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Abstract

In this paper a unique coincidence value is obtained for a class of self
mappings satisfying non-expansive type condition on 2-metric spaces
under various conditions and a fixed point theorem is also obtained.
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INTRODUCTION

The concept of 2-metric space has been introduced and studied by Gahler
([2] — [4]). A number of authors have studied the contractive and contraction
type mapping in 2-metric spaces. Recently, S.L.Singh et al. [5] proved a fixed
point theorem in 2-metric space for non-expansive type mappings.

Gahler defined 2-metric space as follows:
A 2-metric on a set X with at least three points is a non-negative real-valued
mapping d: X x X x X — R satisfying the following properties:
(G1) To each pair of points a,b with a # b in X there is a point ¢ € X such
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that d(a, b, c) #

(G2) d(a,b,c) =0, if at least two of the points are equal

(G3) d(a,b,c) = d(b, ¢,a) =d(a,c,b)

(Gy) d(a,b,c) <d(a,b,u) + d(a,u,c)+ d(u,b,c) for all a,b,c,u € X
The pair (X, d) is called a 2-metric space.

The sequence {z,,} is convergent to x € X and x is the limit of this sequence
if lim d(x,,x,u) =0 for each u € X.

n—oo

A sequence {z,} is called Cauchy sequence if lim d(z,, z,,,u) = 0 for all

n,m—oo

u € X. A 2-metric space in which every Cauchy sequence convergent is called
complete.

Let f and g be two self maps of a 2-metric space (X, d).Then, f and g are
said to be compatible if TlLlrrgo d(fgxn, gfr,,u) = 0 for each u € X | whenever

{z,} is a sequence such that lim fz, = lim gz, =t € X.
n—oo n—oo

A map T : X — X is said to be non-expansive if d(Tz, Ty,u) < d(x,y, u)
for all z,y,u € X. The non-expansive type definition used herein is an exten-
sion of that of Ciric [1](see also [6]).

In [5] , the following result is obtained:
Theorem 1. Let (X,d) be a 2-metric space and T : X — X satisfying the
following non-expansive type condition:

d(T{E, Ty’ U) < a max{d(x, Y, U), d(l’, T.I‘, u)a d(y7 Tya U),
5 [d(@, Ty, u) +d(y, Tw,u)]} + bmax{d(z, Tz, u), d(y, Ty, u)}
+ cld@Ty,u) + dly, Tx, )] 1)

for all x,y,u € X where a, b, ¢ are real numbers such that a + b+ 2¢c = 1 and
a>0,b>0,c>0.Then T has a unique fixed point and 7' is continuous at the
fixed point.

We now prove the following result and that our condition (2) includes the
above condition (1) of S.L.Singh et al. [5].

Theorem 2. Let (X,d) be a 2-metric space.Let T, f be self maps of X
satisfying

d(Tz, Ty, u) a(z,y)d(fx, fy,u)
x,y) max{d(fz, Tx,u),d(fy, Ty, u)}

c(x, y)ld(fz, Ty, u) +d(fy, Tz, u)] (2)

+ 4+ IA
=
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where a(z,y) >0, §=infb(z,y) >0, v=infc(z,y) > 0 and

supla(x,y) + b(x,y) + 2¢(x,y)] = 1,2,y € X.

With T'(X) C f(X) and either

(a) X is complete and f is surjective,or,

(b) X is complete, f is continuous and 7" and f are compatible ,or,

(¢) f(X) is complete ,or,

(d) T(X) is complete.

Then f and T have a coincidence point in X .Further,the coincidence value is
unique,that is f, = f; whenever f, =T, and f, =T, ; p,q € X.

Proof.Let © = xy be an arbitrary point in X .Since T'(X) C f(X) choose x; so
that y; = fo; = Txy. In general | choose x, 1 such that v, 1 = fr,.y =Tz,
for n =0,1,2,....0n applying inequality (2) and taking

a(l‘m xn+1) = a, b(xm xn—&-l) =0, C(:L'n, -Tn-i-l) = c we get

A(Txps1, Ty, fr,) < ad(fen, fro, fT,)

b max{d(fzn, Txn, fr,),d(frni1, TThi1, frn)}
c [d(fn, Tpsr, fon) + d(fTpir, T, f2n)]

= bd(frpi1, Txni1, fT,)

= bd(frnio, frni, fon)

d(fl'n+2, fxn—‘rly f'rn)

Therefore we obtained d( fx, 2, frni1, fr,) < b d(frpie, fTni1, fr,). This im-
plies that (1 —b) d(fzpio, fTni1, frn) < 0. Since 1 —b > 0 we get,

d(fxn+2: f$n+17 fxn) = 0. (3>

On applying inequality (2) again and using (G4) and (3) , we get,

ATy, Txpq,u) a d(fa,, fro,u)

b max{d(fz,, Ty, u),d(fr,i1, TThi1,u)}
c [d(fan, Txpir,u) + d(fonsr, T, u)]

= ad(fr,, Tr,, u)

b max{d(fx,, Ty, u),d(fr,i1, TThi1,u)}
cd(fan, Trpi,u)

a d(fx,, Try,u)

+ b max{d(fx,, Trp,u), d(froi1, Topi1,u)}

+ + IA

+ 4+
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cld(frn, Trpi1, Txyn) + d(fan, Ten,u) + d(Txpi1, T, u)]
ad(fr,, Tr,,u)

b max{d(fx,, Tx,,u),d(fr,i1, TThi1,u)}
c ld(fzn, Ton, u) + d(fTni1, TTni, u)]

Suppose that for some n, d(fx,+1, Txp1,u) > d(fr,, Tx,,u) then we have

from inequality (4),

d(fxn+17 T'rn-l—la U)

= d(Txp, Txpi1,u) < a d(fepe, T, w)

b d(frni1, Topi1,u)

¢ [d(f:l?n+1, Txn-i-lv u) + d(fxn-i-lv T*/En—&-l) u)]
= (a+b+2¢) d(frns1, TTpi1,u)

d(fTns1, Tpi1,u)

+ +

IN

a contradiction,hence we must have,
d(fxn-‘rl? TITH-I: U) S d(f'rna Tx’ru U) ) equivalently,

d(Txy, Trp,u) < d(Tx,_1, Tx,,w)

On applying inequality (2) and evaluating a, b, ¢ at (2,1, x,),

d(ym Yn+1, u)

+
+

+

d(Txp—1, Txy,u) <ad(fr,—1, fr,,u)

b max{d(frn,_1,Txn 1,u),d(fr,, T, u)}
cld(frp—1, Tap,u) +d(fr,, Tr,_q,u)]

a d(Txy o, Ty 1,u)+b d(Tx,_o,Tr, 1,u)
¢ d(Txy o, Txy,u)

On applying inequality (2) again, and using (3) , (5) and (G4), we get

d(Tzy—o, Tx,,u)

I+ + IA

+ A+ +

d(fxn_2, frn,u)
max{d(fx, o, Txn o,u),d(fr,, Tx,,u)}
[d(fap—o, Txp,u) +d(fr,, Tr,_o,u)]
d(Txy—3,Txn_1,u)
max{d(Tz, 3, Txy 9,u),d(Tx, 1, Tx,,u)}
(T3, Txp,u) + d(Txp_1, TTp_o,u)]
[d(Txy_3,Txy 9, Txy 1)+ d(Txp_3, TTy o, u)
ATy o, Txy 1,u)]

Q Q1 Sar o ol Ql

(4)
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+ 4+ + A+t

+ A+ + + +IA+ o+

IN

b max{d(Tx,_3, Top_o,u),d(Txn_1, Tx,,u)}

¢ d(Txy_3,Txy o, Txy) + d(Tay 3, Tx, o, u)
ATy o, Txy,u) + d(Tx, 1, Tr, o, u)]

a [d(Txy—3,Txp_o,Txn 1)+ d(Txy_3,TxH 2,u)
ATy o, Txy 1,u)]

b max{d(Tx,_3, Top_o,u),d(Txy_1, Tx,,u)}

¢ d(Txy—3,Txy o, Txy 1)+ d(Txp_3, Ty 1,Tx,)
T, o, Txy 1, Tx,) +d(Tx, 3, Tx, 2,u)

a [d(Txy—3, Txp—o,u) +d(Txy_o, Tr,_1,u)]

b max{d(Tx,_3, T2p_o,u), d(Txy_1, Tx,,u)}

¢ [d(Txy_3,Txy 1, Txy) + d(Txy 3, Tx, o, u)
ATy, Tap_q1,u) + d(Tx,—o, Tr,q,u)
ATy 1, Txy 9,u)]

a [d(Txp—3,Txp_o,u) +d(Txy_3,TTy o9,u)

b max{d(Tx, 3, Top_o,u),d(Txp 3, T2y _o,u)}
¢ d(Txy_3,Txy 1, Tx,) + d(Txy 3, Tx, o, u)
d(Tzp—3, T2y _o,u)+ d(Txy_3,Tx, 2,u)
d(Tp—3,Txn_2,u)]

26 d(Twy_3, Top_o,u) +b d(Tx,_3, TTH_o,1)
4¢ d(Txp—3, Txy_29,u)

[2(a + b+ 2¢) — 0] d(Txp_s, TTp_o,u)

(2—=b) d(Tzp_3,TTp o, 1) (7)

where @, b, ¢ are evaluated at (z,_s, 2,).
At the bottom line of the above inequality, d(Tx,_3,Tz,_1,T2,) = 0. Be-
cause, let d(Tx,_3, Tz, 1,Tx,) # 0, then applying (4), we get

d(Txn—37 Txn—la Txn)

+ + IN + + IA

d(Tzy 1, Tx,, T, 3)

a d(fr,—1,Ta, 1, Tx,_3)

b max{d(frn,_1,Txn_1,Txn_3),d(frn, Ty, Tr,_3)}
cld(fen_1,Tey 1, Trn_3) +d(fr,, Try, Ta, 3)]

a d(Txp_o, Ty 1,Tx, 3)

b max{d(Tx, o, Txyn 1,Txy 3),d(Txy 1, Tx,, Tx, 3)}

¢ max{d(Tx, o, Txy 1,Trn_3)+d(Txy 1, T2y, Try_3)}
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= (b+c) d(Txy_1,Txy, Tr, 3)
< d(Txp_1,Tx,, T, 3).

a contradiction, showing d(T'z,,_1, Tx,, Tx,_3) = 0.
On using inequalities (5),(6) and (7), we get

ad(Tx, 1, Txy,u) A(Yn, Ynt1, W)

a d(Tx, o, Txy 1,u)+b d(Txy o, Tx, 1,u)

c[(2 = b) d(Txp_s3, Tp_o,u)]

a d(Tx, 3, T, 9,u)+b d(Tx, 3, Tx, o,u)
c(2—0b) d(Twz,_3, Tay o, u)

(@+b+2¢) d(Txp—3,Txp o, u)

be d(Txy,—3, TTy_o, 1)

(1 —be) d(Txp_3, Ty o,u)

(1= p7) d(Tx,—3,Tx, o,u)

(1= 87" d(yo, 1, w) (8)

Hence {y,} is a Cauchy sequence.

For cases (a) and (b) suppose that X is complete. Then Cauchy sequence {y,}
will converge to a point p in X.

Case (a): Since f is surjective, then there will exist a point z in X such that
p=fz

Then by applying inequality (2) , we obtain

4+ IAN 4+ IA

IAIACINA

d(fz,Tz,u) d(fz,ynt1,u) +d(f2, T2, yny1) + d(Tz, ynt1,u)
d(fz,yns1,u) +d(fz, Tz, yni1) + d(Txpn, Tz, u)
d(fz,Yn+1,u) + d(f2, T2, ynt1)
(@, 9)d(fzn, f2z,u) + b(z, y){d(frn, Tan,u),d(f2,Tz,u)}
c(z,y)d(frn, Tz, u) + d(f2z, Tn, u)]

Suer[a‘(:E7 y) + 0(1'7 y)}max{d(fxna fza U)7 d(fZ, fanrlv ’LL)}
Ty

sup [b(z,y) + c(z, y)] max[max{d(fzn, TTn,u),d(fz,Tz,u)},d(frn, Tz, u)

z,yeX
d(fz, Txru u)] + d(fzv Yn+1, u) + d(fZ, TZ» ynJrl)

IN + + IAIA DA
@

+ o+

Taking the limit as n — oo we have

d(fz,Tzu) < sup (b+ c)d(fz,Tz,u) < d(fz, Tz u)

z,yeX

implies that fz =T'z.
Case (b): Since f is continuous and f and T" are compatible , then lim,, .., fy, =



Coincidence and Fixed Points 809

fp and lim,, o, fx, =lim, .o Tz, = lim, . y,+1 = p and hence

lim d(fTx,, T fx,,u) =0 9)

n—oo

Using (8), we get

d(fp: Tp: u) S d(fp: fyn+17 Tp) + d(fpa fyn+17 u) + d(fyn+1a u, Tp)
< d(fp, fyns1, Tp) +d(fp, fyns1,w) +d(Tp, T fr,, u)
< ad(ffxn, fp,u) +bmax{d(f fz,, T fa,, u),d(fp, Tp,u)}
+ cld(f fxn, Tp,u) +d(fp, T fan, u)]
< sup a(z,y)d(f frn, fp,u)
+ su;;([b(x, y) + c(x,y)] maxmax{d(f fx,, T fx,, u)
, d(fp, Tp,u)}, d(f fon, Tp,u) +d(fp, T fon, u)] (10)

Now, we have

d(ffxm Tf-rm u) < d(ffxna fT-rm u) + d(le‘m Tfl'm u)
+ d(ffxn, fTx,, T fz,)

Using the continuity of f and the compatibility of f and T, it follows that
Jim. d(ffxn, Tfr,,u) =0, Jim. d(ffxn, [Ty, u) =0 (11)

lim ffr, = fp= lim Tfz, = fp.

n—o0

Taking the limit as n — oo and using the inequality (9) and (10) we get

d(fp, Tp,u) < sup [b(z,y) + c(z,y)]d(fp, Tp, u)

z,yeX
implies fp = Tp.
Case (c): In this case p € f(X). Let 2 € f~!'p then p = fz,and the proof is
completed by case (a).

Case (d):In this case p € T'(X) C f(X) and proof is completed by case (c).
To establish uniqueness, suppose that ¢ is another coincidence point of f and
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T.Then from (2) with a,b and ¢ evaluated at (p, q), we have

d(Tp,Tq,u) < ad(fp, fq,u)+bmax{d(fp,Tp, u),d(fq,Tq,u)}
+ cd(fp,Tq,u) +d(fq, Tp, u)]
and so
d(Tp,Tq,u) < (a+ 2¢)d(Tp,Tq,u).
Hence Tp = Txq.

Now we show that our condition (2) includes the condition (1) of [4].
Define ,

1
M(z,y,u) = max{d(x,y,u),d(u, Tz,u),d(y, Ty, u), i[d(x, Ty,u) + d(y, Tz, u)|}

and f = I, the identity mapping on X. For each z,y of X such that

M(z,y,u) = d(z,y, u)
define
a(xz,y) = a,b(x,y) =b,c(x,y) =c.
For each z,y such that
M(z,y,u) = max{d(x, Tz,u),d(y, Ty, u)},

define

a(x,y) =0,b(x,y) =a+b,c(z,y) =c.
For each z,y such that

M(z,y,u) = 5 ld(z, Ty, u) + d(y, Tr, )]
define

a(z,y) = 0,b(x,y) =b,c(x,y) = % +c.

Corollary.Let (X, d) be a complete 2-metric space and 7" a self map of X
satisfying (2) with f = I the identity map on X. Then 7" has a unique fixed
point and at this fixed point T is continuous.
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Proof.The existence and uniqueness of the fixed point come from Theorem
(2) by setting f = I. To prove continuity at the unique fixed point p, we apply
inequality (2),where a, b, ¢ are evaluating at (y,,p).

d(TYn,p,u) = d(Tyn, Tp,u) < a d(yn,p,u) +b max{d(y,, T'yn,u),d(p,Tp,u)}
+ ¢ [d(yn, Tp,u) + d(p, Tyn, u)]

Taking the limit as n — oo yields

lim d(Ty,,p,u) < (b+c) Jim. d(p, Tyn,u) < Jim d(p, Ty, u)

n—oo

a contradiction, which implies,
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