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Abstract

The present paper describes the implicit fractional pantograph differential equation
in the context of generalized fractional derivative and anti-periodic conditions. We
formulated the Green'’s function of the proposed problems. With the aid of a Green's
function, we obtain an analogous integral equation of the proposed problems and
demonstrate the existence and uniqueness of solutions using the techniques of the
Schaefer and Banach fixed point theorems. Besides, some special cases that show the
proposed problems extend the current ones in the literature are presented. Finally,
two examples were given as an application to illustrate the results obtained.
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1 Introduction

The fractional calculus, which allows for the integration and differentiation of functions
with non-integer orders, is one of the fastest-growing areas of mathematics based on the
findings that fractional operators were used in mathematical modeling [10-12, 21, 25,
27,29].In [9, 19], the authors presented the so-called fractional differential operator of a
function with respect to another function. These operators have generalized several well-
known fractional operators dealing with the fractional derivatives of Caputo, Caputo—
Hadamard, Caputo—Erdélyi—Kober and Caputo—Katugampola. Also, these operators have
been successfully used to solve population growth and other models.

The most favored area of study in the field of fractional differential equations, which
has received significant attention from researchers, is the theory of existence and unique-
ness of solutions. Many researchers have introduced some interesting results on the ex-
istence and uniqueness of solutions of various initial/boundary value problems, using
different techniques used in fixed point theory. For more details we refer the reader to
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[5, 6, 16, 18, 26, 30, 31]. In particular, the pantograph delay equation was used as an effec-
tive tool to gain insight into some of the current issues emerging from different fields of
knowledge, such as quantum mechanics, probability, number theory, control systems and
electrodynamics. However, a significant study has been carried out on the properties of
this form of fractional differential equation, both analytical and numerical, and interesting
results have been published; see [13, 15, 23].

Recently, Idris et al. [7] examined the implicit fractional pantograph differential equation

given by

HDYPPu(t) = gt u(e), u(®t), DI u(9t)), te€(0,6],0<y <1,0<¥ <1,

. . (1.1)
H(I)IB'¢M(O*) =3 dkﬂgf’u(tk), B=y+p-yp,0<iy<bdieR,neN,

where Dg;p ;¢(-) represent the fractional derivative of order y and parameter (0 < p < 1),
in ¢-Hilfer setting. ]I(I)Iﬂ ‘¢(-) and ]Ig;fl’ (-) are ¢-Riemann-Liouville fractional integrals of or-
der 1 — B and g > 0, respectively and g : (0,5] x R® — R is a continuous function. The
authors have established the existence and uniqueness of solutions using Schaefer’s and
Banach’s fixed point theorem techniques. Besides, two different kinds of stability were
discussed in the context of Ulam—Hyers and the generalized Ulam—Hyers theory. Anti-
period problems have attracted the attention of researchers as anti-period boundary con-
ditions occur in different disciplines. In the last two decades, these problems have been
utilized for a wide variety of fields of science and engineering, such as underground water
flow, populations dynamics and blood flow. Literature related to these problems can be
found in [4, 28, 32, 34, 35].
Li et al. [22] studied the impulsive boundary value problem described by

€D v(t) = F(t,v(t), teT*=[0,1\{t1,..., 1x}
AvE) =L, AV =], j=L...k (1.2)
c1v(0) = —co¥(1), a1V (0) = —cv'(1),

where CD8+(-) is the Caputo fractional derivative of order (1 < p <2), ¢; > ¢; >0, F :
[0,1] x R — R is jointly continuous function, [;,J; € R and ¢ satisfy 0 = o < £; < --- <
bk <tie1 =1, Av(Y) = v(t].*) - V(t}-_) with v(t/.*) =lim_ o+ V(¢ + €) and v(tj‘) =lim._o- v(t; + €)
representing the right and left limits of v(¢) at ¢ = ¢;. Recently, Ali et al. [8] examined the

existence, uniqueness and stability of the boundary value problem:

D w(t) = Ot w(t), w(¢t), “DEL w(t)),
te0,%],2<a<3,0<¢<1,T>0, (1.3)
w(0) = -w(%), Dy w(0) = -“DJ, w(T), “Df, w(0) = —“Df, w(T),

where “Dg (-), “Dj.(-), “Dj. () are Caputo fractional derivatives of order (2 < & < 3), (0 <
r<1)and (1 <t <2), respectively, and @ € C([0,%],R3,R).
Inspired by the above recent results, we investigate the existence and uniqueness of so-

lutions of the following nonlinear implicit fractional pantograph differential equation with
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®-Caputo fractional derivative and more general anti-periodic boundary condition (IFP-
BVPs). In short the IFPBVPs are of the form

CDEPaE) = f(t,2(0), 200, “DP2D), teT=[0,61,0<0 <1, >0,
0z(0) = ~e2(§), 0 “DE720) = - DY (8), o

achgfpz(O) = —achZi(DZ(S),

where CDSF ), CDS’;:D(J and CDgfb(-) are ®-Caputo fractional derivative of order (2 <
r<3),(0<p<1)and (1 < g < 2), respectively with respect to ® € C([7,R]) such that
@' (t)>0,forallt e J, a1 > ay >0.

Moreover, we also study the nonlinear implicit fractional pantograph boundary value
problems (IFPBVPs) of the form

“DyPa(t) = f(t,2(0), 2(00), “ D 2(¢), t€ T =[0,61,0<0 <1,§>0,
12(0) + apz(§) = 0, 1892(0) + 2802(§) = 0,

(1.5)

where CDSfD(~) is a ®-Caputo fractional derivative of order (1 < r < 2) with respect to an-
other function ® € C([J,R]) such that ®'(¢) > 0, forallt € J,a1 > a3 >0, 8¢ = q)%(t) %)z(t)
and f: [0,&] x R® — R is a given continuous function.

Remark 1.1
i. Observe that, if &3 = @y = 1 and ®(¢) = £, problems (1.4) and coincide with Caputo

fractional differential equation considered in [8] and [1, 3, 14] respectively.

ii. If ®(¢) = Int problems (1.4) and (1.5) reduce to the Caputo—Hadamard fractional
differential equation [17].

ili. If ®(¢) =¢” problems (1.4) and (1.5) reduce to the Caputo—Erdélyi—Kober fractional
differential equation [24].

iv. If d(¢) = %, o >0 problems (1.4) and (1.5) reduce to the Caputo—Katugampola

fractional differential equation [20].

To the best of our knowledge, this is the first paper to discuss the existence and unique-
ness of solutions for a class of nonlinear implicit fractional pantograph differential equa-
tions using ®-Caputo fractional derivative with a more general anti-periodic boundary
condition. Also, this work contributes to an improvement in the qualitative aspects of frac-
tional calculus, boundary value problems, pantograph equations. However, the ®-Caputo
fractional and anti-periodic condition considered in this work is more general than the
current ones described in the literature (see the Conclusion section for more details).

The outlined of this paper is as follows: In Sect. 2, we recall the main definitions, the
®-Caputo fractional derivative and some theoretical results in line with the ®-fractional
operators needed in a later section. In Sect. 3, we establish a relation between the proposed
problems and mixed-type integral equation with the help of a Green’s function. Besides,
we investigate the existence and uniqueness of solutions using the techniques of Schaefer’s
and Banach’s fixed point theorems. Some particular cases and theoretical examples are
discussed, as can be seen in this section. Finally, we summarize the theoretical results in
Sect. 4.
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2 Preliminaries
This section recalled some basic definitions and lemmas concerning fractional operators
that are essential throughout the writing of the paper.

Let E = C([7,R]) be a Banach space equipped with the norm defined by

lzllg = max{|z(£)| : £ € T}.

The space of all absolutely continuous real valued function on J is denoted by AC([7, R]).
So, we define the space AC4([J,R]) by

d
ACh (LT, R]) = {f L T — R (857)(8) € AC(LT,R]), 8 = (D/l(t) = }

with the norm defined by

n-1
Fllacy = > [186f e
k=0
where ® € C"([J,R]), ®'(¢) >0 on J and 8% = 8484 - - - 0.
————

k-times

Definition 2.1 ([21]) Let f € L![a, b] be a function. Then the fractional operator

Zf(t) = _E /t(t -0 Yf(r)dt, r>0,t>a>0, (2.1)

I'(r)
is referred to as a Riemann-Liouville integral of order r provided the right-hand side of
(2.1) exists.

Definition 2.2 ([21]) Let n € N, r,t,a € R, and the function f € C"[a, b]. Then the frac-
tional operator

ﬁ f;(t — )Y dr, r>0,t>a>0,

%z(t), r=mn,

“Drf(t) = (2:2)

is referred to as Caputo’s fractional derivative of order r provided that the right-hand side
of (2.2) is point-wise defined on (a,00) and n = [r] + 1.

Definition 2.3 ([21]) Suppose (0,5] C R, is a finite or infinite interval. Let f € L'[0, b] and
®(¢) > 0 be monotone function on (0, ] such that ®'(¢) € C([(0, b), R]). Then the fractional

operator

;P _L ! ’ _ r-1
(Z52f) () = F(r)/o ' (s)(P(t) - d(r)) f(r)dr, r>0,t>0, (2.3)

is called a ®-Riemann-Liouville fractional integral of order r of the function f with respect

to another function ®.
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Definition 2.4 ([9, 19]) Let f, ® be two function such that f € ACL([T,R]), ® €
C"([J,R]), ®(¢) >0 and ®'(¢t) #0 for all t € 7. Then the fractional operator

Ié?_r);q’((sgf)(t), r>0,n=[rl+1,neN,
BRN@), r=mneN,

“DFEf(t) =

o (2.4)

is referred to as the the left-sided ®-Caputo fractional derivative of a function f of order

r with respect to another function ®.

Lemma 2.5 ([9]) Given f(t) = (®(t) — ®(0))X and r > 0. Then we have

il (D) - (0, keRk>n,
DS = | 7= (@(0) - 20)7, n<keN, 25)
0, n>keNU{0}.

Lemma 2.6 ([19]) Suppose f € ACL([T,R]) andn—1<r <n,neN. Then

' ‘ n-1 ® _d k
TEPCDEEf B =f(1) -y w (83/)(0),

k=0

forallt e J. Moreover, it for 2 < r < 3 yields
TEPCDEEf(8) = £(6) — bo — bi ((£) — D(0)) - by (@(2) - ©(0)),
where by, by, by are arbitrary constants on R.

Theorem 2.7 (Schaefer’s fixed point theorem [36]) Let N : E — E be a completely con-
tinuous operator. Suppose that the set ©(N) = {z € E : z = e(Nz),for some € € [0,1]} is
bounded, then N has a fixed point.

Theorem 2.8 (Banach’s fixed point theorem [36]) Let E be a complete metric space, and
N be a contraction on E. Then there exists a unique z € E such that N (z) = z.

3 Main results

In this section, we transform the proposed problem (1.4) into an equivalent integral equa-
tion with the help of the Green’s function. Besides, the existence and uniqueness of solu-
tions of problem (1.4) were establish using the techniques of Schaefer’s and Banach’s fixed

point theorems.
Lemma 3.1 Suppose that2 <r <3 andf:J x R> — R be a continuous function for any

ze€ AC2([J,R]). A function z € AC% ([T, R)]) is a solution of the problem (1.4) if and only
if z satisfies the following integral equation:

H
z(t):/ H(t,r)dD/(r)f(t,z(r),z(ar),CDS?z(r)) dr, (3.1)
0
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where H(t, T) is the Green’s function described by

H(t, )

(21 +09)(P(O=B(2)" "L~y (®()-D (1))~
(g +ap)T(r)
T(2p)lery (B(€) -0 (0)) (1 +a13) (B ()~ D(0))] B rep-1
(@1 +2) T (r—p)(B(E)-D(0) 17 (®(€) - @(7))
[ FC-lpea(®()-0(0)*2a1 1) 6)-0(0) + o1 +e2) 2-p)@)-G(0)]
21 +02)(2-p) (r—q) (@ (§)-D(0)) 12

+

= X (®E)- @)1, O0<t<t<§ (3.2)
@ (E)-PO) | T2-p)[aa(P(E)-2(0) (a1+0t2)(<1> —p-1
(a1 +a2)T(r) + (a1+02)T (r—p)(D(§)-P(0) (q>(§) - QD('[))V P

_ [TB-q)lpaz(®(§) - $(0))* - 2(en +02)(P(5) - <l>(0))(<l>(t) @(0)) + (o1 +02)(2 - p)(D(£) - 2(0))*]
[ ]
2(a1 + )2 - p)L(r - g)(D(E) - 2(0))'7

X (@) - ()T, 0<t<rt<é&.

For the sake of simplicity, we will denote 7,(¢) = CD0+ z(t) =f(t,2(¢), z(c t), T,(t)), Ko (€) =
(®(§) - ©(0)) and Ko(2) = (D(2) — ©(0)).

Proof Suppose z € AC%([J,R]) satisfies problem (1.4), then it is enough to show that z
also satisfies the integral equation (3.1). Indeed, by applying the ®-Riemann-Liouville
fractional operator to both sides of the first equation of problem (1.4) and making use of
Lemma 2.6 yield

1t ,
2(t) = W/o ®'()(®(1) - D(2)) ' Talx) dr
— b — by (®(2) — D(0)) — by (D(2) — B(0))*

= TEPTL(0) — bo — by (D(2) - D(0)) — by (D(2) - B(0)), (3.3)

where by, by, by € R, are arbitrary constants to be determine. Using the facts that CD‘giq)c =
0 (cis constant), “DY ((¢) - (0)) = LE-2D (q)(r i ,CDES (@ (t) - @(0))? = 2 <I>(t12(3 S)))H and
CDEPTEPT(E) = Ty To(t), we get

bi(®() — ()P 2by(D(2) — D(1))*F

C ;D Yy r—p; ® _ _
DEP2(t) = Iy PO To(t) TG=p) TG=p) : (3.4)

Similarly, “DJ” ((£) ~ ®(0)) = 0 (1 < g < 2), “DE(@(B) — B(0))* = 22U g
DI TEPT() = Ty " T.() give
2by(®(t) - (r))* 7

“DEPa(e) = " To(e) - fGa (3.5)

In view of Eq. (3.3) and the boundary condition «;z(0) + a2z(§) = 0, we have

(%)

by = ———[TEPTo(€) - by (B() — D(0)) — ba (D (E) - ©(0))]. (3.6)

(01 + 02)

Also, from the boundary conditions achgsz(O) + erCDgi(bz(S ) =0 and a1CDq+ z(0) +
achgsz(é ) = 0 and making use of Egs. (3.4), (3.5), we obtain

(3.7)

1=

F(Z—P) |: rp<l>

2b(B(E) - D)7
@E -y |0 E)- ]

r'3-p)



Ahmed et al. Advances in Difference Equations (2020) 2020:555

and

(3 61) r—q<I>

2@ oo &) (3.8)

by =

Substituting b, in Eq. (3.7), we get

F(Z 19) rpdDT(%_) F(?’ 4) r q;d

b S x 7erN 2 s o + +
1= @@ - B (0) 7 2= P(@E) - B0

T(8). (3.9

Inserting b1, b, in Eq. (3.6) gives

bo= ——T7 T.(6) -

(a1 + )

pas (3 — g)(P(&) — (0))?
20y + 2)(2 - p)

a2 - p)((&) - ©(0))Y 7
(a1 + )

T:(8)

(3.10)

Io " T).
Make use of Egs. (3.8), (3.9) and (3.10), in Eq. (3.3), we have

«(0) = % f ' (1)(@(t) - (0)) " To(r) dr

s [P e - o) T

(2 - p)eaKop(§) — (a1 + a2)Ko (2)]

(a1 + o) (r — p)(P(§) — D(0))17

~ [F(B — q)[poa (Ko (§))* — 2(0r1 + a2)Kop (§)Kop (2) + (011 + 2)(2 — p) (Ko (2))?] }
2(a1 + 22)(2 = p)T'(r — g)(P(§) — @(0))>1

&
/0 &'(1) (B(8) - B(2)) 7 To(x) dir

¢ 1
< / ' (2)(®(E) - o) T To(0)dr
0
3
=/ H(t,©)D (t)T,(t)dr. (3.11)
0

Thus, the result follows. The converse follows directly. O

Lemma 3.2 The Green's function H(t, t) defined in (3.2) fulfills the following relationships:
(A1) H(t, 1) is continuous over J;
(Az) max;e s fog H(t, 7)) (t)dt < Yy, where

a1(P(§) - 2(0)" a2 - p)(D(§) — D(0))
I'(r+1) (01 +a)L(r—p+1)
. (p+2)L'(3-q)(P(§) - 2(0))
22-p)l(r-q+1) '

Wy =

(3.12)

Proof (A;) follows trivially. In order to show (Ay), for any ¢ € 7, we have

max/ H(t,7)D (r)dt

-hax (F(r)/ '(0(@(0) - ()

Page 7 of 19
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(2%}

& -1
AT /0 &' (1)(®() - d(r) " dr
F(2 - oK () - (e +a)Ka (o)
(1 + @)L — p)(B(E) - D(0)17
| T3 Qlpoa(Ke() - 2o + w)Ke ©)Ko(d) + (@1 + )2 — p) (Ko ()]
2an + @) 2 - P — g)(B(E) - DO)71

T r-q-1
x/ /(1) (P(€) - @(x))" 7 dr)
0

&
fo ®'(2)(D(§) - d(x)) " de

< max (011(¢(t) - ®(0)) s ['(2 = p)aa(P (&) — D(0)) — (ory + a2)(D(2) — P(0))]
T teTg C(r+1) (a1 + )T (r—p + 1)(D(&) — ©(0))1-"
_TB- q) a2 (Ko (8))* — 2(a1 + 02)Kop (§)Kop (£) + (o1 + 2) (2 — p) (Koo (£))*] )
2(a +a2)(2 = p)T(r —q + 1)(P(T) - ©(0))>
_ a(®E) - e0)” . a1I'(2 - p)(®(&) - ©(0)) . (p+2)L' (3 —g)(P(&) — 2(0))
I'(r+1) (a1 +o)l(r-p+1) 22 -p)I'(r—qg+1)

< V. O

3.1 Existence result
In this subsection, we use Theorem 2.7 to establish the existence of at least one solution
to the problem (1.4) on J.

Theorem 3.3 Suppose that
(A3) There exist Ao, A1, A2 € C([T,R]) with Ay = sup,c 7 |Ao(£)], A} = sup,c 7 [A1(8)], A5 =
sup,e 7 [A2 ()] < 1, such that

|f (& w1, i, us)| < ho(£) + A (D[ || + ] + Ao (8) s3]

Sfor any ui,us,us € R and t € J. Then the proposed problem (1.4) has at least one

solution on J .

Proof We viewed problem (1.4) as a fixed point problem by taking into consideration the
operator N : E — E defined by

3
WN2)(t) = fo H(t,7)®'(t)T,dr foreachte J. (3.13)

Obviously, it is not difficult to show that the operator A/ is well defined and the fixed
point of V is the solution to the problem (1.4). Thus, using Theorem 2.7, we show that
the operator NV has at least one fixed point.

The proof shall be given in the following manner.

Claim 1 N is continuous.
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Suppose that z, — z is a convergent sequence in E. Thus, for ¢ € J and using assump-
tion (Ay) yields

§
[(Nz)(®) - N2 )] = /0 H(t, 1)@ (1)(T2,(2) - To(v)) de

&
= /0 [1(2,)|@'(0)| Tz, () - Ta(o) | e (3.14)

< W |T,, () - Ta(v)].

Since 7T is continuous, we get
NG, = Nzllg— 0, asn—> oo.

Claim 2 N maps bounded sets into bounded sets.

Let y > 0, and construct a closed convex set z € B, = {z€ E: ||z|[g < y}. Then we show
that there exists n > 0 such that |V (2)||g < 7.
Indeed, for any z € B3,

&
|N(z)(t)| = ‘/(; H(t, T)P' (1) T,(r)dr
(3.15)

3
< [ e 0@ )70
0
It follows from assumption (Aj3) that

|20 = |f (¢, 2(2), 2(0 1), T (2)) |
<o) + @) (|z®)| + |2(08)]) + 12| T2(8)|

Mo+ 22 Iz]le (3.16)
Yy

* *
- )»0+2k1y.
143

In view of Egs. (3.15) and (3.16), we get

* * 3
N < (W) ( / |H<r,r)|<b'(r>dr>. (3.17)
A2

Using property (A;) and inequality (3.17) yields

e, = (525w,

1-2; (3.18)

=17 <00.

Claim 3 N maps a bounded set into an equicontinuous set.

Page 9 of 19
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Suppose t),t; € J such that t, > ¢; and B, as defined in Claim 2, above. So, for any
z € B,,, we obtain

(N2)(t2) - N2) (1)

< ﬁ /0 O O(@() - ) = (@(6) - 0(0)) ]| Te()] de
¥ ﬁ L (0)((t2) - () 7o) dr

Te-9@) - 0@) (¢
=) (®E) - DO) 7 Jy
 TB-9@() - o)
=PI - g (®E) - B(0)
FG- g @) - o) (¢, .
A= (&) B(0)P T /o ¥E)(@E) - e@) [T de
3 [2@(1:2) _ (1)) - [(@(ts) - DO — (() - BO)]
I'(r+1)
TR-9©)- o)
Fr-p+1)
[(3- g)(®(t) - D))
@-pTr-q+1)

[(3 - Q(@(t) - B(0)? (5 2y
P PO =2 e - o) | ()

®'(2)(®(§) - (1)) 7| To(v)| dr

/E ' (7)(P(§) - CD(r))HFl|’T(r)‘ dr
=1 Jo ‘

1

(@) - 2(0))"

(®(5) - ©(0))"

— 0, ast;— t. (3.19)

Hence, as a consequence of the Arzeld—Ascoli theorem and Claims 1-3, the operator A/
is completely continuous.

Claim 4 N is a priori bounded.
Now, consider the set
¥ ={zeE:z=¢(N2),0<e<1}.

Then it is enough to show that ¥ is bounded.
Indeed, for any z € ¥, z = (N z) where 0 < ¢ < 1, we have

&
z(t) = 8|:/ H(t, t)CD/(t)'E(t)dr].
0
It follows from (A;) and inequality (3.16) that, for each t € 7,
|2(t)| = |[eN2)(1)|
H
< max/ !H(t,f)|<l>/(r)|7;(t)| dt (3.20)
teJ Jo

=1 < +00.
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Thus, the set ¥ is bounded. As a result of Theorem 2.7, the operator N has at least one
fixed point. Thus, we conclude that problem (1.4) has at least one solution on 7. O

3.2 Uniqueness result
This subsection gives a detail proof of the uniqueness of solution of problem (1.4) by ap-

plying the concept of Banach contraction principle.

Theorem 3.4 Suppose that we have the hypotheses:
(A4) There exist constants K1,y > 0 such that

\f (& w1, w2, uz) = f (8, a1,y 183)| < Ko (Juy — 1| + |up — 2

+ Ko lus — i3]

for any uy,uy, us, Uy, s, s € Randt e J.
(As) We assume

2 \y -
<l,
-G ) !

where Wy is given by (3.12). If there exists a solution of the proposed problem (1.4), it

is unique.

Proof Consider the operator A as defined in (3.13). Let 21,2, € E and ¢ € J, then we

obtain

§
|(Nz1)() - Nz2)(8)| = /0 H(t, 1)@ (1) (T2, (v) = Ty (2)) dT

) (3.21)
< /0 I#4(6,7)| ' (0)| T () = Toy (1) v

and

| 7o () = T, ()] = [f (8, 21(0), 21(0), T2, () — £ (£:22(8), 22(08), Ty (2)) |
= K1(|Zl(t) - Zz(t)| + |Zl(0t) - Zz(Gt)D + /C2|7;1(t) - 7;2(t)| (3.22)

< (f’CK )|zl<t) ().

By substituting inequality (3.22) in (3.21), we get

|(Nz1)(®) = (Nz)(0)] ( 2K )( |H(t,7)|®'(x dr>|z1 Al

&
(121%2)(22,?/ }H(t,r)’qy(f)dt)]zl(t)_zz(,;)| (3.23)

< <12_,C]é2 > vy izl(t) - Zz(t)|'

Page 11 of 19
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Thus,

2K,
1-K,

|WNz1) - Nz) | < ( )\vlnzl 2|l (3.24)

In view of (As), this that A/ is a contraction and hence has a unique fixed point. There-
fore, as a consequences of Theorem 2.8, the proposed problem (1.4) has a unique solution
onJ. O

The ®-Caputo fractional derivative as described Definition 2.4 comprises, as special
cases, certain specific forms (definitions) of fractional derivatives. Thus, the nonlinear
implicit fractional pantograph differential equation (1.4) that we have just proposed also
incorporates, as special cases, equivalent nonlinear Cauchy problems for certain forms of
fractional derivatives (see Remark 1.1). Besides, the results we have just established on the
existence and uniqueness of its solution also apply to special cases. These classes of deriva-
tives are obtained based on the choices of the arbitrary function ®(-) and the parameters
ai, .

Case 1: [8] Set a1 = @y = 1 and ®(¢) = £. Then the Green’s function defined in (3.2) takes

the form
2t-7) ! ~(g-1)""1 | T-p)E-2) -
Lo+ arerr € 0
_ TE-qpE2-46t+20-p)2] (¢ _\r—q-1 )
H(t,7) = - p) rgets G-, OsTsisE (3.25)
’ E-0t + (2-p)(E-2¢) (é‘_ )r—p—l
2T (r) 2F (r-p)g1-r
I (3-)[pt2-4¢t+2(2-p)t] r-g-1
sepre-ges 60 O<tst=f
and
r re- r +2)I'(3 - r
wi = 3 (2-p)é p+2)r(3-q) (3.26)

I'(r+1) " 2h(r—p+1) ’ 22-p)L(r-q+1)

Corollary 3.5 Suppose that the assumption (As) holds. Then the proposed problem (1.4)

has at least one solution on 7.

Corollary 3.6 Assume that hypothesis (As) holds. If

2K U<l
1-K,/) 7

where VT is defined by (3.26). If there exists a solution of the proposed problem (1.4), it is

unique on J .

Page 12 of 19
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Case 2: Let a1 # ap > 1 and ®(¢) = ¢, then the Green’s function defined in (3.2) reduces
to

(@ +0)(t=1)" Loy (E-1)""L i F(Z—P)[02$ (o1 +ap)t] (E-7) —p-1
(a1+a2)l'(r) (a1 +02) (r—p) El K4
_ LB-q)lpep&®—2(a +an)ét+(eg +a) 2-p)t> ](%- _g)-a-l
2(a1+a2)(2-p)T (r-q)§ 177 ’

O<st=t=<§

*k _
o) = ap(E-7) 1 F(Z—P)[Oézé (o1 +ap)t] (& - 7)r»-1 (3.27)
(a1 +a2)T(r) (@1 +a)l(r-p)E1-P
_ DB-q)lpon&?-2(cy +an)Et+ (e +an)(2-p)t ](é — )4l
2oy +02)(2-p)T (r—g)§ 1P ?
0<t=<rt<§,
and
o & o1 N2 - p)&E” +2)I'(3 —g)&™
o 1€ 1r'2-pk (p+2)L(3-q)k (3.28)

Lo T0+1)  @+a)lr—p+1)  2Q-pTlr—g+1)’

Corollary 3.7 Suppose that the assumption (As) holds. Then the proposed problem (1.4)

has at least one solution on 7.

Corollary 3.8 Assume that hypothesis (Ay) holds. If

2K VeS|
1-K,/) 7

where V™ is defined by (3.28), and if there exists a solution of the proposed problem (1.4),
it is unique on J .

Lemma3.9 Let1<r<2andf:J xR bea continuous function for any z € AC% ([T, R]).
A function z € AC2([J,R)]) is a solution of problem (1.5) if and only if z satisfies the fol-

lowing integral equation:

&
z(t) = / WiIt, t)dJ’(t)f(t, z(r),z(at),'ﬁ(t)) dr, (3.29)
0

where W(t, t) is a Green’s function of the form

(1 +@2)(D(B)=D(2) ! —ap (B(§)-D(x)) !
) (o1 +a)T(r)
+ [az(Q(S)_Q(O))_QZ("‘I‘*“Z)( (£)-2(0))] (CD(E) cb(_[))r_Z,

(@1 +0)2T(r-1)

Wtt)=1 0<t<t<Eg (3.30)
_ap(@E)-() ! (02 (D(£)-P(0)—erz (a1 +0r2)(D(£)-D(0))]
(1 +ap)I'(r) (a1 +a2)?T(r-1)

x (®E)-@(1)? 0=<t=<rt=<&
Proof The proofis a partial case of Lemma 3.1, so we omit the proof. d

Lemma 3.10 The Green’s function WW(t, t) defined in (3.30) adhere to the following condi-
tions:
(As) WIt, ) is continuous over [J;

Page 13 0of 19
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(A7) maxc s fog W(t, 1)@ (1) dt < Wy, where

_ [(011 +20[2)(051 +Ol2)+o(%r] ,
2 (a1 +02)* T (r + 1) (®(§) - ©(0))" (3.31)

Proof Obviously, for any ¢ € 7, the Green’s function W(t, 7) is continuous. Thus, (Ag)
follows.

In order to prove (A7), for any ¢t € J, we write

&
maxf W(t, 7)® (1) dt
teJ 0

1 § / r-1
= max [m /0 ' (r)(9E) - @(x)) dr
(05 §

. 7/ &'(0) (0() - B(x)) " de

(o +a2)T(r) Jo

[a2(D (&) — D(0)) — oz (cr1 + 02)(D(2) — P(0))]
+
(a1 +02)’T(r-1)

- [(al + 20) (a1 + a)(P(§) — O(1))"

max
T teT (o1 +ax)(r + 1)

. [a2(D(§) — D(0)) — ax(o + a2)(D(2) — 9(0))]

(a1 +02)T(r)

_ (o +2m0)(en + )(P(E) - @(2)) . a3((€) - ©(0))
- (o1 +a)T(r+1) (01 + a9)?I(r)

3
/0 ®'(z)(D(€) - (1)) dr]

(®(5) - @(r))"l]

_ [(on +2a) (o + o) + 03] (0() - (0))"

(a1 + )T (r+1)

=y, (3.32)
Hence, we have the desired result. O

Theorem 3.11 Suppose that the assumption (As) holds. Then the proposed problem (1.5)

has at least one solution.
Proof Repeating the analysis in Theorem 3.3, the proof follows. O
Theorem 3.12 Assume that hypothesis (A4) holds and
( 2k )\pz <1,
1-K,

where WV, is defined by (3.31), then, if there exists a solution of (1.5), it is unique on J .

Proof Repeating the analysis in Theorem 3.4, the proof follows. O

Now we present some special cases of the proposed problem (1.5) based on the choice

of the arbitrary function ® and parameters o, os.
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Case 3:[2, 3, 14] Let a1 = @ = 1 and ®(¢) = t. Then the Green’s function defined in (3.30)

reduces to
-0 -0t | (E-20) -2 .
Wi -]t e 0stsiss (333)
G A€ Ty 0stsTsE,
and
. 3 £ (3.34)
2o\ orer+ D" ( ) ’

Corollary 3.13 Suppose that the assumption (As) holds. Then the proposed problem (1.5)

has at least one solution on J .
Corollary 3.14 Assume that hypothesis (A4) holds. If
2K,
— W <1,
<1 - ’Cz) 25
where V5 is defined by (3.34). If there exists a solution of (1.5), it is unique on J .

Moreover, if r = 2 the Green’s function defined in (3.30) reduces to [33]

. . .
(=& -2t+21), f0O<T<t<§

W*(t,T) =
H-g+2t-27), f0o<r=<t<&.

Case 4: Suppose o # oy > 1 and ®(¢) = £, then the Green’s function defined in (3.30) takes

the form
(@1 +a2)(t=7) ap(t—7)~1 | ladE—ag(og +ag)t] (€ - )
(o +a2)T(r) (o1 +a2)?T(r-1)
W™ (t1)=1 0<t<t<§; (3.35)
ar(E—t)1 | [edE-an(ay+an)t] 2
_(a21+ot2)l"(r) + (21+oc2 20 (r-1 (%- -7, Ost=t=< g,
and
o1 + 200) (0 + ) + a2
wi [(oq 2) (0 + o) + oy ]g__,. (3.36)

(a1 + )T (r+1)

Corollary 3.15 Suppose that assumption (As) holds. Then the proposed problem (1.5) has

at least one solution on J.

Corollary 3.16 Assume that hypothesis (A4) holds. If

2K \ g
1-1,/) % 7

where \U3* is defined by (3.36), if there exists a solution of (1.5), it is unique on J.
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3.3 Examples
Example 3.17 Consider the IFPBVPs of the form

7.0
C,D()3+, Z(t) = L 7 s , L€ j = [Or 1],
(2 [1+12(0)] +12(3 )I+ICDO+ 2(1)]]

22(0) + 4z(1) = 0, 2CD0+ z(O)+4CD0+ z(1) =0,
5. 5.9
20D 2(0) + 4D 2(1) = 0.

(3.37)

Comparing (1.4) with (3.37) yields r = %, p= %, q= %, £=1,and o = % Also from the
boundary conditions we can see that a; = 2 and o = 4. Here, the functionf : 7 x R — R
defined by

1
f(t»ul’MZ,u?)): ’ tej»ulyMZ’MSER ’
(t+2)* (1 + |ua| + |ua| + |usl) "

is continuous and

[f (& 1, uz,u3)| < —— @ (L + |wa] + |ua] + |ugl), teJ,

2)4
so condition (Aj3) is satisfied with Lo(£) = A1 (£) = Ao(8) = t+2 7z and A§ = A = A3 = 1¢. Thus,
in view of Theorem 3.3, problem (3.37) has at least one solutlon onJ.

In addition, for uq, uy, u3, 1,4, € R, and t € 7,

. - 1 _ _ _
f (&, w1, i, u3) = f (8, i1, ik, 1h3) | < E(Wl — | + |uy — o] + lus — 1))

Hence, (A,) is satisfied with IC; = Ky = %. Let us denote ®(¢) = ¢ + 1. Obviously, ® is an
increasing function on [0, 1] and &’(¢) = 1 is a continuous on [0, 1]. Furthermore, by simple
computation, we get ¥; ~ 1.5628 > 0 and

2K,
W; ~0.2684 <1,
1-K

which implies that hypothesis (A4s) is satisfied. Hence, it follows from Theorem 3.4 that
problem (3.37) has a unique solution on J.

Example 3.18 Let IFPBVPs be described by

cni® 3412001412201+ €D 3 2(0)
Dg+ Z(t) = z 5 ’ t S j = [0) 1];
(65¢t +c0s 26)(L+2(2) | +]2(2 ¢ )|+|CDO+ z(%t)l) (3.38)
2z(0) + 3z(1) = 0, 2t+3z '(0) + 2t+3z (1) =

By comparing (3.38) with (1.5), we get r = g, a1 =2,09=3,0 = %, & =1 and let us denote
®(t) = £2 + 3t + 1. This implies that ®(¢) is an increasing function on [0,1] and ®'(¢) =
2t + 3 # 0, is continuous for all ¢ € [0, 1]. Moreover, the function f : J x R3® — R defined
by

3+ ug| + |ua| + |us|

tuy, U, Ug) = , teJ,u,uus Ry,
F ) = e oo 2D + x| + 2] + 13 S
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is continuous and

lf(t’ul:u27u3 3+|L{1|+|M2|+|M3|), tej,

)| = (65€! + cos 2t) (

which implies that (A3) is satisfied with A¢(¢) = m, M(t) = Aa(2) = m and
* 3 * * 1
AF =

0= i 5> = g¢- Hence, problem (3.38) has at least one solution on 7, since all the
assumptions of Theorem 3.11 hold.

In addition, for all uy, uy, us, it1, iy, 43 € R, and t € 7,

- 1 _ _ -
lf(t, uy, uy, MS) _f(ty Uy, Uy, Z43)| < &('ul - ul' + |Lt2 - Ll2| + |M3 - u3|)
Hence, hypothesis (Aj4) is satisfied with IC; = ICy = 6—16. Thus, by simplification this gives
W, A2 14.7379 > 0 and

2K1 Vg ~ 04535 <1
=~ 0. < 1.
1-1G, ) 2

Therefore, as a result of Theorem 3.12, problem (3.38) has a unique solution on J.

4 Conclusions

Nonlinear analysis is one of the best methods to analyze the applied problems. In this
paper, we were able to obtain an equivalent integral equation by formulating the Green’s
functions of the proposed problems (1.4) and (1.5). With the help of Schaefer’s and Ba-
nach’s fixed point theorems, we investigated the existence and uniqueness of solutions to
the proposed problems (1.4) and (1.5). In addition:

« The results obtained in this paper generalized those obtained from the work of
[1-3, 8, 14, 33], (see, respectively, Corollaries 3.5, 3.6, 3.13 and 3.14).

« For ®(¢) = t and taking «; # a3 > 1, we constructed the Green’s function of problems
(1.4)—(1.5) and the existence and uniqueness of solutions were presented, (see
respectively, Corollaries 3.7, 3.8, 3.15 and 3.16).

In this context, we conclude that the results obtained in this paper are new and
concern results widespread in the literature and this achievement can be regarded as a
contribution to the improvement of the qualitative aspect of fractional calculus. An
interesting extension of the proposed problems (1.4) and (1.5) would be to investigate
the positive solutions and stability analysis.

Acknowledgements

The authors acknowledge the financial support provided by the Center of Excellence in Theoretical and Computational
Science (TaCS-CoE), KMUTT. The first and the sixth authors were supported by “Petchra Pra Jom Klao Ph.D. Research
Scholarship from King Mongkut's University of Technology Thonburi” (Grant No. 13/2561). Furthermore, Wiyada Kumam
was financial supported by the Rajamangala University of Technology Thanyaburi (RMUTTT) (Grant No. NSF62D0604).
Moreover, the authors express their gratitude for the positive comments received from anonymous reviewers and the
editors, which have improved the readability and correctness of the paper.

Funding

Petchra Pra Jom Klao Doctoral Scholarship for Ph.D. program of King Mongkut's University of Technology Thonburi
(KMUTT). The Center of Excellence in Theoretical and Computational Science (TaCS-CoE), KMUTT. Rajamangala University
of Technology Thanyaburi (RMUTTT) (Grant No. NSF62D0604).

Abbreviations
IFPBVPs, implicit fractional pantograph boundary value problems.



Ahmed et al. Advances in Difference Equations (2020) 2020:555

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally to this paper. All authors have read and approved the final version of the manuscript.

Author details

' Department of Mathematics, Faculty of Science, King Mongkut's University of Technology Thonburi (KMUTT), 126
Pracha-Uthit Road, Bang Mod, Thung Khru, Bangkok 10140, Thailand. Fixed Point Research Laboratory, Fixed Point
Theory and Applications Research Group, Center of Excellence in Theoretical and Computational Science (TaCS-CoE),

Faculty of Science, King Mongkut’s University of Technology Thonburi (KMUTT), 126 Pracha-Uthit Road, Bang Mod, Thung

Khru, Bangkok 10140, Thailand. *Department of Mathematics and General Sciences, Prince Sultan University, Riyadh,
Saudi Arabia. “Department of Mathematics, Faculty of Arts and Sciences, Cankaya University, Ankara, 06790, Turkey.

Department of Medical Research, China Medical University Hospital, China Medical University, Taichung 40402, Taiwan.

5Department of Computer Science and Information Engineering, Asia University Hospital, Taichung 40402, Taiwan.

’Program in Applied Statistics, Department of Mathematics and Computer Science, Rajamangala University of
Technology Thanyaburi, Thanyaburi, Pathumthani 12110, Thailand.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 27 May 2020 Accepted: 24 September 2020 Published online: 06 October 2020

References

1.

2.

10.
11.

20.

21.

22.

Agarwal, RP, Ahmad, B, Alsaedi, A.: Fractional-order differential equations with anti-periodic boundary conditions: a
survey. Bound. Value Probl. 2017(1), 1 (2017)

Ahmad, B.: Existence of solutions for fractional differential equations of order g € (2,3] with anti-periodic boundary
conditions. J. Appl. Math. Comput. 34(1-2), 385-391 (2010)

. Ahmad, B, Nieto, J.J, et al.: Existence of solutions for anti-periodic boundary value problems involving fractional

differential equations via Leray-Schauder degree theory. Topol. Methods Nonlinear Anal. 35(2), 295-304 (2010)
Ahmad, B, Otero-Espinar, V.: Existence of solutions for fractional differential inclusions with antiperiodic boundary
conditions. Bound. Value Probl. 2009, 1 (2009)

. Ahmed, I, Kumam, P, Jarad, F, Borisut, P, Jirakitpuwapat, W.: On Hilfer generalized proportional fractional derivative.

Adv. Differ. Equ. 2020(1), 1 (2020)

. Ahmed, |, Kumam, P, Jarad, F, Borisut, P, Sitthithakerngkiet, K., Ibrahim, A.: Stability analysis for boundary value

problems with generalized nonlocal condition via Hilfer-Katugampola fractional derivative. Adv. Differ. Equ. 2020(1),
1(2020)

. Ahmed, |, Kumam, P, Shah, K, Borisut, P, Sitthithakerngkiet, K., Demba, M.A.: Stability results for implicit fractional

pantograph differential equations via ¢-Hilfer fractional derivative with a nonlocal Riemann-Liouville fractional
integral condition. Mathematics 8(1), 94 (2020)

. Ali, A, Shah, K, Abdeljawad, T.: Study of implicit delay fractional differential equations under anti-periodic boundary

conditions. Adv. Differ. Equ. 2020, 139 (2020)

. Almeida, R: A Caputo fractional derivative of a function with respect to another function. Commun. Nonlinear Sci.

Numer. Simul. 44, 460-481 (2017)

Atangana, A.: Derivative with a New Parameter: Theory, Methods and Applications. Academic Press, San Diego (2015)
Atangana, A.: Fractional Operators with Constant and Variable Order with Application to Geo-Hydrology. Academic
Press, San Diego (2017)

Atangana, A: Modelling the spread of COVID-19 with new fractal-fractional operators: can the lockdown save
mankind before vaccination? Chaos Solitons Fractals 136, 109860 (2020)

. Balachandran, K, Kiruthika, S., Trujillo, J.: Existence of solutions of nonlinear fractional pantograph equations. Acta

Math. Sci. 33(3), 712-720 (2013)

Benchohra, M., Hamidi, N., Henderson, J.: Fractional differential equations with anti-periodic boundary conditions.
Numer. Funct. Anal. Optim. 34(4), 404-414 (2013)

Bhalekar, S., Patade, J.: Series solution of the pantograph equation and its properties. Fractal Fract. 1(1), 16 (2017)
Borisut, P, Kumam, P, Ahmed, I,, Sitthithakerngkiet, K.: Nonlinear Caputo fractional derivative with nonlocal
Riemann-Liouville fractional integral condition via fixed point theorems. Symmetry 11(6), 829 (2019)

Gambo, Y.Y,, Jarad, F, Baleanu, D., Abdeljawad, T.: On Caputo modification of the Hadamard fractional derivatives. Adv.
Differ. Equ. 2014, 10 (2014)

Harikrishnan, S., Shah, K, Kanagarajan, K. Existence theory of fractional coupled differential equations via y-Hilfer
fractional derivative. Random Oper. Stoch. Equ. 27(4), 207-212 (2019)

. Jarad, F, Abdeljawad, T.: Generalized fractional derivatives and Laplace transform. Discrete Contin. Dyn. Syst,, Ser. S

13(3), 709-722 (2019)

Jarad, F, Abdeljawad, T, Baleanu, D.: On the generalized fractional derivatives and their Caputo modification.

J. Nonlinear Sci. Appl. 10(5), 2607-2619 (2017)

Kilbas, A., Srivastava, H., Trujillo, J.: Theory and Applications of Fractional Derivatial Equations. North-Holland
Mathematics Studies, vol. 204. Elsevier, New York (2006)

Li, X, Chen, F, Li, X.: Generalized anti-periodic boundary value problems of impulsive fractional differential equations.
Commun. Nonlinear Sci. Numer. Simul. 18(1), 28-41 (2013)

Page 18 of 19



Ahmed et al. Advances in Difference Equations (2020) 2020:555 Page 19 of 19

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Liu, M., Li, D.: Properties of analytic solution and numerical solution of multi-pantograph equation. Appl. Math.
Comput. 155(3), 853-871 (2004)

Luchko, Y, Trujillo, J.: Caputo-type modification of the Erdélyi-Kober fractional derivative. Fract. Calc. Appl. Anal. 10(3),
249-267 (2007)

Mainardi, F.: Fractional Calculus and Waves in Linear Viscoelasticity: An Introduction to Mathematical Models. World
Scientific, Singapore (2010)

Nieto, J, Ouahab, A, Venktesh, V.: Implicit fractional differential equations via the Liouville-Caputo derivative.
Mathematics 3(2), 398-411 (2015)

Podlubny, I.: Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differential
Equations, to Methods of Their Solution and Some of Their Applications, vol. 198. Elsevier, Amsterdam (1998)
Samet, B., Aydi, H.: Lyapunov-type inequalities for an anti-periodic fractional boundary value problem involving
¥-Caputo fractional derivative. J. Inequal. Appl. 2018, 286 (2018)

Samko, S.G, Kilbas, A.A., Marichev, O, et al.: Fractional Integrals and Derivatives, vol. 1993. Gordon & Breach,
Yverdon-les-Bains (1993)

Shah, K, Sarwar, M., Baleanu, D, et al.: Study on Krasnoselskii's fixed point theorem for Caputo-Fabrizio fractional
differential equations. Adv. Differ. Equ. 2020(1), 1 (2020)

Vivek, D,, Kanagarajan, K, Elsayed, E.: Some existence and stability results for Hilfer-fractional implicit differential
equations with nonlocal conditions. Mediterr. J. Math. 15(1), 15 (2018)

Wang, J, Zada, A, Waheed, H.: Stability analysis of a coupled system of nonlinear implicit fractional anti-periodic
boundary value problem. Math. Methods Appl. Sci. 42(18), 6706-6732 (2019)

Wang, K, Li, Y:: A note on existence of (anti-) periodic and heteroclinic solutions for a class of second-order odes.
Nonlinear Anal, Theory Methods Appl. 70(4), 1711-1724 (2009)

Yang, D, Bai, C.: Existence of solutions for anti-periodic fractional differential inclusions with caupto fractional
derivative. Discrete Dyn. Nat. Soc. 2019, Article ID 9824623 (2019)

Zada, A, Waheed, H. Stability analysis of implicit fractional differential equation with anti-periodic integral boundary
value problem. Ann. Univ. Paedagog. Crac. Stud. Math. 1(19), 5-25 (2020)

Zhou, Y, Wang, J., Zhang, L.: Basic Theory of Fractional Differential Equations. World Scientific, Singapore (2016)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Existence and uniqueness results for Phi-Caputo implicit fractional pantograph differential equation with generalized anti-periodic boundary condition
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Existence result
	Uniqueness result
	Examples

	Conclusions
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


