or equal
to N — 2 in L?w(a, b) with w(x) = w(x)(x — a)(x — b). Hence, the N — 1 zeroes
of g(x)/((x —a)(x — b)) are all real simple and lie in (a, b) [3].

Gauss-Lobatto Quadrature
Let x, =a, xy = b and xy, ..., xy_, be the N — 1 roots of g(x)/((x — a)(x — b)),
where g(x) is described by Eq.(1.17). Then the linear system Eq.(1.14) approves a
unique solution (wg, wy, ..., wy)" , with w; > 1 for (j = 0,1,... N) [3].

Furthermore,

Yo p(x)w; = f;p(x)w(x) dx forall (p € Py_1). (1.18)

If f is a continuous function on (a, b) and x; < x, < -+ < x,, are n distinct points in
(a,b), also there exist exactly one polynomial P with degree <n — 1 such that
P(x;) = f(x;) forall (i =1,2,...,n).

This polynomial P can uncomplicatedly be found by using Lagrange interpolation as
follows:

Describe [3]

p(x) = (x —x1)(x — x3) ... (x — x,,) and consider

p(x) = X, f () —E2__

(x=x)p' (xp)

_ ?:1f(xi) (x=%x1) e (=21 (X=X 4 1) (X —27) (1.19)

(ci=21) e (0 =2_ 1) (=X 14 1) O —27)



Let {p,(x)}no be a sequence of orthogonal polynomials on the interval (a, b) with
compared to the weight function w(x). Then for x; < x, < - < x,, take the n
distinct real zeros of the polynomial p,, (x). If f is a polynomial of degree < 2n — 1,
then f(x) —p(x)is a polynomial of degree < 2n—1 with at least the zeros
(1 <xp < < xp) .

Now, defining to this,

fx) =p() + r(x)p, (), (1.20)
where r(x) is a polynomial of degree < n — 1. It can be also written as
f@) = T f () G2 + T (OPa (0), (1.21)
It result that
b b w(x)pn(x) b
Jo wOOFdx = Ty f () J, s it da + [ w@r(pa (. (1.22)

Since degree [r(x)] < n — 1 the orthogonality specialty states that the latter integral

equals the zero. Indicating that
[ w@f()dx = ey Anof (60, with (1.23)

Ani = fbMd (i=12,..,n) (1.24)

a (x—x)pn(x;)
This is the Gauss Quadrature formula. It gives the value of the integral supposing
that f is a polynomial of degree < 2n — 1 if the value of f(x;) is known for the
nzeros x; < x, < -+ < x,, of the polynomial p, (x).If f is not a polynomial of

degree < 2n — 1 it results in an approximation of the integral [3]:

f w(x)f ()dx = XLy Anif (x;) , with (1.25)

Ai = ”de. (1.26)

a (x=x)pn(x:)
The coefficients {4, ;}i~, are called as Christoffel Numbers. Considering that these
numbers does not hold on the function f. These Christoffel numbers are all positive

and this can be indicated as follows. Having to



b . L Pp(x) .
Ao = fa w(x)l  (x)dx  with L, ;(x):= GGy LT 1,2,...n, (1.27)

then l,zl'i(x) — 1,,i(x) is a polynomial of degree < 2n — 1 which vanishes at the zeros
{xn,i}k=1 Of pn(x). Hence

12 :(x) = 1, (x) = pp(x) g(x) for some polynomial qof degree < 2n—1
This indicate that

7w (2 ,(x) = Ly () dx = [ w(x)pa(x) q(x) dx = 0, (1.28)
by orthogonality. Hence we have

i = [ WOl ()dx = [ w(x) (L (x)}? dx > 0. (1.29)

Theorem 1.5:
Let {p,(x)}=, is a sequence of orthogonal polynomials on the interval (a, b) with
compared to the weight function w(x) and let m < n . Then, between any two zeros

of p,, (x) there is at least one zero of p, (x) [3].

Advantages and Disadvantages of Gaussian Quadratures
Select both these weights and locations so that a higher order polynomial can be
integrated
e Functional values must now be calculated at non-uniformly spanned points in
order to have better accuracy,
e \Weights are no more simple numbers,
e Generally obtained at [—1,1], for other intervals [a,b] a mapping to [-1,1] can
be considered,
e The process is usually non-linear itself,
e An appropriate multidimensional nonlinear solver can be used or a step-by-

step procedure can be applied if possible,

A function is approximated with a Gaussian Quadrature formula it is caused an error

proportional to (2n)*" derivative [4].



Gaussian Quadrature on [a, b]
A coordinate transformation from [a, b] to [—1,1] is needed as
2 2
x=-1->t=a,

x=1->t=b

b+a

then [7f(t)de=[" F(S2x+2%) (Sdx = [, g(x)dx. (1.30)

Gaussian Quadrature on [-1,1]

1

n=2: f_lf(x)dx = c1f (x1) + cof (x2) (1.31)
Having the exact integral for f = x°, x1, x?x3 yields the following.
-four equations for four unknows

f=1- f_llldx:2=c1+c2,

f=x- f_llx dx =0 = cyx1 + C3x5,

1 2
f=x*> [ x*dx = 5= C1x% + %2,
f=x3> f_11x3dx =0 =cx} + cpx3,

solving them results that

=1 f@dx = f(F) + FH). (1.32)

Example 1.2 : Gaussian Quadrature

Evaluate I = [t e® dt = 5216,926477

Performing the coordinate transformation

b—a
t =—
2

I=[te?d, = [1 (4x +4) e**dx = [1 f(x)dx. (1.34)

x+2%=2x+2; d, = 2dx gives (1.33)

10



Calculating the final integral by using different approximations produces the

following results:

»By two point formula

I= [ f@dx=f(R)+fD) = (-2 T+ @+ ©  (L3)

= 9.167657324 + 3468.376279 = 3477.5433936 (& =33.34%)

» By three- point formula
I= [, f@)dx = 2f(-V08) +2f(0) +2f(+/0.6) (1.36)
1 9 9 9
=2(4 - 406)e* V0% + 24t + 2 (4 + 4V0.6)e*V0°

= 2(2.221191545) + 2 (218.3926001) + 7 (8589.142689)
= 4967.106689 (¢ = 4.79 %).

» By four- point formula
I = f_llf(x)dx = 0.34785 [ f(—0.861136) + (0.861136)] +

0.6522145 [£(—0.339981) + £(0.339981)] (1.37)
=5197.54375 (& = 0.37 %).

11



1.1.2. Types of Orthogonal Polynomials

The Classical Orthogonal Polynomials are classified as follows:

Name P, (x) w(x) (a,b)
Hermite H,(x) e (-00, )
Laquerre Lgf‘) (%) e~X x¢ (0, )
Jacobi Prfa‘ﬁ)(x) (1 —2)%(1+ x)P (-1,1)
Legendre P, (x) 1 (-1,2)

Table 1.1: List of the classical orthogonal polynomials with weight functions and their intervals.

The Hermite polynomials are orthogonal on the interval(—co, o) with compared to

the normal distribution w(x) = e *°,the Laquerre polynomials are orthogonal on
the interva (0, o) with compared to the Gamma distribution e™ x“ and the Jacobi
polynomials are orthogonal on the (1,—1) with the compared to the beta
distribution w(x) = (1 — x)*(1 + x)#.

The Legendre polynomials form a special case (a=pf =0) of the Jacobi
polynomials.

These classical orthogonal polynomials provide an orthogonality relation a three
term recurrence relation, a second order linear differential equation and so-called
Rodriquez formula. Additionally, for each family of classical orthogonal polynomials

it has a generating function [5].

In the sequel it will often use the Kronecker delta which is described by

_ (0, m#n
6’”’”'_{1 m=n'

for m,n € {0,1,2, ... } and the notation D = di states for the differentiation operator.

X

Then the Leibniz’ rule is
DMf(x)g(x)] = Xk=o(;)D*f (x)D™ ¥ g (x), (n=10,12..). (1.38)

The proof is by mathematical induction and by use of Pascal’s triangle identity
12




O+C) =0 k=120, (1.39)

(i) Hermite Polynomial

The Hermite polynomials are orthogonal on the interval (—oo, c0) regarding normal
distribution w(x) = e™*". They can be described by way of their Rodrigquez Formula
Ho(x) = %an(x) = (=1)"e** D", n=0,1,2.., (1.40)

where the differentiation operator D is described by Eq.(1.38). Since D™*1 = D™ x
D acquired to
D™ w(x) = D[D™w(x)] = (=1)"D[w(x)Hy(x)]
= (=D"[w' () Hy, (x) + w(x)Hp (x)]

= (=)™ w(x)[2xH,,(x) — H;,(x)], n=012.), (141
which implies that
Hy 1 (x) = 2xH,(x) — Hp(x), (n=0,1,2,...), (1.42)

The definition Eq.(1.40) implies that Hy(x) = 1. Then the relation Eq.(1.42)
indicate by induction that H,,(x) is a polynomial of degree n. Moreover, H,, (x) is
even and H,,,1(x) is odd and the spearheading coefficient of the polynomial H,, (x)
equals k,, = 2™. The Hermite polynomials satisfy the orthogonolity relation
%ﬁ [2 e Hy(O)H,(0)dx = 2" 8y, (mmn€{01,2.}) (143
To prove this, use definition Eq.(1.40) to obtain
IZ e Hp(OH(x)dx = (=" [© e ™ Hp(x)D™dx . (1.44)
Now, using the integration by parts n times to result in that the integral disappeares
for m < n. To m = n the following results by;
IZ e Hy(x)Hy (x)dx = (=)™ [ e H,(x)D™dx (1.45)
:ffooo e~ H, (x)D"dx
=k, n! ffoooe‘xzdx = 2"n!+/m.
This proves the orthogonality relation Eq.(1.40). In order that find the three term

repetition formula starting with

13



—x2

w(x) =e - w'(x) = —2x w(x), (1.46)
By using Leibniz’ rule
D" lw(x) = D"w'(x) = D*"[-2x w(x)] = —2xD"w(x) — 2nD" w(x), (1.47)
which indicate that
H,.,(x) =2xH,(x) — 2nH,_;(x), (n=1,2,3,...),

combining Eq.(1.42) and Eq.(1.48) it finds that

H,,,(x) =2n H,_;(x), (n=123,..), (1.49)
Differentiation of Eq.(1.42) gives
H, ,,(x) = 2xH}(x) + 2H,(x) — H; (x) , n=012,..), (1.50)

Now using to Eq.(1.49) to conclude that
2(n + V)H,(x)=2xH;(x) + 2H,(x) — H,(x) , (n=012,..), (1.51)
which implies that H, (x) satisfies the second order linear differential equation
y"'(x) —2xy'+ 2ny(x) =0,(n € {0,1,2, ... }). (1.52)
Finally, to prove the generating function

—t2 o0 Hn(x)
e2xt—t* _ s n!x tn (1.53)
start with
f(£) = e™* 0" = g7*" x 2¥tt%, (1.54)

then Taylor series for f(t) is

o MO - -
f) =X t by using the  substitution xX—t=u

n!

(x— ar - _

0 =[5 e t=0,= (D" [L e u=ux (1.55)
= (=1)"Dne~** = e‘szn(x) for (n=0,12,..),
Hence it has

n)

e~* x 2Xt=t" = ==’ f£(1)=f(¢) =¥ nn(O) t", (1.56)
—x ooHn(x)
B Z n!

p2Xt—t? _ goHn(x) (o (1.57)

n!

This proves the generating function Eq.(1.57)
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(i) Legendre Polynomail
The Legendre polynomials are orthogonal on the interval (—1,1) with compared to
the weight function w(x) = 1. It is acquired regarding their Rodriques Formula that:

Fu(x) =

This is the special case « = = 0 of the Jacobi polynomials:

Drw() - =S2pr (1 -x®)",  (158)

Znn' W( )

P,(x) = POV (x) = 2F1( nn+l, 12 ") (n=012,...), (1.59)
further it has

Pu(=x) = (=D" P,(x), (1) =1 and

P,(-1) =(-D",(n=0,12,...). (1.60)
The leading coefficient of the Polynomial B,(x) equals

_ Emn(m+)n D" @2n)! u
fon = (:)nn! 2n T 2n(nl?’ (n=012,...), (1.61)

The orthogonality relation is

I, Pa@P () dx = 57 6y (€ {0,1,2,..), (1.62)
It is shown by using the Rodrlques Formula EQ.(1.58) and integration by parts
[ PP @dx = S22 1 Bu()DM[(1 - x2)"dx (1.63)

~ ? Pa(x)DM[(1 — x?)"dx ,

~ 2np

which vanishes form < n . For m = n;

[ Pa@)D[(1 = x2)Mdx = kpntdx = Z2 [T (1 - x?)ndx (1.64)

T 2nnl

Finally, by using the substitution 1 — x = 2t one can have for

[ @ =x)rdx = [ (1 — 0" +20)"dy = [, 202 — 2t)"2dx  (1.65)

=22HB(n 4 1,0 + 1) = 22nt DI04

r(2n+2)
22n+1(n|)2 _
@2n+1)! '’ n=012
Hence,
1 2 () 22™ImpZz 2 _
f—l{P"(x)} dx = 222 (2n+1)!  2n+1’ (n=012..). (1.66)

This proves the orthogonality relation Eq.(1.62). In order find a generating function
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for the Legendre polynomials one can use the hypergeometric representation
Eq.(1.58) to find

B0 Pa O™ = Bt Thoo ol o (e (L67)

(—n)r(n+1)y 1—x
= Yk=0 Ln= k#( —oken

(—n—-Kk)g(n+k+1)g 1—x
= Yke0 2n=0 ,’:, k, k( Yegntk
(Zk)' x—1

@Kt

=S S )ktk(l )72t

(2n+1)n

n!

t"

() ok k- 2(x—-1)t,_
= I G- DA -7 = A=) 1 - 0]
il
=[(1-0)?=2(x—Dt] 2 =1 —2xt +t*>)"/? = =—.
This proves the generating function
1
m Z‘n OP (x)tn (168)
Calling F(x,t) = (1 — 2xt + t?)~Y2 then it has
] -1 2N—2 x—t
a—F(x,t) =7(1—2xt+t ) 2(—2x +2t) =——, (1.69)
t (1-2xt+t2)2
which this implies that
(1 —2xt + t?) %F(x, t) =(x—t)F(x,t) (1.70)

Now use Eq.(1.68) to obtain
(1= 2xt +t%) Yy P, ()t" 1 = (x — ) Yoo P ()™, (1.72)
which can also be written as
Yo nP, ()t —2x ¥ n B,(X)t" + Yoo nP, (x)t" !
=x 3 o B () t" — X5y B, (x)t™ or equivalenty
oo+ Py (" —x E30(2n+ 1) B(Ot" + E7-o(n + DB, ()™ = 0.

This leads to P, (x) = xP,(x) and the three term recurrence formula;
n+ 1P 1(x) — 2n+ 1DxB,(x) + nP,_1(x) =0, (n =1,2,3...). (1.72)
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(iii) Chebysev Polynomial
For x € [1,1] the Chebysev polynomials T, (x) of the first kind and the Chebysev

polynomials U,, (x) of the second kind can be described by

sin(n+1)0
sin@

T,,(x) = cos(n@) ,U,(x) = , x=cosf,(n=012,..), (1.73)

with the orthogonality property
1 s

f_ll(l —x2) 72T, (x)T,,(x)dx = fo cos(mB) cos(nB)dd = 0,m =n (1.74)
and
f_ll(l — x2)2U,,(x)U,(x)dx = f: sin(m + 1)@sin(n + 1) 8d0 = 0, m # n (1.75)
Both families of orthogonal polynomials satisfies the three term recurrence relation

Ppiq(x) = 2xB,(x) — Pp_1(x), (n=1,2,3..),
since having to

Tpe1(x) + Tpqy(x) =cos(n+1)8 +cos(n—1)0

= 2cos6 cos(nf) = 2xT,(x), (1.76)

and

Un+1(x) + Un—l(x) _ sin(n+25)i191-;sin(n9) _ 2cosezgll;n+1)9 _ 2xUn(x), (1.77)
Note that

To(x) =Uy(x) =1 ,Ty(x) =xand U;(x) = 2x, (1.78)
also :

T, (x) = U, (x) — xU,_1(x), n=123,..), (1.79)
since

__sin(n+1)6—cosfsin(nd) _ sinbcos(nh)
1(x) = =

U,(x) —xU,_ = cos(nf) = T,,(x).

sin@ sin@
(1.80)
In order to find a generating function for the Chebysev polynomials T;, (x) of the first
kind, multiply the repetitive relation by t™** and take the sum to get
Y=t Tna QO™ = 2x B0 T )™ — X5y Ty (O™, (1.81)
If,
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F(x,t) = Ypeo Tn (O™, |t|<1 (1.82)
is defined, then it has

F(x,t) — Ty (x)t — To(x) = 2xt[F(x,t) — To(x)] — t2 F(x,t), (1.83)
which implies that
(1= 2xt + t2)F(x,t) = To(x) + Ty (x)t — 2xtTy(x) (1.84)

=1+ xt—2xt =1-—xt.
Hence the generating function is obtained as
Srco Tn (" = F(x,8) = 5=

—, |t < L (1.85)
1-2xt+t
In the same way having for the Chebysev polynomials U, (x) of the second kind

G(x,t) = Yoo Un(t", ]t < 1 (1.86)
Then,

Yo U GOt™ = G(x, t) = ﬁ lt] < 1. (1.87)
This can be used, for instance to prove that

Yrco Te()xk =U,(x), (n=0,12,..), (1.88)
In fact, having for |t| < 1

Yo Zhk=o Tk XN E™ = Tio Xn—k T ()%™ F ™ (1.89)

= Y=o Ln=o T ()"

= Zk=o0 Tk ()" Xnzo(xt)™ =

1-xt 1
1-2xt+t2 1-xt

1—-xt .
B 1—2x9tc+t2 = Ln=o Un(0)t™ .
In a similar way, one can prove that
k=0 Pk )P (x) = Up(x),(n =0,1,2,...), (1.90)
where B, (x) indicate the Legendre polynomial. In fact, it has for |t| < 1
Ln=0Zk=0 P (X) Pn_ie ()" = XiZo X P () Prp—ie (X)€", (1.91)

= Y=o Zn=0 P QOB ()™,

= Yz P ()" Yo Py ()L™,
1 1
= X 3
Vi—2xt+t2 = Vi-2xt+t2
1

T Tooxt+ez Zn=o Un ()™,
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(iv) Jacobi Polynomial
The Jacobi polynomials are orthogonal on the interval (—1, 1) with compared to the
Beta distribution w(x) = (1 — x)*(1 + x)#.They can be acquired regarding their

Rodriques Formula [6]:

PP (x) = <2n17)l' W(lx) m[w() (1 — (1 — 22)"] (1.92)
= % 1—x)"*(1+ X)_ﬁD”[((l _ x)n+a)((1 + x)"+ﬁ)],

for (n = 0,1,2,...). By using Leibniz’ rule,
D(1 = x)™ (1 + x)™F] = X2 o(T)DK (L — x)HEDK(L + x)+E
=Yro(DEDF M+ )+ a—1) .. (n+a—k+ 1)1 —x)"*k
x(m+ B+ -1 ..(B+k+1)...(1+x)~tk
= 2o (D) A - )R + )P (n = 0,1,2,...).
(1.93)
This implies that

Prgarﬁ’)(x) — (_Z;n)nz _o(=1) (n"'“)(”"'ﬁ)(l x)”_k(l + x)k, (n=012..).

(1.94)
It shows that Pn(“'ﬁ)(x) is a polynomial of degree n and have the properties
PP (—x) = (—)"PFY(x), (n=012..), (1.95)
and

PP = (M) and BP0 = D), m=0,12,..)

In order to find a hypergeometric representation, writing for x # 1

PP6) = (5 B (EIGDEDS (n=012.)  (@98)

and now for x = 1, the following equation is obtained.

x+1

Xtk _ k —
CfF=0+—= ol )(x - (k=012,...). (1.97)
Then by changing the order of summations for x # 1 and letting (n = 0,1,2,...) it

becomes
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P = CE B T3 ()2 98)

Now keeping the order in the first sum to find for x # 1 and for (n = 0,1,2,...) one

can have
n—i
Pn(“rﬁ)(x) ( )n n-ll-fk (n+ﬁ) (n i+k ( 2 ) (1.99)
+ + i+k 1
Poo( e ) (B () (5
Z Z [(n+a+1) [(n+p+1) (n—i+k)! x;li
=0 &ik= O(n i+k)! [(i-k+a+1) (i—k)!' [(n—i+k+p+1) (n=Dk! 2 '

Since i € {0,1,2,...,n} having by using the Chu-Vandermonde summation formula

n  (DrCEi-a-De _ —i—i—a-1 , 4\ _ (nta+f+1);
k=0 (n-i+p+1), k! ~ 2 1(n—i+[5’+1 ’ )— (=it fr1);’ (1.100)

andusing [(n—i+B+1)(n—i+p+1);= [(n+p+1), it can be rewritten

as
(a.B) _ |'(n+a+1) n  (ni+atp+1); 1-xy;
B0 = Li- Fi+a+1) i! ( 2 ) (1.101)
_ [(nta+1) (-n)i(nta+f+1); A-xy; 3
Tl [(a+1) Z (a+1); i! ( 2 ) ) (Tl = 0,1,2,...).

This proves the hypergeometric representation

P.',Ealﬁ) (x) — (Tl:-la)F (—n,n+a+ﬁ+1 ’]'__x) (n = 0,1,2, .. )’ (1102)

a+1l 2
Note that this result also rely for x = 1. Based on the symmetry property Eq (1.95),

above equation can be rewritten as;

R @ = GO R () m=012.). (1103)

B+1 2

Note that the hypergeometric representation implies that [6]

d ] (-n)(n+a+p+1) 1 - , 1-
d_xPrEaB)(x) — (n;l—la) n)(n+a+p (_E) x 2F1( n+in+a+p+2 ’Tx) (1.104)

a+1 a+2

_ nta+f+1 (n+a F, (~nrinta+pe2 Ji-x
2 271 a+2 ' 2

— n-l-a—-l-ﬁ-l-l P(a+1:ﬁ+1)(x) , (n = 1'2,3 )

2 n—-1
Hence, the hypergeometric representation says that the leading coefficient of the

polynomial X" (x) equals
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k. = (n+a) (—n)p(n+a+B+1), (=" — (n+a+B+1)p
n n (a+1), n! 2n 21 n!

, m=012,..). (1.105)

Now, it is shown that the Jacobi polynomials provide the orthogonality relation

1. Na g p@p) (a.B) _209BH [(nta+1) [(n+f+1)
50 =02 +0f BB ()dx = S s X B,

(1.106)
fora>—-1, B> -1 and m,n € {0,1,2, ... }. By using the definition in Eq.(1.92),
this formula is indicated and integration by parts. The value of the integral in the case
m = n can be estimated by using the leading coefficient and then writing the integral
in terms of a Beta integral:

1 2
[0 +0f (BP0} dx,
1" 1
= CO gt p@h) () pr[ (1 = 1)7(1 + 0F1dx,

= Lf_ll Pn(“‘ﬁ) (x) D™ (1 — x)*(1 + x)Pdx,

2Mn!
= e [ (= 0™ (L 4 )P dx, (n = 0,12, ),
(1.107)
and by using the substitution 1 — x = 2t,
[1, @ = 0™ (1 + 0" dx (1.108)

= [, @O - 2t)"F2de 1,
_ o2n+a+p+1 (1 + _ \n4B
= fo (O"e(1 - )"thdt,

=22mtatbtip(n+ o+ 1,n+ B + 1),

y_ 22n+a+ﬁ+1 [(n+a+1) [(n+B+1)
o Ff2n+a+p+2)

)

— p2nta+f+l F(n+a+1) [(n+p+1)
- n+a+B+1) [2n+a+p+1) ’

(n=0,1,2,...).

The Jacobi polynomials P,f“’ﬁ ) (x) satisfy the second order linear differential equation
A=xD)y"X)+[f—-a—(a@a+B+2),]yx)+n(n+a+p+1y(x) =0.

(1.109)
A generating function for the Jacobi polynomials is given by
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2a+B

(1+R-t)*(1+R+t)PR

=y PO () en, R=vI-2xt+ (2 .

(1.110)
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CHAPTER 2
TWO SPECTRAL METHODS FOR APPROXIMATE SOLUTIONS OF
CERTAIN PDE’s

Some Basic Ideas Of Spectral Methods

It is well known that the FD methods approximate derivatives of a function by local
arguments. These methods give exact results for low order polynomials and the
approach is reasonable since the derivative is a local property of a function.
Inversely, spectral methods are global. The usual way for introducing them is given
as follows:

u(x) = Xz biow(x) (2.1)
where the basis functions oy (x) can be polynomials or trigonometric functions.
There exist different choices of selecting the basis functions, for instance [7]:

- op(x) = et (The Fourier Spectal Method);

- or(x) = C(x) where C(x) are the Chebysev polynomials
(The Chebysev Spectral Method);

- ox(x) =L(x) whereL,(x) are the Legendre polynomials
(The Legendre Spectral Method).

In the procedure of finite element method the concluding stiffness matrix is sparse,
but in the spectral method it is full which cause more time consuming calculations
rather than finite differences or finite elements. After all, the discovery of the Fast

Fourier Transform by Cooley and Tukey solves this problem.
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2.1 Spectral-Collocation Method

The collocation method is the most famous form of the spectral methods among
practitioners. It is very easy to execute in particular for one-dimensional problems,
even for very complex nonlinear equations, and the method generally reach to
satisfactory result as long as the problems keep being appropriate [7].

2.1.1. Obtaining Differentiation Matrices
(i)Differentiation Matrices for Polynomial Basis Functions

Differentiation matrices play a significant role in the application of spectral method.
To define the idea of the differentiation matrix, let us consider the following problem
as an example

U =f, X€(-11); u(x1)=0 (2.2)
Denoting x; = —1+ jh,0 <j < N, with h = 2/N. Appliying the finite difference
method for Eq.(2.2) is to approximate u,, by the central difference formula:

Uyy = % [u(x + h) — 2u(x) + u(x — h)] . (2.3)
Since the solution of the continuous problem Eq.(2.2) and the discrete problem are
different, using the U to denote the solution of the discrete problem. One can easily

verify that the discrete solution satisfies, the following matrix equation:

(oo V[ e )
Ui | = | fa || (2.4)
U(?Cs) f(ff3)
U(xn-1) Flxn-1)

The matrix above is the so called differentiation matrix (DM) of the finite-difference

o

T R
RN
;:::“:ﬂ"‘ o

- o

-2

0 h_2

o ..

0

method for second order derivative. In general, for a problem involving the the

mthderivative u(™, the differentiation matrix is defined by
D™ = (diMWs 2.5)

and it satisfies
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U™ (x4) u(xg)
um(x,) | = D™ u(xy) |- (2.6)

U(m)'(x,\,) u(xn)
The differentiation matrix is dependent on the collocation points and the chosen basis

functions.

Polynomial Basis Function
If the basis functions oy (x) are polynomials, the spectral approximation is of the
form u" (x) = XN_, aro,(x) , where the coefficients a, can be specific from a given
set of collocation points {xj}ﬂLO and the function values u™ (x;). Since u"(x) is a
polynomial, it can also be written in the form
uM (x) = Xi=o " () Fie (%) (2.7)

where the F, (x) are called Lagrange polynomials which satisfies

0; k+j
Fk(xj)={1;k:j-

In this part, it has used Eq.(2.7), the equivalent form of u¥(x), to obtain the
differentiation matrices for polynomial basis function. If the basis functions are not
polynomials (e.g. trigonometric functions), then some changes must be made by

using parameters and finally following equations are obtained [7]
Fn,v(x) = ;lnzoc_::l'_‘;;xmv (28)
wherem =0,1,...,M;n=mm+1,..,N;M > 0and

m ar
Chy = [dxm Fn,v(x)] 01
x=

() = 2y ()= [T (x — ). (2.9)

V;L(av)(x_av) !
It follows from Eq.(2.8) that
Fn,v(x) =

xX—an

(ay-an)

Fpp(x) = 221 Y2t (g () (n>1). (211)

Yn-1(an) - Yn-1(an)

Foo1p(x), forv<n; (2.10)
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By replacing Eg.(2.8) in the equations Eq.(2.10) and Eq.(2.11), and by equating

powers of x, the essential relations for the weights are obtained:

1 _
iy = —— (@nCtyp —meytyy,) for<n, (2.12)
n v

m _ Yn—2(@n-1) m—1 m
Chy = (mcn—l,n—l - an—lcn—l,n—l) ) (2-13)
Yn-1(an)

Notice that the relation
r o, =0for m>0; Y2 och, =1 (2.14)

can be used on behalf of Eq.(2.13) to obtain c;%,. However, this would increase the
operation count and might also cause a growth of errors in the case of floating
arithmetic. It is obvious that cg, = 1. Using this fact, together with Eq.(2.12), it is
obtained that [7]

D0, €L oy wer - Cho- (2.15)
Then using ¢g, = 1 and Eq.(2.13) cause to

Citt, C1 o (2.16)
The above information, together with Eq.(2.12) give

€9 0, €300 e €30 ;

B C3 1, E (2.17)
Using Eq.(2.13) or Eq.(2.14) one can find

€92, C3 20 e CO .
Repeating the above process will generate all the coefficients ¢y, , for (m <n < N,

0<v<n).

(if)Differentiation Matrices for Fourier Collocation Methods
Fourier Series and Differentiation
It is well known that if f is 2r-periodic and has a continuous first derivative then its
Fourier Series converges uniformly to f. In applications, the infinite Fourier Series
F(x)~ 20— f (e, (2.18)
is shorten to the following finite series
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N_

F(x) = ae* (2.19)

2
k=—N/2
Assume that F(x;) = f(x;),where x; = ZNE (0 <j < N —1).1t can be shown that
flq) =Snloa, n(-1)/e*™ (0<j<N-1). (2.20)
2
This, together with P(x) = Y¥=2 ¢, E(x) with ¢, =< f,E;, > N and E;, = e'**

Ay = % YVA-1IF(x) e R%  (0<k'<N-1). (2.21)

Now, differentiating the interrupted Fourier Series F (x) termwise to get the

approximate derivatives gives the following from (2.19)

FOW () = 302, aie(ik)™metkx (2.22)
where m is a positive integer F(™ (x) can be written in the following equivalent
form:

..o N
FM () = S s n(i (k= )meit = . (2.23)
Using Eq.(2.21) and Eq.(2.23), it is obtained that
anN
FOm (xq) o N '
FGey) | = ((D/e™ itk —=2)™N2o | 727, (2.24)
: OfN'
FM)(xy_4) Pl
1 joikxj (i NyymyN-1 K, —ijxp\N-1 | o)
= 3 (D™ = )™ Niedo (CDFe ) Nilo | rixn)
F(xn-1)

This states that the m*" order differentiation matrix has to do with Fourier Spectral-

Collocation methods is given by

D™ =~ ((=1) ™I (i(k — 2)™)Nido (—1)*e )L, (2.25)

Differentiation Matrices Using Direct Formulas
First choosing the x; = ZNﬂ 0 <j < N — 1. The corresponding interpolant is given

by
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ty(x) = 272, 8;00F, (2.26)
where the Lagrange polynomials F;(x) are of the form
Fi(x) = %sing (x - x]-)cot% (x —x;), (N even) (2.27)
Fi(x) = %sing (x — x]-)csc%(x - xj), (N odd) (2.28)
It can be shown that an equivalent form of t, (x) (barycentric form of interpolant) is
ty(x) = By (1) ficot - (x — x7) /201 (—1) cot - (xx — x7) , (N even) (2.29)
ty(x) = By (1) fiese (x — ) /2Ny (—1) esc (x — 1), (N odd)  (2.30)
The differentiation matrix D™ = (Fj(m) (xk)) is obtained by Gottlieb for N

even,1<k,j < N:

) 0ifk=j,
Dyj = {1/2(_1)k—j Cot(k—zj)h if Kt (2.31)
—T 1 . 2
—r i k=,
Dy = PO (232)
—-(-1) S CSCE—— if k+7j,
Similarly, for N odd,1 < k,j <N :
DL — - 233
ki — 1/2(—1)"‘jcsc—(k_2])h if k+j’ (2.33)
-7 1
i if k=i,
DZ, = G (2.34)

~(~1* T Tese EL ot EDR if g2,

It can be shown that if N is odd then
p™ = (DH)m™ . (2.35)
If N is even, the above formula only holds for odd m.
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2.1.2 Chebysev Collocation Method for Two-Point BVPs

The Chebyshev collocation method below for the following linear second-order two-
point boundary-value problem (BVP) is described,

eu" (x) + p(u'(x) + gulx) = f(x), (x €l:=(-11)) (2.36)
where € is a (fixed) parameter that controls the singular behavior of the problem, and
p,q and f are given functions. If € sequential of 1, the problem is non-singular ,
while for adequately small e, the problem can display singular behavior such as
sharp boundary and interior layers. In the next state Eq.(2.36) is called a singularly
perturbed BVP. The boundary condition for Eq.(2.36) is given by

a_u(-D)+bu'(-1)=c. , ayu(l)+bu'(1)=c, (2.37)
Loss of generality, assume that a+> 0 also assume that
a?+b2#0,anda_b_<0;a2b?+0,anda,b, =0; (2.38)
9@ —=p'(x) = 0, V€ (I); (2.39)
p(1) >0 ifb, #0, p(-1) <0 ifb_#0 (2.40)

It is easy to control that the above conditions to provide the well-posedness of Eq
(2.38) and Eq.(2.37).

())BVPs with Dirichlet Boundary Conditions
First taken in consideration the simplest boundary conditions:

u(-1) =c_ ,u(l)=c,; , (2.41)
The Chebyshev interpolation polynomial can be written as
uV(x) = X UiF(x) | (2.42)

where x; = cos(%r), (0 <j < N) are the Chebyshev-Gauss Lobatto collocation
points, {U;}}Z" are the coefficients to be identified and F;(x) is the Lagrange
interpolation polynomial associated with {x;}. The Chebyshev collocation method
aims to search uNin the form of Eq.(2.42) such that u¥(—1) = c_ ,uN¥(1) = ¢, , and

that the equation holds at the interior collocation points:
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ey (%) + p (o )ud () + a(x)u () = f (), (1<j<N-1.  (243)
Now using the definition of the differentiation matrix presented in the Eq.(2.1.1) it

take a system of linear equations of the form,
Y ey + pG) (DY) + q(x)6;]U; =
f@x) — [e(D)io + p(x) (DY ioler — [e(DH iy + p(x) (DD ], (2.44)
for the {Uj}?’;ll , Where §;; is the Kronecker delta. In the above equations, it has used

the boundary conditions U, = ¢, , Uy = c_ (notice that x, = 1 and xy = —1).

To summarize: the spectral-collocation solution for the BVP Eq.(2.36) with the

Dirichlet boundary conditions Eq.(2.41) keep up with the linear system

AU=b, (2.45)
where U = [Uy, ....., Uy_4]" ; the matrix A = (a;;) and the vector b are given
a;j = (D) + p(x)(DYij + q(x)6;;, (1<i,j<N-1) (2.46)

bi = f(x;) — [e(D*)i0 + P(x)(DNiole, — [e(DH)in + P(x)(DYin]c_
(1<i<N-1).
(2.47)
The solution to the above system gives the approximate solution to the Eq.(2.36) at
the collocation points. The approximation solution in the total space is defined by Eq.
(2.42).

(i1) BVPs with General Boundary Conditions
Now the general boundary conditions in Eq.(2.40) is considered with the assumption
b_ # 0and b, # 0. It follows from Eq.(2.40) that
aUy+b_ Z?:o(Dl)NjUj =c_,a,Up+ by Z?’:o(Dl)ojUj =Ct (2.48)
which causes
b_(DMn,Uo + (a- + b_(DY)yy)Uy = c- = b_Zi5H (DY, U; (2.49)

(ay + b+(D1)00U0 + b+(D1)0NUN =cy — b, Z?’Qf(Dl)inj ) (2.50)
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= ¢, — XV doU;, Uy ==YV anu; , (2.51)

where the parameters ¢, &@j, ¢, ay, are defined by

& = (dc_ — bcy)/(ad — ¢b) & = (dcy — éc_)/(ad — ¢b) , (2.52)
@o; = (db_(DY)y; — bb,(D"),;)/(ad — ¢éb) , (2.53)
@y, = (aby(D")o; — ¢b_(DY)y;)/(ad — éb) , (2.54)
d=b_(DYyo b=a_+b_(DY)yy , (2.55)
E=a,+b,(DYVoo d:=b.(DYon (2.56)

To summarize [6]: let the constants b_and b, in Eq.(2.37) be nonzero.The spectral
collocation solution for the BVP in Eq.(2.36) with the general boundary condition in
Eq. (2.37) results the linear system.
AU=bh , (2.57)
where 4 = (a;;) isa (N — 1) x (N — 1) matrix and b = (b;) is a (N — 1)
dimensional vector with components
j = €Dy +p(x) (DY) + qi6i — [e(D)io + p(x) (D) i0]0; — [e(D?) iy +

P(xi)(D )iN]“Nj ) (2.58)

bi = f(x;) — [e(D?)io + p(x)(DNi0l¢4 — [e(D?)iy + P(x)(Din]é- . (2.59)

2.1.3 Collocation Method in the Weak Form and Preconditioning

Collocation Methods in the Weak Form
A changeable method usually preserves important properties of the continuos
problem such as coercivity, continuity and symmetry of the bilinear form, and causes
optimal error estimates.
Consider Eq.(2.36) and Eq.(2.37). It can be assumed that c; = 0 without loss of
generality.
It can be shown that

Hi(D)={weHA):u(-1)=0ifb_=0; u(l) =0if b, =0}, (2.60)

and
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b _{ 0 if a_b_=0 b _{ 0if ayby =0
~ la_/b_ if ab_=0 ' "t la,/bs if ayb, #0

Then the Galerkin method with numerical integral for Eq.(2.36) and Eq.(2.37) with

(2.61)

¢+ = 0 works as:
Find uy € Xy = Py N H1(I) such that
by (un, o) =< f,v >y , (Vo € Xn) (2.62)
where
by (uy, vy) = € <uy,vy >yt €huy(Dvy(1) — eh_uy(—1Dvy(—1)
(2.63)
+< p()uy, vy >+ < q(uy, vy >y, (2.64)
with < —, —> specifying the discrete inner product related to the Legendre-Gauss-
Lobatto quadrature.Noting that the main difficulty appears at the boundaries with
complicated boundary conditions if main the Chebyshev-Gauss-Lobatto quadrature
is preferred to be used. This difficulty can be overcomed by replacing X by Xy =
{u € Py:ajyu(+1) + b1 (£1) = 03}.
Now attempting to re-interpret Eq.(2.62) into a collocation form. To fix the idea,
assume that the b, # 0 and denote
uy (x) = Eizoun (i) (X) , W = (uy (x0), uy (x1),,, uy ()" (2.69)
axj = by(hj, hy) . A= (ag)y j=o (2.66)
f=UCo) fCr), . fen)T W = diag(wo, wy, .., wy) (2.67)
where {w, }¥=, are the weights in the Legendre-Gauss-Lobatto quadrature. Then, Eq.
(2.62) is equivalent to the linear system
Aw =WT, (2.68)
The entries ay; can be determined as follows using
op(x)w; = f:p(x)w(x)dx , for all p(x) € P,y_,, and integration by parts,
having to
< hj, hy >y=(hj, hy) = =(B)', hy) + hihgls, (2.69)
= —(D?)jwi + dojSox — dnjSni -

Consequently,
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ar; = [—e(DH; + () dij + a(xi) e ]wic + €(doj + hi8o;) o — £(dyj +
h_8n;)8nk 0<kj<N . (2.70)
Note that here the matrix Ais of order (N + 1) x (N + 1) on behalf of order
(N — 1) x (N — 1) as in the pure collocation case. When analyzed

<up, hg >y= —uy (xR )wi + uy (1) 8ox — uy (=1 - (2.71)
Thus, taking vy = hj(x) in Eq.(2.62) for (j = 0,1,..N), and observing that w, =
wy = 2/N(N + 1), one can find that

—euy(x;) +p(x)un () + a(x)un(x) = f(x) , 1Sj<SN-1, (272)

aguy(F1) + bouf (1) =2 2 ¢, (2.73)

e N(N+1) %

where
Ty = f(£1) — {—euy(£D + p(XDuy(£1) + q(FDuy (£} . (2.74)

As it is seen Eq.(2.62) it exactly satisfies Eqg.(2.36) at the interior collocation points
{x;}=' but the boundary conditions Eq.(2.37) (with c, =0) is only valid
approximately with an error scaled to the residue of the equation Eq.(2.36),with u
changed by the approximate solution u,, at the boundary. So; Eq.(2.62) does not
correspond exactly to a collocation method and is called as collocation method in the
weak form, where Eq.(2.70) is equivalent to the usual collocation method.

The collocation methods, both in the strong form or weak form, cause to full and in
suitable linear system. Therewith, a direct solution method such as Gaussian
elimination is only suitable for one-dimensional problems with a small number of
unknown. For multi-dimensional problems and problems with large number of
unknowns, an iterative method with a suitable preconditioner can be used. To this
end, it is preferable to first transform the problem Eq.(2.36) and Eq. (2.37) into a
self-adjoint form. It is observed first that it can be assumed c; = 0 by modifying the

right-hand side functionf. Then, multiplying the function
a(x) = exp(—+ [ p(x)dx). (2.75)
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to Eq.(2.36) and noting that —ea'(x) = a(x)p(x), EQq.(2.36) and Eq. (2.37) with
c;+ = 0 can be written as
—(a)u'(x))' " +bx)u=g9gx), x€(-11)
a_u(-1)+b_u'(-1)=0, au(l)+b,u'(1)=0 (2.76)
where b(x) = a(x)g(x)/eand g(x) = a(x)f(x)/e€.

Finite Difference Preconditioning
The collocation method in the stable form for Eq.(2.76) is:
Find uy € Py such that

—(aul'\,)’(xj) + b(xj)uN(xj) =g(x), 1<js<N-1,

a_uy(=1) +b_uy(—=1) =0, a,uy(1) + b uy(1) =0, (2.77)
As demonstrated earlier, Eq.(2.77) can be rewritten as an (N — 1) x (N — 1) linear
system

Aw = f, (2.78)
where the unknowns are {w; = uy(x;)}}5 W = Wy, oo, wy—1)T and w =
(f(wy), ..., fwy_))T. As suggested by Orszag, it has builded a preconditioner for
A by using a finite difference approximation to Eq.(2.77). Let it define

z 1
hie = X1 = Xpe» Pge = 5 (Kk—1 = Xpetn),

1
xk+% £ E(xkﬂ + ), ak% — a(xk%) . (2.79)

2.2 Spectral Galerkin Methods
An alternative technique to spectral collocation is the so called spectral Galerkin
method which depends on a changeable formulation and uses, on behalf of Lagrange
polynomials, compact combinations of orthogonal polynomials as basis functions. It
will be shown that by choosing suitable basis functions, the Spectral-Galerkin
Method can cause to be conditioned linear system with rare matrices for problems
with constant or polynomial coefficients.

Now, proof of the ideas of Spectral-Galerkin Methods for the two point BVP:
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—eU" +p)U"'+g(x)U =F , x €l =(-1,1), (2.80)
(where ¢ is a control parameter for singularity) with the general condition

a_U(-1)+b_U'(1))=c_,a,U)+b,U(Q1) =cy,, (2.81)
satisfying

a?+b?2+0and a_b_<0;

as +b? #0and a,b, =0;

g(x) —>p'(x) 2 0,vx € (I);

p(1)>0ifb, #0,p(—1) <0ifb_#0 . (2.82)
This includes in particular the Dirichlet (a;. = 1 and by = 1), the Neumann (a; = 0
and by = 1), and the mixed (a_ = by = 0 or a, = b_ = 0) boundary conditions.
Assume that a,. , by and c; satisfy Eq.(2.39) so that the problem Eq.(2.80) and Eqg.
(2.81) is well-posed.

Unlike the pseudospectral or collocation methods which need to have approximate
solution to satisfy EQ.(2.80) the Galerkin Method depends on permutational
formulation. Therefore, it is desirable, whenever probable, to reformulate the
problem Eq.(2.80) and Eq.(2.81) into a self-adjoint form [5].

Reformulation of the Problem

First reduce Eq.(2.80) and Eq.(2.81) to a problem with homogeneous boundary

conditions [5]:
e Case 1: a; =0 and by # 0. Setting to @ = Bx* + yx , where B and y

are uniquely specified by asking # to satisfy Eq.(2.81) namely

—2b_B+b_y=c_ ,2b,f+Db,y=c,, (2.83)
e Case 2: a2 + a2 # 0. Setting & = Bx2 + yx, where  and y can again
be uniquely determined by asking # to suffice Eq.(2.81). Actually, one

has
(—a_+b)B+ay=c_, (ap +b)B+a,y =c, (2.84)
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whose determinant is

DET = —-a_a, +b_a, —a_a, —b,a_. (2.85)
Thus Eq.(2.39) implies that b_ < 0 and b, = 0 which result DET < 0. Now, setting
the u=U—-1% and f=F — (—eti"" + p(x)i' + g(x)@&). Then u satisfies the

equation

eu" +pu' +gu=f,inl = (-1,1) (2.86)
with the homogeneous boundary conditions

a_u(-1)+b_u'(1)=0, a,u(l)+b,u'(1) =0. (2.87)

Next, the above equation is transformed into a self-adjoint form which is more

advantages for error analysis and for progressing effective numerical schemes. For
this purpose, multiplying the a(x) = exp(—é [p(x)dx — Eq.(2.86) and noting
-&ed(x) = a(x)p(x) then Eq.(2.86) is found to be equivalent to [5]

—(a()u'(x)) + b()u = g(x) , (2.88)
where b(x) = a(x)g(x)/eand g(x) = a(x)f(x)/e.

2.2.1 Galerkin Method

Here, we are looking for the approximate solutions of Eq.(2.88) and Eq.(2.87) in the
space

Xy ={v € Py:ayv(1) + biv'(£1) = 0}. (2.89)
Verifiying the exact boundary condition. This is different from a usual finite element
approach where only the Dirichlet boundary conditions are imperative while the
general boundary conditions Eq.(2.87) are processed as natural boundary conditions.
The essential advantage of this approach is that it cause sparse matrices for problems
with constant or polynomial coefficients, while the disadvantage is that a powerful
order on the solution is essential for convergence [5].
Let w(x) be a positive weight function and Iy = C(—1,1) — Py be the interpolating
operator associated with Gauss-Lobatto points. Then, the Spectral Galerkin Method
for Eq.(2.88) and Eq.(2.87) is to look for uy € Xy such that

—([IN(a(x))u,’\,],, Uy )w + (IN(b(x))uN)' vn)w = Uy [, vn)w» YUy € Xy. (2.90)
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Given a set of basis function {¢}x=0 1. n-2 for Xy, define

uy(x) = LNZ5 Uy B (), T = (8, Ay, ooov, Uy—2)7, (2.91)

Skj = —([IN(a(x)(D})]"@k)w y Myj = (IN(b(x)(Dj)'@k)w' (2.92)
Thereupon, the stiffness and mass matrices are

S = (Skj)osk,jsn—2 » M = (Myj)os<k jsn-2 (2.93)

By setting uy(x) = X025 i, @,(x) and vy(x) =0;(x) , 0<j<N-2 in Eq.
(2.90), it is observed that the equation Eq.(2.90) is equivalent to linear system
(S+Mu=f. (2.94)

2.2.2 Legendre-Galerkin Method
To identify the important specifications of the Spectral-Galerkin Methods, consider
the model problem
—u"4+au=f,in I =(-11), (2.95)
azu(£l) + biu'(£1) =0 , (2.96)
where « is a non-negative constant. In this case, the Spectral-Galerkin Method
becomes [5]:

Find uy € Xy such that
J, unvndy +af, uyvydy = [, Infond, Yoy € Xy (2.97)
where refering to as the Legendre-Galerkin Method for Eq.(2.95) and Eq.(2.96).

Basis Function, Stiffness and Mass Matrices
The linear system Eq.(2.97) contains dependently the basis functions of X,. While in
FE methods the close points are used to construct basis functions in a way to reduce
their interactions in the physical space, the close orthogonal polynomials can be used
to construct the basis functions in Spectral Galerkin Method to minize their
interactions in the interval space. Correspondingly, the basis functions of the
following form can be searched,;
Di(x) = Lg(x) + agLi+1(x) + byLyy2(x). (2.98)
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Lemma 2.1: For all k > 0, there exist unique {ay, b, } such that @, (x) of the
form Eq.(2.101) satisfies the boundary condition Eq.(2.96) [5].
Lemma 2.2: The stiffness matrix S is a diagonal matrix with
e = —(4k +6)p, , (k=012,..). (2.99)
The mass matrix M is a symmetric penta-diagonal matrix whose nonzero elements

are [9]

2 2
a? b?
2k+1 t aj 2k+3 + Die 2k+5’

mjk = mk] J ay —— 2ht3 + ak+1bk B, 4 ] =k+1 (2100)

| 2
k bk2k+5’ j=k+2

j=k

Algorithm
In summary: given the values of f at LGL points {x;}, solution to Eq (2.97) , at these
LGL points can be acquired as follows:
e Compute LGL points, {ay, b, } and nonzero elements of S and M,
e Calculate the Legendre coefficients of I f (x) from {f (x)}X,

(backward Legendre transform) and evaluate £ in

fk = (INfll)bk) ) f= (fO'flr""fN—Z)T )
e Solve @ from (aM + S)u = f,
o Determine {ii;}}_, such that ¥ -7 4, @;(x) = X0 % L; (%),
o Evaluate uy(x;) =XN,%Li(xj) ,j=01,..,N (forward Legendre

transform).

2.2.3 Chebyshev-Galerkin Method
Setw(x) = (1—x2)""2 and fy = Iyf which is the Chebyshev interpolation
polynomial of f concerned to the Chebyshev-Lobatto points. Then Eq (2.90) have
the followings form[5]:
J, uvvywds +af uyvywx)d, = [, Iyfoyw(x)dy , (Voy € Xy) (2.101)
which is called as the Chebyshev-Galerkin method for the problem defined as
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—u" +au=f,inl =(-11),
asu(+1) + biu'(£1) =0  («aisanon-negative constant) . (2.102)

Basis function, stiffness and mass matrices
Like former in the case, there is a need to search the basis functions of X, of the

form
D (x) = Ty (x) + agTys1(x) + b Tyia(x) . (2.103)

Lemma 2.3:

(a==b_(k+2)?)(—a+—-bik?)
DETy, ’

a, = —{(a, + by(k+2)*)(—a_ + b_k?) —

(a- — b_(k + 1)*)(—ay — b k?)

— 2Y(— 2
by ={(a;, + b, (k+1)*)(—a_ + b_k*) + DET,

DET, = 2a,a_ + (k+ 1)?(k + 2)?>(a_b, —a,b_ — 2b_b,), (2.104)
then

Py (x) = Te(x) + arThr1 + b T4z (2.105)
satisfies the boundary condition {a,u(+1) + byu'(+1) = 0} [5].
So, having by a dimension argument that X, =span {@,(x):k = 0,1,...N — 2}. One
can easiliy show from that the mass matrix M is a symmetric positive definite penta-
diagonal matrix which has the following

s (L+ag+bg), j=k
My, = my; = {g (ag + agerbe), j=k+1, (2.106)
\ by, j=k+2

wherecy, =2and ¢, = 1fork > 1.

Algorithm
The Chebyshev-Galerkin  Method for {(—u"+4+au=f,inl=(-11)} and

{aju(£1) + biu'(£1) = 0} includes the following steps [5]:
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Step 1: Compute {ay, by} and nonzero elements of S and M ;

Step 2: Determine the Chebyshev coefficients of I f(x) from {f(x;)}\., and
evaluate f;

Step 3: Solve @ from (S + M) = f ;

Step 4: Calculate uy(x;) = Xig*@;0; (x)), j=0,1,..,N .

2.2.4 Chebyshev-Legendre Galerkin Method

The fundamental benefit of using Chebshev polynomials is that the separated
Chebyshev transforms can be implemented in o(Nlog)) operations by using Fast
Fourier Transform. But, the Chebyshev-Galerkin method causes to non-symmetric
and full stiffness matrices. Besides, the Legendre-Galerkin Method causes to
symmetric sparse matrices, but the discrete Legendre transforms are expensive
(or(N?)operations). In order to that benefit from the advantages and minimize the
difficulties of both the Legendre and Chebyshev polynomials, one may use the so
called Chebyshev-Legendre Galerkin Method which can be defined as [5]:

af, uyvydy + [, uyvndy = [, I5fondy, (2.107)
where I specify the interpolation operator connected to the Chebyshev-Gauss
Lobatto points.

For the given the values of f at the Chebyshev-Gauss Lobatto points
{xl- = cos (%)} 0 <i < N, determining the values of u, (solution of Eq.(2.90) )

at the CGL points can be performed by the following steps [5]:
Step 1: Compute {ay, b} and nonzero element of S and M;

Step 2: From an estimate of the Legendre coefficients of I§f(x) from
{f 3o
Step 3: Evaluate f from fi = [ I§f@xdy , f = (fo, f1, -, fu—2)TsOlVe T

from(S+M)u=f;
Step 4: Evaluate uy(x;) = 23240 (x)) , G =0,1,...,N)
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CHAPTER 3
APPLICATIONS

3.1 Fractional Sturm-Liouville Eigen-Problems: Theory and Numerical
Solutions
In paper [8] the authors examine the regular fractional Sturm-Liouville problem of

two types, with respect to the combinations of left-sided and right sided fractional

derivatives of order u =§e (0,1) both in Riemann-Liouville and Caputo sense.

They obtained the analytical eigensolutions to both types of problems as non
polynomial functions called Jacobi poly-fractionamials. In both problems the
eigenvalues are shown to be explicit, real, separated and simple. The corresponding
eigenfunctions are orthogonal according to the related weight functions.

Moreover, some useful relations for these eigenfunctions and some important
properties for poly-fractionomials were obtained in that study [8]. Sturm-Liouville
problem for the some cases mentioned earlier were studied and they derived the
corresponding eigenfunctions and numerical solutions. [See the reference [8] also for

the results of singular case].

Basic Definitions
The left-sided and right-sided Riemann-Liouville integrals of order u, when
0 < u < 1 are described, as follows [10]

(R f)(x) = — fF L8 sy, (3.1)

MW “xL (x=s)t=#’
and
RLjM _ 1 rxg  f(s)ds
( xIfo)(x) ) fx sk ¥ < Xr (3.2)

where [ stands for the Euler Gamma function. The, left-sided and right-sided
fractional derivatives of order u are described, depending on Eq.(3.1) and Eq.(3.2) ,

as
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1- a rx f(s)ds
(R D#f)(x) = RL[ “F)(x) = F(l S Geor x> x (3.3)

and

(RDLF) () = = (R ")) = s — = 7F 2250 x < xp (34)

(s—x)H’
Additionally, the corresponding left-sided and right-sided Caputo derivatives of

order u € (0,1) are acquired as

-uaf 1 f'(s)d
Dk = (B L) 0 = = fi EE20, x>, (35)
and
—d —f'(s)d
k)@ = (M =) ) == [ LOF, x<x  (36)

The two definitions of the left-sided and right-sided fractional derivatives of both

types are connected by the following relationship,

(BEDEF) () = —ZTE—— 4 (£DEF) (), (37)

- (x—xp)*

and

(FLDE £)(0) = —LEB—— + (D £)(x). (3.8)

FA-w(x—xL)H
Additionally, integration by parts in the fractional sense is acquired for the aforesaid

fractional derivatives as follows;

[ fREDy g(dx = [F g(0),EDY f()dx — FEORL, g (0 112, (3.9)
and

LT OB g()dx = [ gDy, f()dx + fFOORHL g () [RE,,.  (3.10)
As a result, the Riemann-Liouville fractional derivatives useful speciality is

remembered. Let’s suppose 0 <p <1 and0 <g < 1land f(x;,) =0 x > x, then
MDY = Giod) (5:03)f (o) = (Bipd)(5iDY) £ (0. (3.11)
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Description of the regular fractional Sturm-Liouville problems of 1 and 2"
kind
A regular fractional Sturm-Liouville problem (RFSLP) of order v € (0,2) is taken in

consideration, where the differential part contains both left-and right-sided fractional
derivatives, each of order u = g € (0,1) as [11]

RLDH|pi(x) DR ()| + qi () () + Aw ()7 (x) = 0 x € [, 7¢] (3.12)
where i € {1,2} with i = 1 symbolising the RFSLP of first kind, where ®:D# =
RLDy. and “D* = £D¥ and i = 2 related to the RFSLP of second kind in which
Rlprt = RLp and “D* = ¢DE . In this case u € (0,1), p;(x) # 0, w;(x) is non-
negative weight function, and g;(x) is a probable function, also p;, g; and w; are real-
valued continuos functions in the interval [x;, xz].

The boundary-value problem in Eq.(3.12) provides the boundary conditions
@ (1) + " 1y () “DEDY ()| 1=, = 0, (3.13)

bydy” (xg) + b, K|y () “DFBLO ()] o= 0, (3.14)
where a? + aZ # 0, b? + b5 # 0, and with i = 1 denoting the RFSLP of first kind,
having RET*=+ = RLL—# while Ri=# = RLI2™F when i = 2 for RFSLP of second

- XL°X
kind.[8]

Theorem 3.1
The eigenvalues are real in Eq.(3.12), and the eigenfunctions, related to explicit

eigenvalues in each problem are orthogonal with compared to the weight functions

w;(x) [8].
The following fractional derivative operator is described [8]

L} = RDE[KCDH ()], (3.15)
where K is constant, L} = fiD [K,°Dy(.)] in RFSLP-1 and for the case of
RFSLP-2, L, = REDE[K Dy ()], where p € (0,1). Actually, p;(x) = K, continuous

non-zero constant function Vx € [—1,1] and K is a stiffness constant. Then,
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o0 (x) + 21— x)*(1+ ) dP(x) = 0, i € (1,2}, x € [-1,1]  (3.16)

For the problems RFSLP-1 and RFSLP-2, Eq.(3.16) is solved and it is subjected to a
homogeneous Dirichlet and a homogeneous fractional integro-differential boundary
condition [8].

oM (-1) = 0,

|k 5Dk 2P0 1emsa= 0, (3.17)
and

P (+1) = 0,

R K6DY o ()] liea= 0. (3.18)
In non-local calculus and fractional differential equations, the boundary conditions
Eq.(3.17) and Eq.(3.18) are natural and they are activated by the fractional
integration by parts in Eq.(3.9) and Eq.(3.10). Actually, the essential specifications of
eigensolutions in the theory of classical Sturm-Liouville problems are related with
the integration-by-parts formula and the selected boundary conditions. In the setting

chosen here in [8, 25], it was shown that the eigen-spectra of RFSLP-1 and RFSLP-2

are simple and fully discrete.

Theorem 3.2
The exact eigenfunctions to Eq.(3.16), when i = 1, thus RFSLP-1 subject to Eq.
(3.17) are given as [8]
&P (x) = (1 + )4 P44 (x), (vn= 1), (3.19)
and the suitable distinct eigenvalues are

K [ (n+up)
_ >
e (Vn = 1). (3.20)

Additionally, the exact eigenfunctions to Eq.(3.16), wheni = 2, thus RFSLP-2

AP =

subject to Eq.(3.18), are given as [8]
&P (x) = (1 — )P (x), (Vn = 1), (3.21)

where the suitable distinct eigenvalues are
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KO >, (3.22)

@ _ @ _
e

Proof 3.1
The proof is divided to three parts. In Partl, Eq.(3.19) and Eq.(3.20) is proved firstly.

From Eq.(3.19), it is explicit that cb,(ll)(—l) = 0. For checking the other boundary
conditions since & (x) = 0, by formula Eq.(3.7), _$D¥ is switched by F:D¥. Then
by doing some work on RL fractional derivative and integration, it is shown that Eq.

(3.19) actually provide Eq.(3.16), when i =1, with the eigenvalues EQq.(3.20).

Lastly, the fractional derivative on the left-hand side and fractional integration on the

right side are performed by using *5DL{(1 + x)* B, **(x)} = %Pn(x)

andRL1*{(1 _x)—lipn_“'“‘(x)} = %Pn(x) to get the eigenvalues A%l)of
problem type RFSLP-1 which are shown to be real and discrete (see [8] for details).

In Part2, for the problem type RFSLP-2 eigenfunctions and eigenvalues can be
obtained by following the same steps as in Partl. It is explicit that @,52)(1) =0.
Since <D,(12)(1) = 0, to control the other boundary condition in Eq.(3.18), by Eqg.
(3.8), $DY is switched by RLD. Finally the orthogonal of the eigenfunctions in
Eq.(3.29) with compared to w,(x) = (1 —x)"#(1+x)~* is shown where ¢, "
represents the orthogonality constant of the family of Jacobi polynomials with

parameters u, —pi.

. 1%, ] . .
In Part3, its shown that ¥N_, a, @ (x) — f(x), by using Cauchy-Schwarts inequality

and Weierstrass Theorem, specifying that{qb,(li)(x):n= 1,2,..} is dense in the

Hilbert space forming a basis for L2,[—1,1]. Moreover, it is proved by contradiction

technique that the Aﬁf) are simple: (see reference [8] for detailed steps of the proof).
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Example 3.1

The eigenfunctions of RFSLP-l,cb,El) (x),of different orders and related to different
values of u =0.35,u=0.5u=0.99 is plotted in Figl. In these figures, the
eigensolutions are compared with the corresponding standard Jacobi polynomials
PH7H(x). Similarly, it is plotted the eigenfunctions of RFSLP-2, &2 (x)

of different orders that are compared to P, ~*(x) in Fig2.
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Figl: Eigenfunctions q),El)(x) of RFSLP-1 versus x, for values n=2,10,1 and for values pf fractional

order y = > = 0.35,0.5,0.99 [8].
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Fig2: Eigenfunctions d),sz)(x) of RFSLP-2 versus x, for values n=2,10,1 and for values pf fractional

order y = > = 0.35,0.5,0.99 [8].

Definition 3.1
A fractonomial is described as a function f:c — c of non-integer power (expressed
as t**# where ke Z* and u € (0,1) in which the power can be written as a sum of
an integer and non-integer number. In addition to this, F,""* denotes the fractal
expansion set, which is described as the set of all fractonomials of order less than
equal n + p and given in [8] as

F'™* = span{t***:p € (0,1), k =0,1,..,n}. (3.23)
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Definition 3.2
A poly-fractonomial of order n + u < oo,n € {0,1,2,..,N < oo}and u € (0,1), is
described as
Fpip(©) = agth + art'# 4 - 4 q t"*H,
where a; € c, are constants and t/*# € F,""* for j € {0,1,..,n}. F™*# denotes here

the space of all poly-fractonomials up to order n + u [8].

Theorem 3.3

The altered eigensolutions to EQ.(3.16), 5,@ (t), neN and n<oo form a
consummate hierarchical basis for the finite dimensional space of poly-fractonomials
Fn_144, Where u € (0,1) [8].

For RFSLP-1& RFSLP-2; the properties of the solutions of (3.16) [8]:
¢ Non-polynomial nature:
Because of the multiplier (1 + x)* of fractional power, the eigenfunctions
display a non-polynomial behavior. As a consequence, to differentiate as
Jacobi poly-fractonomial of order n + pu.
e Asymptotic eigenvalues /1,(1”:

The asymptotic values are summarized as

' Kn?,u—-1
I)l,(f) |=4Kn, u->1/2 ,
Ku—-20

e Orthogonality:
[ =07+ 0P ()o@ (x)dx =
[L =%+ 0P () - PI ) dx = 171, (3.24)

apBi 2 [(k+ay) [(k+8;)
ko 7 2k-1 (k-DIT(k) (3.29)

where (ay, 8,) = (1) and (a2, B,) = (1, —1).
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e Fractional Derivatives:

[(n+u)
BiDyell = (pfor) = ipfe? = (DfelP) = =P (x),  (3.26)

where P,,_; (x) state that standard Legendre polynomial of order n — 1.

e Orthogonality property for fractional derivative:

1 ) 0) _ o T(k+w) 2
f_lD”(pk D”(p] dx = (W)Zm(skj, (327)

where D* can be either R:D or _{DY, when i = 1, and can be either RLD! or
¢DY when i = 2 [12,13].

e First derivatives:

(1)

L0 = (1 + 20RO + 2+ )RR (), (3.28)
(2)

P = —p(1+ PR + 21— )RR (). (3.29)

e Special values:

oM (-1) =0, (3.30)
oV (+1) = 2¢(" 1), (3.31)
P (+1) = 0, (3.32)
»P (1) = (-1 1o (+1). (3.33)

3.2 Exponentially Accurate Spectral and Spectral Element Methods for
Fractional ODEs

In this study [17] the authors, Petrov-Galerkin (PG) spectral method is improved for
Fractional Initial-Value Problems (FIVPs) and Fractional Final Value Problems
(FFVPs) of the fractional derivative order v € (0,1), with Dirichlet initial/final
conditions. Petrov-Galerkin spectral method is initially developed where the
corresponding stiffness matrix is diagonal. The solutions for FIVPs and FFVPs are

calculated in terms of the newly defined Jacobi poly fractonomials [17].
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Basic Definition
The Fractional Initial-Value Problem (FIVP) is described in [17] as follows
oDfu(t) = (), t € (0,T], (3.34)
u(0) = uy, where ,D? specify the left-sided Riemann-Liouville fractional derivative

of order v € (0,1) and given as

1 i tu(s)ds
[(1-v) dt 70 (t—s)?

The Fractional Final-Value Problem (FFVP) is described in [18] with the fractional
derivative order v € (0,1), as
Dru() = f(), t€(0,T], (3.36)

u(T) = up, where D7 denotes the right-sided Riemann-Lioville fractional

oDfu(t) =

t> 0. (3.35)

derivative of order v € (0,1) and described as

1 -d T u(s)ds
[(1-v) dt 7t (s=t)¥

In Eq.(3.35) and Eq.(3.37), the Caputo fractional derivatives $DY and $D¥ can also

Dru(t) =

t<T. (3.37)

be used. These above definitions are connected as [18]

(0)
oD¥u(t) = ]’(l1l—v)t” + ${DPu(t), (3.38)
(tT)
Dru(t) = —— = — (:U)ZT_UV + SDPu(t) . (3.39)

Description of Petrov-Galerkin Spectral Method
First, it is searched for the solution of the FIVPs in terms of the new fractional basis
functions, called Jacobi polyfractonomials, which are the eigenfunctions of the FSLP

of first kind, explicity acquired as

Wphit(x) = (1 + x)~F+u-1p* HHL=FH1 () y € [-1,1)], (3.40)
where PY#+L P+l 1) are the standart Jacobi polynomials in which u € (0,1),

—1<a<2-pu and —-1<B<pu—-1, and Pp*P#(x) symbolise the
eigenfunctions of the regular FSLP of first kind [18]. For « = = —1, the fractional

eigenfunctions are presented as [17].
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WPt (x) = (1 + x)HP (%), x € [-1,1] (3.41)
Taking u, = 0and t € [0, T] gives,

B = OB (x(D), (3.42)
which specify the changed basis functions of fractional order (n — 1 + u) that is
acquired through the affine mapping x =% transforming the standard interval
[—1,1] to [0, T]. The left-sided Riemann Liouville fractional derivative of Eq (3.42)

is given as

DECEA (@) = (2) Lunk (B ) = (2) LB, (x(0), (343)

T

where the u~t" order fractional derivative of such fractional basis functions of order
(n — 1+ p) is a standard Legendre polynomials of integer order (n — 1).
Now, Eq.(3.34) is tested with respect to a various set of test functions which are in
fact the eigenfunctions of the FSLP of second kind

@pahi(x) = (1 — x)~wtu-1p LB I () (x e [-1,1]),  (3.44)
that are in the family of the Jacobi polyfractonomials where thistime -1 <a <1 —
uand —1 < B < 2u — 1. The following fractional test functions are employed.

@ph(x) = (1 = x)4PH*(x) (x € [-1,1]). (3.45)
By executing the same affine mapping x = % the changed test functions are
obtained [17].

~ " _
@B (x(t) = () (T - o#RL T (x(0)), (3.46)

relative to the interval [0, T]. The right-sided Riemann-Liouville fractional derivate
of Eq (3.46) is attained as

DEORE) = (2)" w0ty (2R ) = (B) 1 p, (x(0), (347)

where the last equality support to EQ.(3.43). The relation in Eq.(3.47) also be
connected with the Caputo fractional derivatives due to Eq.(3.39).
In FIVP in Eq.(3.34), it is searched for the approximate solution of the form

u(®) ~ uy(t) = B, a, VB (D). (3.48)
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Consequently, the expansion coefficients are obtained in [18] as
ae =23 1) PR (x)dt, (3:49)

where y;, = (;)2#_1 (

The technique of lifting a known solution is applied for the case of non-

k+[l)2 2
k 2k-1"

homogeneous initial conditions by dividing the solution u(t) into two parts as

u(t) = uy(t) + up, (3.50)
in which ug (t) is compatible to the homogeneous solution and u, = u, is the non-
zero initial condition. Then, Eq.(3.50) is substituted into Eq.(3.34) and the fractional
derivative is taken on the known uy, to the right-hand side to get

oD{uy(t) = h(t), t € (0,T], (3.51)

uy(0) =0 where h(t) = f(¢t) — I—(lu—Dv)t" In the problem given by (3.51), the

Caputo fractional derivative can also be used with h(t) = f(t).

Example 3.2
The Numerical results obtained by the use of the PG spectral method to solve the

fractional initial-value problem ,DYu(t) = f(t), t € [0,1], corressponding to
v =1/10 and 9/10 were studied in the following example. Here, four different
types of exact solutions are considered: (i) monomial u®*(t) = t19, (ii) smooth
4
function u®*t(t) = t°sin(mt), (iii) fractional function u®*t(t) = t*3/?sin(mt3) and

finally (iv) combination of fractonomials and a smoot function u®(t) =

5
t6 exp(t2) + t®*7 4 £10+1/3 [17].
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FIVP, *(t) = t® sin(x 1)
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Fig 3: PG spectral method for FIVP: log-linear L?- error of the numerical solution to oD u(t) =

f(@), t €[0,1], versus N, corresponding to v = 1/10 and 9/10 where u®*t(t) = ¢t19 is the exact
solution [17].

Now, it is searched for the approximate solution to Eq.(3.36) of the form
u(®) = uy () = T2, b PP (x (D)) dt, (3.52)
where b; are the unknown expansion coefficients. By plugging Eq.(3.52) into Eq.

(3.36) and forcing the residual function Ry (t) to be L?-orthogonal to each element in

the set of the test functions, the unknown coefficients is obtained [17] as
T ~
by = i J, FOWB(x®)at. (3.53)
u(t) is decomposed as in Eq.(3.50) and substituted into Eq.(3.36) to get the
equivalent finite-value problem as in below finite-value problem

D¥uy(t) = w(t), t€[0,T),uy(T) =0, (3.54)
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where (t) = f(t) — #TM] .

Similarly, the numerical results of PG spectral method for FFVP is carried out in

[17], for various types of exact solutions like u®*t(t) = (T — t)1°, u®*(t) =
(T —)°sin(n(T— 1), u®(t) = (T —t)** ?sin(n(T - t)g) and  u®*t(t) =

5
(T — )% exp(T — )% + (T — ©)®*7 + (T — £)1°*1/3_ Finally, it is observed that [17]

in all these test cased the exponential convergence is obtained.

3.3 Legendre Spectral Collocation Method for the Solution of the Model
Describing Biological Species Living Together

In the study [21], Legendre spectral collocation method and Bernstein polynomial
collocation method are executed together for solving the system of integro-
differential equations, which may generally arise in fluid dynamics, biological
models and chemical Kinetics, representing the model of some biological species
living together. The existing techniques reduced the system of integro-differential
equations to a system of nonlinear algebraic equations. The solution of this nonlinear
system is obtained [21] numerically by Newton’s method.

First of all, it is taken notice of the general mathematical model of the mentioned

problem consists of integro-differential equation in the following form

d:l_(tt) = x(O)[k1 —y1y(t) — ff_TO filt = D)y(@dr] + g1(t), 0<t <1,ky,y, >0
(3.56)

di_(tt) = y(O)[~ky — y,x(t) — ftt_To fot —Ox(@dr] + g2(8),0 <t < Lky,y, >0
(3.57)

with initial conditions x(0) = a4, y(0) = a, where g4, g, f1, f> are given functions
and x(t), y(t) are unknown functions.
Now, x(t) and y(t) are number of two separate species at time t where first species

increases and the second one decreases. When a steady state condition is exchanged
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between these two species, it is defined by the following system of two integro-

differential equations

O = x(Ok —y1y(®) = [y it =Dy(@)de] + g (), ki >0 (358)

dy(t) _
at

V(O [—ky = v2x(8) = [, fo(t = Dx(2)dr] + g2(), kp >0 (359)
where k; and —k, are the coefficients for increasing and decreasing behaviour of the
first and second species. The parameters y, , f; and y,, f, are based on the respective
species. Here, in Egns.(3.58-3.59) the function values of g, (t) and g, (t) are taken to
be zero as a special case of Eqns.(3.56-3.57). The above model is solved numerically
with Legendre spectral collocation method and Bernstein polynomial collocation

method with a comparative study [21].

Description of the Legendre Spectral Collocation Method

In order to use Legendre spectral collocation method, it is taken notice of the
Legendre-Gauss points {tj};lo € [a, b] i.e., the roots of Ly, ,(t) = 0 where Ly, is
the (M + 1)™ Legendre Polynomial.
By using the Lagrange interpolation polynomials for the unknown function x(t) and
y(t) as

x(t) = Xizo Xk Fi (O, (3.60)

y() = ito Vi Fi (0), (3.61)
the system of integro-differential equations in Eqgns.(3.56-3.57) is approximated

andreduced to

Tho % Fi(8) = Zheo xicFe (D[ ky = v1 Thoo VieFi (0 = [ fi(E =)

(Mo iFi (D] + g1(D), (3.62)
Thoo VieFi(®) = Zoo vicFe (D[ k2 = v2 Zho xicFe(©) = [ folt =)
(Mo i Fi (D) dT] + g5 (D). (3.63)

In order to use Gauss-Legendre quadrature rule, is changed the interval [t — T, t] to

[—1,1] in the integral part of Eqns.(3.62-3.63) by
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s=1+2(%).
0
The integrands of Eqgns.(3.62-3.63) are reduced to [21]
Ji it = DIy yiFi (0))dT)

%f_llfl (—%(S - 1)) (Z¥=0kuk(t +%(S = 1)dS
= TOZ OW]fl —%(S] - 1) (ZII‘C/I=O kuk(t +%(Sj — 1)),

(3.64)
ft To fZ(t T)Z oxka(T))dT
M
To fz <_—(S— 1))(2 xka(t+%(s_ 1ds
k=0
= 2R owifa(— 2 (5 — 1)) (Zhoo xiFe(t + 2 (5 — 1))
(3.65)

where s;,j = 0,1, ..., M are Legendre-Gauss points, the roots of L),,;(t) = 0 and the

2
1-5% ) (L ()12
Eqgns.(3.62-3.63) [21], the following expression are obtained [21]

weights are w; = ( (0 <j < M). Then using Egns.(3.64-3.65) and

S0 xicFi(6) = Tho xicFie ([ k1 — 1 Zho vieFie () — 221 o wifi(— 2 (5 — 1))
(BHo i (t + 2 (s 1)) + 0.0, (3.66)

SH o VieFi () = S0 ieFie(O[ kz — ¥2 Sho 1eFie(8) = 2 XM wi o (— 2 (55 — 1))
(ZM o xeFie(t + 2 (5 — 1)) + g2 (0). (3.67)

The collocation points as Gauss-Legendre points ¢;,i = 0,1,..., M — 1 is performed
for Egns.(3.66-3.67) [21]

Thoo i Fi(t) = Eioo xicFie () [y — 1 koo VicFie(t) —

oy owifi(— 2 (5= 1)) (BMoo vicFe(ti + 2 (5, - 1)) + g1(t)  (368)

Y=o ViFi ) = Zilo vicFie (¢ [ k2 — v2 Zilo xicFi () —

DM o wify (=2 (57— 1)) (Zhoo xeFie(t + 2 (5, — 1)) + g2(t).  (3.69)
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The EQ.(3.68) and Eq.(3.69) is formed a system of (2M) number of nonlinear

algebraic equations with (2M + 2), number of unknowns [21]. Imposing the initial

conditions,
Y=o X Fi (0) = ay; (3.70)
Y=o VkFi(0) = ay; (3.71)

(2M + 2) equations can be totally be obtained for (2M + 2) unknowns in order to
get a unique solution for x, and y, (k=0,1,2..,M). Thus it is acquired the
approximate solutions of the integro-differential equations Eqns.(3.56)-(3.57) by
using Eq.(3.60) and Eq.(3.61) [21].

Description of the Bernstein Polynomials Collocation Method

The n" degree Bernstein polynomials on the interval [a, b] is [22, 23]
t-a)!(b-t)"t .
Bia@® = (N2 i =01, (372)
n!

il(n-i)!"

where (7) =

Each of these (n+ 1) polynomials having degree n satisfies the following
expressions:
Bi,(t)=0ifi<0ori>n,
Bin(a)=B;,(b)=0,for(1<i<n-1),
izoBin(®) = 1.
A function u(t) described over [a, b] can be approximated by Bernstein polynomials
basis functions of degree n as
u(®) & o ciBin(t) = CTB(Y), (3.73)
where C and B(t) are (n + 1) x 1 vectors described as
C = [co, €1y s Cn]Ts
B(t) = [Bon(t), B1n(t), ..., Ban(O)]".
First, it is approximated the unknown functions x(t) and y(t) for solving equations
Eq.(3.56) and Eq.(3.57).
x(t) = CTB(t), y(t) =DTB(t), (3.74)
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The equations Eq.(3.56) and Eq.(3.57) are reduced as
CTB'(t) = (CTB(®)[ky —v2(DTB®) = [i_,, it = D(DTB®)dr] + g: (D),

(3.75)

t

D'B'(t) = (D"B(®))[~kz = v2(C"B(®)) = | fo(t —D(C"B(x))dr] + g2(D).

t—T,

(3.76)
The collocation points t; = t, + lh where t, = a, h = bn;a andl=0,1,..,n—1,
are placed in the Eq.(3.75) and Eq.(3.76)
CTB'(t;) = (CTB(t1))[k1 > V1(DTB(t1)) -

JL4 Aty = D(DTB(@))de] + (1), (3.77)
DTB'(t) = (DTB(t1))[—k; — y2(CTB(ty)) —
[ fots = DCTB(@)dr] + ga(t2). (3.78)
Corresponding boundary conditions becomes;
CTB(0) = ay,
DTB(0) = a,. (3.79)

In this way, it is acquired (2n + 2) number of nonlinear algebraic equations with
same number of unknowns as C and D from the Eq.(3.77) and Eq.(3.79). These
systems are solved numerically, to get the approximate values of C and D and hence
the approximate solutions of the integro-differential Eq.(3.56) and Eq.(3.57) by using
the EQ.(3.74) can be obtained (see the reference [21] for the figures and tables of

numerical results).

3.4 A Jacobi Gauss-Lobatto and Gauss-Radau Collocation Algorithm for
Solving Fractional Fokker-Planck Equations

In the paper [24], the authors developed a new effective spectral algorithm for
approximating the solutions of the time-fractional Fokker-Planck equation and space-

fractional Fokker-Planck equation. This numerical algorithm based especially on
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shifted Jacobi spectral collocation method where the shifted Jacobi Gauss-Lobatto
scheme is used for the spatial discretization and the shifted Jacobi Gauss-Radau
scheme is used for temporal approximation. In order to examine the performance of
the constructed algorithm, several numerical examples are studied and their

numerical results are compared with two other methods [28] in the literature.

Basic definition
The basic speciality of the Jacobi polynomials [29] is that they are the eigenfunctions
to the singular Sturm-Liouville problem:

(1= x2)P" )+ [0 =0+ (0 +9 + 2)x]P' (x) + k(e + 6 + 9 + Dp(x) = 0.
(3.80)

The Jacobi polynomials are produced by using the three term recurrence relation:

k(flﬁ)(x) — ( (o, 19)x _ b}({e,ﬁ))(x) (9 19)P(9 ﬁ)(x)’ k>1, (3.81)
PP =1, POV =20 +9+2x+5(0 -9, (3.82)

where

0,9) _ Qk+0+9+1)(2k+0+9+2)

k T 2(k+1)(k+0+9+1)
b(e,a) _ (92-62)(2k+6+9+1)
k T 2(k+1)(k+6+9+1)(2k+6+9)

0,9) _ (k+0)(k+9)(2k+6+9+2)
Ck T (k+ 1) (k+0+9+1)(2k+6+9)’

The Jacobi polynomials have the following relations:

6,9 6,9 6,9 —D)F [ (k+9+1
REP(=x) = (~D*RY, BV (1) = (3.83)

Additionally, the ¢g*"* derivative of P(H 19)(x) can be obtained as

0,9 F(J+9+19+q+1) 6+q,9
D(q)Pk( )(x) 29 T (j+6+9+1) "(;q +q)() (3.84)
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2x

If the shifted Jacobi polynomial of degree k is obtained by %™ (x) = p® (L

1),L >0, and with the help of Eq.(3.83) and Eq.(3.84), then its g —order
derivative can be written as [24]

(—DFA [(k+9+1)(k+6+9+1)4

DU =05 [(k—q+1) [(q+9+1) (3.85)
qp(6.9) _ [(k+0+1)(k+0+9+1)q4
D Pk L) = L4 [(k-q+1) [(q+6+1) ' (3.86)
6,9) _ [(q+k+64+9+1) (6+q,9+q)
DUR™ () = e irarorn Tkmd O (3.87)

where q is a positive integer number. The relation between gt —order derivative of

shifted Jacobi polynomial and the polynomial itself can be written as

DIPEP (x) = $¥28 ¢, (k,i,6,9) PP (), (3.88)
where

Cq(k, i,0,9) =
(k+A)q(k+A+q);(i+0+q+Dg—i—q [ (i+2) % .F (—k+i+q, k+i+A+q, i+0+1 1)
LA(k—i—q)! [(2i+2) 32 i+0+q+1, 2i+A+1 )

where A = 6 +9 + 1and 3F, isa hypergeometric series [30].

Decription of the Time-fractional Fokker Planck Equation and its Numerical

Solution
Take into consideration Time-fractional Fokker Planck equation

Deu = D} P (do(x) Dy + d1 (X)D)u + f(x,8), 0< B <1, (3.89)
with the initial condition

u(x,0) = y(x), x € [0,L], (3.90)
and boundary conditions

u(0,t) = @o(t), u(L,t) =¢,(1), t€[0,T], (3.92)

where f(x,t),dy(x),d;(x), po(t), p,(1),Y(x) are given functions. The function
60



u(x, t) is supposed to be the casual function of time and space, having the zero value

fort<0andx <0, and

DPu(x,t) = - (1 5 [, (t = 2)Pu®(x, 2)dz, (3.92)
is the time-fractional derivative of the function u(x,t) in the Caputo sense. To
construct the numerical scheme for the given problem, the shifted Jacobi Gauss-
Radau points [31] are used for the temporal approximation and the set of shifted
Jacobi Gauss-Lobatto points [31] are used for spatial approximation. For solving the
T-FFPE given by EQ.(3.89) or EQ.(3.91) the main step of the shifted Jacobi

collocation consider method is outlined as

u(x, 6) = X XM a, PSP ()P (1) (3.93)
and so, the apprOX|mat|on of the temporal partial derivative D.u(x,t) can be

calculated as

Deu(x, t) = X XM o a, iRV ()Dy (PP (0) = N0 BMg a1, (x,£)(3.94)
where ff’j (x,t) = PL(“?l'ﬁl)(x)D1 (PT(ﬁz'ﬁZ)(t)) . Besides;

D; P (do () Dax + di (D) = do(x) Tio Tt @y (. D)
+d ()Xo XM ai i fy (x, 1), (3.95)

where
L (3, 8) = Dy (pﬁ?bl"ﬂ (x)) DI (P2 (1)) and

31',]' (x,t) = D, (PL(’?l'ﬁl)(x)) Dtl—ﬁ (P7g§2'192) ().
Hence, the EQq.(3.89) and Eq. (3.91) can be rewritten in the following form with the
advantage given by Eq.(3.93) and Eq.(3.95):

X OZM 0 al]f;’} (x t) -

do(x)Z LoXMoanify (6 t) +di ) T XM ai iy (e, ) + f(x, b), (x,t) €
[0,L] x [0,T], (3.96)
correspondingly, the numerical discretizations for initial and boundary conditions are

u(x,0) = X0 XM, a;; PP ()P (0) = (),
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01,9 0,,9
u(0,t) = XN, By ay; BV (0P (1) = 9o (D),
_ (91 Y1) (62,92) _
u(L,t) = X 2o a; P (WP () = 4 (D)

(3.97)
Applying the spectral collocation method, the resudial of Eq.(3.89) is set to zero at

(N — 1)M of collocation points. In addition to that, in Eq.(3.97) the initial-boundary
conditions will be collocated at collocation points. For (M + 1)(N + 1) unknown of

a; ;, there are M(N — 1) equations of the form

Moo a i (2 6% do (25577 (3.98)

Lo Xihoafy! (xind®, i) + du (x5

o T3 et (el | P 1 A ™ )
r=1...N—-1;s=1,..,M,

resulting a system of M X (N — 1) algebraic equations in the unknowns a;; (i =
0,1,2..,N;j=0,1,2..,M). The remaining system is acquired by using the initial
condition Eq.(3.90), as

02] Oal] P( v 1) (xl(l\:;7.2)) PT(J-Z 2)(0) _—lp(xl(Nlr2))y r= 1; -.-.,N_ l

and by using the boundary conditions Eg.(3.91), as

(61100 () p%292) (1 820) — 4y (18200
o Zito sy BT B (e10s?) = wo (e57357),
0 1) 6,9 6,9 6,,9
NN P( L) (6000) =y (68%22) 5 = 0, .., M.
(3.100)

where t§9@22),s—01 ,M are the roots of Pf‘fwﬁ)l(t) while xiel\}:fz),r:

1,2,...,N — 1 are the roots of P(“ 2 (x). All these systems of the algebraic equations
in the unknown a; ; can be solved by an appropriate iterative method. Finally, the

approximate solution u(x, t) given in Eq.(3.92) can be obtained[24].
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Description of Space-fractional Fokker-Planck equation and its numerical
solution

Take into consideration Space-Fractional Fokker-Planck equation
Dew = (do()DZ +dy ()DL Ju+ f(x,8), 0< <1, (3.101)
with the initial equation Eq.(3.90) and boundary conditions Eq.(3.91), where

DEu(x,t) = —— [*(x — 2)PuW(z, t)dz,

ra-p-o
D;ﬁu(x, t) = — [F(x = 2)"2Pu2(z, t)dz

r(2-2p) 70
is the space-fractional derivatives of the function u(x, t) in the Caputo sense. The

approximate solution is described as in Eg.(3.92) , then spatial derivatives are
Df ulx, t) =Y, Z?”:O aj f4“ (x,t),

DFu(x,t) = Y XM a;; £ (x, 1), (3.102)
where

L, J 6,9 65,9
(x,0) = D (RO () ) B o),

fsi.j (x,t) = D;ﬁ (PL(I?1,191) (X)) P’Igﬁz,ﬁz)(t)_
So rewriting Eq.(3.94) by using Eq.(3.102), the Eq.(3.101) is converted into
oo a;, i (e t) =do () T, o ayifs () +

dy () T 2o arify? () + f(x,£), (x,£) € [0,L] X [0,T]. (3.103)

The EQq.(3.104) is collocated at M x (N — 1) points, as follows
ij (. (61,9;) (62,0 6,9 i (((61,9;) (62,9
oI g ag i (2, %% ) do (2022 ) S B @y fa (e ud?, e ) +
01,9 ij (((61,9;) (62,0
dy (x50 ) S B @i iy (x50, 6% ) +
f (x<91"92) t“’“’z)) ,1<r<N-11<s<M (3.104)

LNr ’*T,M,s

By the same procedure given for T-SFFPE, a system of (M + 1) X (N + 1)
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algebraic  equations are  obtained  [25,26,27] in  the  unknown
a;; (i=0,1,..,N;j =0,1,.., M) considering together with the initial and boundary
conditions. As a result, the approximate solution u(x,t) given in Eq.(3.92) can be

derived.

Numerical Results

Example 3.4
Take into consideration the following T-FFPE

ou(xt)

00— pif L (d(x):—xu(x, t)) + £ ), (o) € [0,1] % [0,1],

with the initial and boundary conditions u(x,0) = 0, u(0,t) = tF+2 u(1,t) =

5 y _ [(B+3)e*t?
et?*? where d(x) = e* and f(x,t) =~
e*th+2,

. The exact solution is u(x,t) =
In [23], the comparative study between INAM (the implicit numerical approximation
method) [27] and constructed method in [24] is done in terms of maximum absolute

errors (MAEs) at 6, =9, =0,60, =9, =% with different values of g and

different numbers of collocation points[24] for detailed numerical comparisons.

B INAS Our method
(N = M = 200) (N =M =3)
0.4 5.999 x 10™* 8.818 x 1073
0.7 1.231 x 1073 4.071 x 1073
0.9 1.502 x 1073 1.073 x 1075

Table 3.1:Comparing between the maximum absolute erors for 6, =9, = 0,8, =9, =% of
example 3.4 [24].

Example 3.5

Take into consideration the following S-FFPE

ou(x,t) _( aF | x* a%F
2

2D = (—x g+ 22 ) ul, ) + £(x, ), (1, ) € [0,3] x [0,3], with the

x oxB
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initial and boundary conditions u(0,t) = 0, u(3,t) = 3et, u(x, 0) = x, where

1 x—2)x1-B . .
flx,t) =-xet(2 — G=DX 7 The exact solution is u(x, t) = xet.
2 r2-p)
h DA () 753 4 8 12 16
6 o0 0 0 7727 x 1070 1774 x 1073 6.233 x 1077 1.364 x 10710
0 0 - =1 4470x107"  7346x107* 2074 x 1077 2738 x 107"
i 3 0 0 7346 x 1071 1589 x 1077 4180 x 1077 4.410 x 107"

Table 3.2: The maximum errors using their method for example 3.5 with N = M = 4(4)16 and

B = 0.5[24].

X t E 51 t E X t E

0.1 0.1 1.776 x 10~13 0.1 1.5 2.664 x 10713 0.1 3 5.258 % 10713
0.5 1.776 x 10713 0.5 2.664 x 1013 0.5 4973 % 10714
0.9 2.220 x 1016 0.9 7.105 x 10713 0.9 4.725 x 10713
1.3 4.440 % 10716 1.3 2.664 x 10713 1.3 5.080 x 10713
1.7 0 1.7 7.105 x 10713 1.7 7.531 x 1075
2.1 1.776 x 10713 2.1 1.776 x 1013 211 8.668 x 10713
25 1.332 x 10713 25 7.105 x 10713 2.5 5.684 x 10713
2.9 2220 x 10715 2.9 5.568 x 10713 29 2477 x 1071

Table 3.3:Absolute errors their method for example 3.5 with 8, =9, =6, =9, = % ,N=M=16

and g = 0.4 [24].
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CHAPTER 4

CONCLUSION

We recall that spectral methods have wide applications for the numerical solutions of
partial differential equations which model various real-world problems appearing in
areas of science and engineering. In my thesis, I presented a review on some class of
spectral methods and their useful applications from different areas reflecting new
insights of some useful mathematical tools.

At first, | reviewed some basic definitions of the orthogonal polynomials and
fundamental PDEs also particular examples were given for both. In the later
chapters, the two main spectral methods, namely Spectral Collocation Method and
Spectral Galerkin Method, are presented in details together with some examples. In
order to point out the importance and the benefit of the examined spectral methods,
four studied applications from different areas are reviewed in the last chapter.
Among these illustrative applications, the solution of a biological model about the
species living together is presented by using Legendre Spectral Collocation method.
The remaining three applications used the very new and promising notion of
fractional derivative in studying Strum-Liouville problem of ordinary differential
equations, and Fokker-Planck equation. The problems with these new insights are
studied under the consideration of spectral methods and previously obtained

numerical results are presented with some comparative studies.

As a future work, we are planning to apply the considered spectral methods and also
some new classes of spectral methods for the approximate solutions of complicated
nonlinear models which may appear in the fields of bioengineering, computational
biology and so on. Some useful and important extensions of both the model class and

the spectral methods can be considered with the help of fractional calculus.
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Additionaly, necessary improvements for the convergence and accuracy can be

studied for further applications.
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APPENDIX
A- INTRODUCTION TO FIRST ORDER AND SECOND ORDER PDEs

A.1 Basics of First Order PDEs
Solving the Transport Equation
Determine every function u(x, t) that solves

ZtvZ=0, (A1)
where v is a fixed constant.
Perform a linear change of variables to eliminate one partial derivative
a =ax + bt (A.2)
B =cx+dt, (A.3)
where x, t: original independent variables, a, : new independent variables, a, b, ¢, d:
constants to be chosen “conveniently” must satisfy ad — bc # 0. Multivariable chain

rule is used to convert « and S derivatives as [5,6]

ou_ duda  ouop _ ou  ou
dx  da dx aﬁax_aaa+caﬁ’ (A.4)
ou_ duda  0udp _,ou 0u

at  da ot 3[:’3t_b6a+daﬁ’ (A.5)

S tvt= (bZ—Z+d§—Z) +v(ag—z+cz—Z) =(b+av) =+ (d+cv)Z—Z.
(A.6)
Choosinga = 0,b = 1,c = 1,d = —v, the original PDE becomes Z—Z = 0.This tell
thatu = f(B) = f(cx + dt) = f(x — vt) for any (differentiable) function f.

Theorem A.1
The general solution to the transport equation Z—’: + vg—’; = 0 is given by

u(x,t) = f(x —vt) . (A7)
where f is any differentiable function of one variable
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Example A.1
Solve the transport equation Z—L: + 3 Z—z = 0 given the initial condition u(x, 0) =
xe‘xz, —0 < x < 00,

Solution: It’s known that the general solution is given by u(x,t) = f(x — 3t).
It is used the initial condition f(x) = f(x — 3,0) = u(x,0) = xe ** for finding a

solution. Thus, (x, t) = (x — 3t)e~*=30% |

Example A.2

ou
ox

Solve 52—1; + — = x given the initial condition u(x,0) = sin2nx, — oo < x < o,
Solution: The linear change of variables is performed as @ = ax + bt, § =
du , Jdu du ou Jdu Jdu u

cx+dtand 525+ = 5(b£+dﬁ)+v(aa+c%) =(@+50) 2+ (c+
Sd)Z—Z. a=1,b=0,c=5,d=—1Iischoosen then @ = x and so the PDE

ou
becomes — = a.

da

2 2

Integrating yields; u = %f(/j’) = x? + f(5x — t) and with the initial conditions;

x? . . . . . 2mx  x?
5+ f(5x) = u(x,0) = sin2mx. It is replaced x with x/5; f(x) = sin— ——. So,

2m(5x—t 5x—t)2  xt t? . 2m(5x—t
( ) _( ) X SlTLQ
50 5 50 5

x? .
u(x,t) = - +sin

In general, a linear change of variables can always be used to convert a PDE of the

IOI’III
A_+B——C X,V,u (A8)
O0x dy ( T ) '

into an ‘ODE’ which is actually a PDE containing only one partial derivative.

Characteristics Curves

To develop a technique to solve the first order PDE of the form [5,6]

ou Ju
7 TPy =0, (A-9)
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look for characteristic curves in the xy- plane along which the solution u satisfies an

ODE. Consider u along a curve y = y(x). On this curve,

d __O0u | dudy

Eu(x,y(x)) = o + 9y dx (A.10)
Comparing Eq.(A.9) and Eq.(A.10), if it is required

d

—=p(x) (A11)
then the PDE becomes the ODE of the form

d

Eu(x,y(x)) =0 (A.12)

These are the characteristic ODEs of the original PDE. If it is expressed the general
solution to Eq.(A.11) in the form x (x,y) = C each value of C gives a characteristic

curve. Eqg.(A.12) says that u is constant along the characteristic curves, so that

u(x,y) = fc) = f(x (x,y) (A.13)
The Method of Characteristic-Special Case

Theorem A.2

The general solution to g—z +p(x,y) g—;‘ = 0 is given by u(x,y) = f(= (x,y)) where

(> (x,y) = C gives the general solution to Z—Z = p(x,y) and f is any differentiable

function of one variable [5].

Example A.3

Solve ZyZ—Z +3x%2 -1 Z—; = 0 by the method of characteristics.

Solution: First, it is divided the PDE by 2y obtaining

dy  3x%-1
dx 2y

This is a separable equation
2y dy = 3x% — 1 dx,
y2=x3-x+c.

Then, the solution is y2 — x3 + x = ¢ and hence u(x,y) = f(y? — x3 + x).
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This technique can be generalized to PDEs of the form

[o] a
A(x,y)£+B(x,y)£= C(x,y,u). (A.14)
Example Ad
Solve =4 x=—=u,
ox ay
au dy
As above, along a curve y = y(x), —u(x y(x)) == + 3, 2 - Comparison with the

original PDE gives the characteristic ODEs d—i = Xx. Eu(x’y(x)) =
u(x,y(x)). First, y = ? + y(0) and second that u(x,y(x)) = u(O,y(O))ex =

f(y(0)e*. Combining these gives u(x,y) = f(y — %)ex.

Summary

Consider a first order PDE of the form
ou ou _
Ao y)ge + B y) o= Cloy,u) . (A.15)

When A(x,y) and B(x, y) are constants, a linear change of variables can be used to
convert Eq.(A.15) into an ‘ODE’. In general, the method of characteristics yields a
system of ODEs equivalent to Eqg.(A.15). In principle, these ODEs can always be
solved completely to give the general solution to Eq.(A.15).

A.2 Second Order PDE in Two Variables

The general second order PDE in two variables is of the form

ou du 0%*u 0d%u 9%u

F(X y,u '6_ 5 ﬁ _axay E) =0 (A16)

The equations is quasi-linear if it is linear in the highest order derivatives (second

order) that is of the form
a(x, V, U, ux,uy)uxx + Zb(x, Y, U, Uy, uy)uxy + c(x, y,u, ux,uy)uyy

= d(x, Y, U, Uy, uy).
(A.17)
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The equation is semi-linear if the coefficients a, b, c are independent of u. That is if it
takes the form

a(x, YUy + 2b(x, Y)Uyy + c(x,y)Uy,y, = d(x, Y, U, Uy, uy). (A.18)
Finally, if the equation is semi-linear and d is a linear function of u, ux and wy, the
equation is linear. That is when F is linear in u and all its derivatives. The semi-
linear equation above and attempt a change of variable to obtain a more convenient
form for the equation

Let3 = 0(x,y) ,n = (x,y) be an invertible transformation of coordinates. That is
20 20
aGGn) _ [ox dy

e R R (A.19)
dx 0Oy
By the chain rule,
Uy = uz@y + uyPy, (A.20)
Uy, = uz@, + ugp,,, (A.21)

Upx = U§®xx + Qx(Uﬁ@x + qull’x) + Urllpxx + lpx(Urlg(Dx + Urml/)x)-
= Ugg®% + 2Uz @Yy + Uyyipz +Hirst order derivatives of . (A.22)
Similarly,

Uyy = Uzz®% + 2Uz, 0,1, + Upqp2 + first order derivatives of u.  (A.23)

Uy = U0,0,, + Ugn((bxlpy - (?)ylpx) + Upqpxtpy, + first order derivatives

of u. (A.24)
Substituting into the PDE it is acquired that,

A% nuzz + 2B(3,nuz, + C(3 0wy, = D(g, n, U, Uz, url), (A.25)
where

A% 1) = a®i + 2b0, 0, + cd3, (A.26)

B(3,1n) = a®,y + b(B,hy + ¥ ®y) + c(Dy1y) (A.27)

CE M) = ayz + 2byipy, + iy, (A.28)
It is easily follows that

B2 — AC = (b? — ac)(%)z. (A.29)
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Therefore B%2 — AC has the same sign as b? — ac.Now, it is choosed the new
coordinates 3 = @(x,y) ,n = Y(x,y) to simplify the PDE. @(x, y) = constant,
Y (x,y) = constant defines two families of curves in R%. On a member of the family

@(x,y) = constant then

B =0,+0,y' =0, (A.30)
Therefore, substituting in the expression for A(%, 1) it is acquired that

A% n) = aBly'? —2b@,y" + c0% = @%[ay'® — 2by’ + ], (A.31)
It is choosen that the two families of curves given by the two families of solution of
the ordinary differential equation

ay’* —2by' +¢c=0. (A.32)
This nonlinear ODE is called the characteristic equation of the PDE and provided

that a # 0, b2 — ac > 0 it can be written as

y' = b¥ybegls ) (A.33)

a

For this choice of coordinates A(%,1) = 0 and similarly it can be shown that
C(%,1n) = 0. The PDE becomes

ZB(gr rl)ugrl = D(g, 1, ug: url) ) (A34)
where it is easy to show that B(%,1) # 0. It can write the PDE in the normal form
ugy = D(%n,uzuy). (A.35)

The two families of curves @(x, y) =constant, 1(x, y) =constant acquired as
solution of the characteristic equation are called characteristic and the semi-linear
partial differential equation is called hyperbolic if b2 — ac > 0 so it has two families
of characteristics and a normal form as given above if b? — ac > 0, then the
characteristic equation has complex solution and there are no real characteristic. The
functions @(x, y), ¥ (x, y) are now complex conjugates. A change of variable to the

real coordinates

% = @(XJY) +¢(x:3’); n= _l((b(x'}’) _¢(X,Y)) ) (A36)
results in the partial differential equation where the mixed derivative term vanishes,
Uzz + Uy = D5, w, Uz, uy) (A.37)
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In this case the semi-linear partial differential equation is called elliptic if b2 — ac <
0. Notice that the left hand side of the normal form is the Laplacian. Thus Laplaces

equation is a spectral case of an elliptic equation (with D = 0).
If b2 — ac = 0, the characteristic equation y' = S has only one family of solutions

Y (x,y) =constant. Apply change of the variables

F=x, n=9vky), (A.38)
then

A% 1) = a, B(3n) = ayy + by, (A.39)

2_(p2_ 2 2

C(n) = ap? + 2biap, + cypf = SRRITC OV BG4

also since ¥ (x, y) =constant,
’ g Yx+byp B(31n)
0 =y +yy’ = P + Pyp = L2 = T (A41)

therefore, B(%3,n1) = 0, C(%,n) = 0, A(3,11) # 0 and the normal form in the case
b? —ac=0is

A% nugz = D(3,n,u,ug, uy) or finally uzz = D(%,n,u, uz, uy) . (A.42)
The partial differential equation is called parabolic in the caseb? — ac = 0. An

example of a parabolic PDE is the equation of heat conduction

ou

2%u
>~ K55=0 where u = u(x, t). (A.43)

The wave equation u,; — u,, = 0 is a hyperbolic equation. The Laplace equation
Uyyx = Uy, = 0 is aelliptic equation [5,6].

Example A.5
Classify the following linear second order PDE and find its general solution xyu,, +

XUy — YU, = 0.
2
In this example b? — ac = (x?)2 = 0 the PDE is hyperbolic provided x # 0 and the

characteristic equations are

2 2

; _ bFVb%-ac _ xjix? —0or X
y' = = =0or I,
a xy y

If y'" =0 then y =constant,

77



If y' = i , x? — y? =constant. Therefore two families of characteristic are

%2 =x% —y?, n =y. Using the chain rule a number of times, it is calculated that the
partial derivatives
Uy = Uz2Xx + uy X 0 = 2xuz,
Uey = 2uz + 2 (Ugz X 2% + uzy X 0) = 2uz + 4x?uz
Uyy = 2x(uzz(—2y) + uzy X 1) = —4xyuz; + 2xuz, .
Substituting into the PDE the normal form is obtained as
uz, = 0 (provided x # 0).
Integrating this equation with respect to
uz = f(%),
where f is an arbitrary function of one real variable. Integrating again with respect
to %
UGG = Jf®d5+G6Mm) =F&) + ),
where F, G are arbitrary functions of one real variable. Reverting to the original

coordinates the general solution is found as
u(x,y) = F(x* —y?) + G(y).

Example A.6
Classify, and reduce to the normal form and obtain the general solution of the PDE
X2 Uy + 2XY Uy, + YPUyy = 4x%
For this equation b? — ac = xy? — x%y? = 0 the equation is parabolic everywhere

in the plane(x, y). The characteristic equation is
r_b_xy_ Yy
y = a x2  x
Therefore there is one family of characteristics % =constant. Let% = x and n = 2

X

then using chain rule

ux=ug><1+un(;—§)=u§—y

x—zu

Il!
1 1
uy=ug><0+uq(;)=;un,
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2y
x3

y2

— 2y
Upx = Ugg = 5 Ugn T 5 Uny T 35Uy

Uyy = 2 Unn»

_1 y 1
Uyx = TUznp ~ 5 U — 2 Un

Substituting into the PDE it is acquired that the normal form
U =4,
Integrating with respect to %
uz = 4% + f(n) where f is an arbitrary function of a real variable. Integrating
again with respect to % gives
UG n) =25 +3f(m) +gm),
Therefore the general solution is given by

u(x,y) = 2x2 + xf (%) + g(%) where f, g are arbitrary functions of a real

variable.

Example A.7
Consider yuy, + u,, = 0 inthe region where y > 0, the equation is elliptic. Solving
yu? + 1 = 0 one finds two complex solutions

M1=y1i,2 and  u, =yz/iz then looking for two complex families of

characteristics,

%+M1 =0and Z—z+y2 =0,Z—z+#=0 and,Z—z+y:—/i2=0,
The solutions of the equations are

§y3/2 + ix = ¢, and §y3/2 —ix = ¢y,
Therefore,

Q= §y3/2 +x and Y = §y3/2 — x and then

§=2(@+9) =<y and n = (0 - ),

The derivatives of % and n are,

79



% =0, %, =y"%,n, =1,n, = 0with u(x,y) = v(%(x,),n(x,y)) it gets
Uy = Uy Uy = Y205 Uy = Vg, Uy = YUz + 1/2y 7?0,
Substituting into the equation, one can obtain
vgg+v,m+%vg =0.
2y2

2

Finally, since 3 = §y3/2, the equation becomes vz + vy, + :

vz = 0.

A.2.1 Boundary Value and Initial Value Problems for 2" order PDEs
PDEs can have several solutions, for instance, the following Laplace equation

Unx +Uyy =0 (A.44)

is solved by u = x? — y?, u = e*cosy, u = In(x? + y?). It is usually difficult to
find the general solutions for higher-order PDEs therefore a unique solution can be
obtained by imposing extra constraints on the boundary of the region in space
variable or at time variable.
If there are too many constraints, the problem is called overdetermined and does not
have any solutions. If there are very few constraints, the problem has more than one
solution. A differential equation is called a boundary value or initial value problem if
it has been given with all necessary boundary and/or initial conditions. Most usual
IVPs, in aregion IR™ X [0, +o0) defined as follows [5,6];

The Cauchy Problem
Find a function u such that

PDE in R™ X [0, +0)
or U lg—g=> (x) (A.45)

{PDE in R™ X [0, +00)
Ut le=0= P(x)

U lg=o=> (X)

where > and 1y are given functions, defined in R™. Mostly used BVPs, in a region Q
in space, are given as in below;

The Dirichlet Problem: Determine a function u such that
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{ PDEnQ -\ pere s is a given function defined on a0 (A.46)

u =X on 9}
The Neumann Problem: Find a function u such that

PDE in Q ) _ _ _ oU .
U _ where 1 is a given function defined on dQ and — is the
o = Y on 00} on
normal derivative. (A.47)

A BVP is called well posed if it has a solution, this solution is unique and the

solution depends continuously on the data given in the problem.

Examples for Different types of Initial and Boundary Value PDE Problems

(i) For Hyperbolic Equation

Ut (X, 1) = Uy (x5, 1) (A.48)
u(x,0) = f(x) , (A.49)
u(0,t) =u(l,t) =0 . (A.51)
Fourier’s Method

To find the solution of differential equation u;;(x, t) = u,,(x,t) on (0,1) apply the

separation of variables ansatz

u(x, t) = v)w(t) , (A.52)
and inserting the ansatz into u;; (x, t) = uy,(x,t) on (0, 1) gives that
vOw"(t) =v" (x)w(t) . (A.53)
i Wll(t) _ vll(x) . i .
or, if v(x)w(t) =0, O It follows, provided v(x)w(t) is a solution of
differential equation Eq.(A.48) and (x)w(t) # 0 , V:’(g) =const.=: —1 and U;’(S;) =

—A since x,t are independent variables. Assume v(0) = v(l) = 0 then v(x)w(t)

satisfies the boundary condition Eq.(A.51). Thus looking for solution of the
eigenvalue problem

—v"(x) = Av(x) in (0,1), (A.54)

v(0)=v()=0. (A.55)
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results has the eigenvalues A,, = (?n)2 , (n=1,2,...) and associated eigenfunctions

as v, = sin(% nx). The solutions of

—w" (t) = A, w(t) are sin(\/)l_nt) , cos(\/l_nt).
can be get by setting w, (t) = a,cos(\/Ant) + By, sin(\/A,t) where a,, 5, € R. Itis
easily seen that w,, (t)v, (t) is a solution of differential equation Eq.(A.48) and since
Eq.(A.48) is linear and homogeneous, also uy = XN_, w,, (t)v,(x) which provides
the differential equation Eq.(A.48) and the boundary conditions Eg.(A.51). Consider
the formal solution of Eqg.(A.48) and Eq.(A.51).

u(x, t) = Z;’le(ancos(\//l_nt) + fBn sin(\//l_nt) sin(\//l_nx)) (A.56)
Here “formal” means that it is known that here neither that the right hand side
converges nor that is a solution of the IBVP. Formally, the mystery coefficients can

be estimated from initial conditions Eq.(A.49) and Eq.(A.50) as follows;

u(x,0) =Y a, sin(\//l_nx) = f(x), (A.57)
Multiplying this equation by sin(,/2,x) and integrate over (0, 1),

a, fol sin?(\[2,x)dx = folf(x) sin(,/2,x) dx, (A.58)
Recall that; [, sin(y/Z,x) sin(y/Zx) dx = ~ 8 then

a, = %folf(x) sin (”l—kx) dx. (A.59)
By the same argument it follows from

u(x,0) = Yozq1 Bn \/l—nsin(\/l—nx) =gx), (A.60)
that

B == ;g0 sin (% x) dx . (A.61)

Under additional assumptions f € Cg(0,1), g € €3(0,1) it follows that the right
hand side of Eq.(A.56), where «,, B, are given by EQ.(A.59) and Eq.(A.61),
respectively, defines a classical solution of Eqg.(A.48) and Eq.(A.51) since under
these assumptions the series for u and the formal differentiate series for

Uy, Uge, Uy, Uyy CONVErges uniformlyon 0 < x <1,0<t<T, 0 < T < oo fixed.
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Example A.8
Rectangle membrane
Let QO = (0,a) x (0,b). Using the method of separation of variables it is found all

eigenvalues of (—Av = Av in Q), (v = 0 on dQ) which are given by

Al = /k—z o k,l = 1,2,.. and associated eigenvalues, not normalized are

Uy (x) = sin (Z—k xl) sin (”ch xz) (A.62)

(if)For Parabolic Equations

Consider the initial-boundary value problem for ¢ = c(x, t)

¢ =DA.inQ X% (0,00), (A.63)
c(x,0) = co(x) x€Q , (A.64)
2 =0 on 90 % (0,) |, (A.65)

Here is Q0 c R™, n the exterior unit normal at the smooth parts of dQ, D a positive
constant and c,(x) a given function. In practice to diffusion problems, c(x,t) is the
concertiation and D the coefficient of diffusion. First Fick’s rule says that w =
D dc/aQ, where w is the flow of the substance through the boundary 9Q. Thus, it is
assume that there is no flow through the boundary, according to the Neumann
boundary condition Eg.(A.65),

(ii1) For Elliptic Equations
Assume Q c R™ is a connected domain.
Dirichlet Problem
The Dirichlet Problem (first boundary value problem) is to find a solution u €
C2(Q) NnCQ) of
Au=0inQ (A.66)
u=®onadQ, (A.67)

Assume Q is bounded, then a solution to the Dirichlet problem is uniquely specified.
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Neumann Problem
The Neumann Problem (second boundary value problem) is to find a solution
u € C2(Q) n C(Q) of

Au=0inQ, (A.68)

u=9oonadQ, (A.69)
where @ is given and continuous on dQ. Assume Q is bounded, then a solution to the

Dirichlet problem is in the class u € €?(Q) and uniquely determind up to a constant.

Mixed Boundary Value Problem
The mixed boundary value problem (third boundary value problem) is to find a
solution u € C2(Q) N C(Q) of

Au=0inQ , (A.70)

Zthu=d ondQ (A.71)
where @ and h are given and continuous on 9Q.Assume Q is bounded and
adequately regular, then a solution to the mixed problem is uniquely specified in the

class u € C?(Q) provided h(x) =0 on dQ and h(x) > 0 for at least one point
x € 01).

Green’s Function for A

The harmonic function satisfies

ou(y) ay(y,
u() = [0 5.2~ u() Hds, | (A.72)

where y(y, x) is a main solution. Usually, u does not provide the boundary condition
in the above boundary value problems. It is tried the find a @ such that u provide also
the boundary condition, since y = s + @ where @ is an arbitrary harmonic function

for each fixed x. Consider the Dirichlet problem, then looking for a @ for instance,

Y, x) =0, yedQ, xeQ (A.73)
then
— _ Iy (y.x)
u(x) =— [, on, u(y)ds,, xe€odQ (A.74)
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Suppose that u takes its boundary values @ of the Dirichlet problem, then

ay(y,
u() = - f, g(:y")cp(y) ds, . (A.75)

It is claimed that this function solves the Dirichlet problem Eq.(A.66) and Eq.(A.67).
A function y(y,x) which satisfies Eq.(A.72), and some additional assumptions, is

called Green’s function. Rather, it is defined a Green function as follows;

Definition

A function G(x,y), y,x € Q,x # y, is called Green function related to Q and to the
Dirichlet problem Eq.(A.66) and Eq.(A.67) if for fixed x € Q , it is considered
G(x,y) as a function of y, with the following specifications hold:

1)G,x) € C2(Q/xNNC(Q/{x}), byG(x,y) =0, x #y,

2) (. x) —s(lx—yDEC2Q)NCW),

(y,x)=0ifyeodQ, x+y.
For more details see the reference [5,6].
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