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ABSTRACT

THE DOUBLE LAPLACE TRANSFORM

BASHEER, Husam
M.Sc., Department of Mathematics and Computer Science

Supervisor: Prof. Dr. Kenan TAS

January 2015, 30 pages

In this thesis, we present the formal definition of the double Laplace transform and
calculate the Double Laplace transforms of some elementary functions directly from
the definition. The existence conditions for the double Laplace transform and the
basic properties of the double Laplace transforms are stated . applications of the
double Laplace transforms to the solutions of certain integral equations and

boundary value problems are also discussed in this work.

Keywords: Double Laplace Transform, Exponential Order, Convolution, Partial

Derivatives.
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CIFT LAPLACE DONUSUMU

BASHEER, Husam
Yiiksek Lisans, Matematik-Bilgisayar Anabilim Dali
Tez Yoneticisi: Prof. Dr. Kenan TAS

Ocak 2015, 30 sayfa

Bu tezde, c¢ift Laplace doniisiimiiniin  tanim1 sunulmus ve bazi elementer
fonksiyonlarin ¢ift Laplace doniisiimlerinin  tanimi  kullanilarak dogrudan
hesaplanmistir. Cift  Laplace doniisiimiiniin varligi i¢in ~ gerekli ~ kosullar
tartisilmis ve bu doniisiimiin temel 6zellikleri belirtilmistir. Herhangi bir mertebeden
kismi tiirevin de ¢ift Laplace doniisimii elde edilmistir. Iki fonksiyonun cift
konvoliisyonu tanimlanmis ve bu konvoliisyonunun cift Laplace doniisiimii
hesaplanmistir. Baslangi¢ ve sinir kosullu belirli Kismi diferansiyel denklemler i¢in

cift Laplace doniistimlerinin uygulamalar1 da tartigilmigtir.

Anahtar Kelimeler: Cift Laplace Doniisiimii, Ustel Mertebe, Konvoliisyon, Kismi

Turevler.
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CHAPTER 1

INTRODUCTION

1.1 Background

Many physical processes in nature are described by differential and integral equation
with initial conditions or boundary conditions. Integral transforms not only helped in
developing the theory of such equations but also provided methods to solve these
equations [1-2]. One of the most important integral transforms is the laplace
transform.this well known integral transform was first used by laplace in 1812 when
he was working on probability theory[1-2]. Since that time many works have been
devoted to the study of the properties of the laplace transform and its various
applications in many fields of science. Bateman in 1910 used the modern Laplace
transform followed by Bemotien in 1920. This transform gained a more modern
approach. In 1920 when doeth applied this transform on differential integro-
differential equation[3]. Since most of the physical evolve in time in semi finite or
infinite domains, Laplace transform conspired with Fourier transform has shown a
strong analytical method to solve partial differential equations obtained when dealing
with there processes. But the one variable Laplace transform is not capable of
solving this equations alone. Thus it is very important to generalize the Laplace
transform to function of multi-variables. the properties of double Laplace transform
were discussed in [4-5]. Applications of this transform to partial differential equation
were done by many authors(see [6-7] and the references therein). In this work, a
surrey on double Laplace transform is made definitions and properties of the double
Laplace transform are discussed and many of its applications to different kinds of

partial differential equation are presented.



1.2 Organization of the Thesis

This thesis contains four chapters. All the necessary information about the double
Laplace transform including all definitions and theorems and properties of different
applications.

Chapter 1, is an introduction to the history of double Laplace transform and
objectives of this thesis.

Chapter 2, includes an introduction basic definitions of double Laplace transform .

In Chapter 3, the study basic properties and formulas and the double Laplace
transform of derivatives and the double convolution.

In Chapter 4, touching for some applications of double Laplace in partial differential
equation and solve some important problems for partial differential equations.

Chapter 5, includes the conclusion part.



CHAPTER 2

BASIC DEFINITIONS AND FORMULAS

2.1 Basic Definitions of Double Laplace Transform
2.1.1. Definition of the double Laplace transform

Let f be a function of two variables xand t , where X , t > 0 The double Laplace

transform of f is defined by
L L {f(xt)}(s,s,)= j g j e f (x,t)dxdt 2.1)
0 0

whenever the improper integral converges. Here §S,,S, are complex numbers

where L, and L, represent the Laplace transforms with respect to the variables X and t
respectively [4].

Below, we present the double Laplace transform of some function.

2.1.2. Example ( the double Laplace transform of 1)

Let f(x,t)=1 a continuous function the Laplace transform is easily found to be as

follows:

L L {f(D}(s,,s,)= Te*%tTe'“ f (x,t)dxdt

e 2| e " dxdt

Il
O 8
S ey 8

= ]O'e’s-t{ Te’s'xdx jdt
0 0



_hrr
sl SZ SISZ

Where s, and s, are positive.

2.1.3. Definition of an exponential order

Let f(x,t) be a continuous function on [0,0) x[0,00) . Then f is said to be of

exponential order, if

f(x,t
SUPWO’ £x+,bt)<oo (2.2)
e

for some a,beR.[4]

The following theorem shows the existence of the double Laplace transforms and

afunction of exponential order.
2.1.4. Theorem ( existence of the double Laplace transform )

If f(x,t) is of exponential order, then double Laplace transform of f exists.

Proof: Suppose f is of exponential order, that is

[ f(x,1)

e ax+bt

SU Px,tzo

for some a,b,M € R. Then
| (x, D) < Me®™

for all x,t >0. Thus

0

| je*%tofe*'* f (x,t)dxdt |
0

0



| (%, t)[dxdt

<[le*fle>
0 0

e’%‘T e | f (x,b)|dxdt
0

Il
S sy 8

< M'[ e‘s-"[ g S *e@ gy dt
0

0
=M Ie‘“f"“je‘(sl‘a)xdxdt
0 0

thus the integral in question converges for s, >a and s, >b.

we have to rote that not all the function of two variable one of exponential order. For

13

instance the function e is not of exponential order and thus it does not have the

Laplace transform.
from now on, we consider functions for which double Laplace transformation exist
without specifying of convergence of the integrals in question, but keep in mind

broadest the’regions’ possible .
2.2. The Inverse of Double Laplace Transform

2.2.1. Definition of the inverse of double Laplace transform

Suppose f(X,t) possesses first order partial derivatives % and % and second

2

order derivative and there exist positive constants M,y,,y,such that for all

OoXot

O<x , t<ow

o f
f(x,t) < Me’™7? | ——| < g7 2.3
[ (x,b) et (2.3)
then if
f(s,,8,)= j j e %t f (x,t)dxdt (2.4)
00
we have [§]



Ci+iX C+IT

f(x,t)zTthierDo(27)2 :[X J:.Ssl”?‘?(sl,sz)dslds (2.5)
or [2]
1 CIHOO%”OO,S B
f(tl,tz)z(zT)zj [ers "1 (s,,s,)ds,ds, (2.6)

Where ¢, >y, and ¢, >y, .

The next theorem shows that ifT(sl,sz)is known then f(x,t) can be uniquely

obtained from T(S1 ,Sy)
2.2.2. Theorem for uniqueness of the double Laplace transform

Let f(x,t) and g(X,t) be continuous functions defined for X,t >0 and having
Laplace transforms T(Sl,sz) and g(sl,sz)respectively
if

f(5,,8,) = 9(5,.8,) 2.7)
then

f(xt) = g(xt) (2.8)

Proof [9]If a and S are sufficiently large, then the integral representation given by

1 a+iooSX 1 ,l3+i<>oS B
f(X’t)zﬁ Iez [%ﬂ -e ! f(SI’SZ)dSl]dSZ

for the inverse double Laplace transform, can be used to obtain

1 a+iooij 1 ﬁJriooSlt _
foD=0g je [Z—M.ﬁ je f(s,,5,)ds, ]ds,
:L.QTZSZX[L.ﬁTZSIIg(slasz)dsl]dsz
2 2m 47,

a—iw

= g(X,t)



CHAPTER 3

BASIC PROPERTIES AND CONVOLUTION FORMULA

3.1 Basic Properties and Formulas

In this section we consider some of the properties of the double Laplace Transform
that will enable us to find further transform pairs { f (x,t) ,T(sl,sz) } without having

to compute consider the following.

3.1.1 Theorem ( linearity property )

if LL,{f(xt)} =f(s.s,) (3.1)
for s, >a and s, >b,and L,L {g(x,t) = g(s,,S,),for s, >C and s, >d
and o, R
then

LL, {of (1) + (X0} = o, L {f (X, 1)} + AL L {g(x. )} (3.2)
fors, > max {a,c} and s> max {b,d} .

Proof : This follows easily from the linearity of the integral [4].
3.1.2 Theorem ( division by xt )

if

Ltl—x{f(x’t)}: f (Sl ’52)
then

LtLX{ f(x,t)}zT T f(u,v)dudv

Xt



Proof :[10] Assume that

T T %(u,v)dudv exists

S S,
integrating both sides of

00 00

f(u,v)= “e’”x’“ f (x,t)dxdt

00

with respect to U from S,to coand with respect to v from S, to o« ,we get

0

T Tf(u,v)dudv:T j Te‘slx e f(x,t)dxdtdudv
0

s S, s,

1]

W = 8

S t—=—38

|

T{ }{ ﬂ f (x.t) dxdt

0

I e g™t dedt
xt

©
(UN(]

3 f(x,1)
_LR{ xt }

LtLX{ e, t)} j 'f f (u,v)dudv

[e_l } e f(x,t)dxdtdv

O'—:S

thus

3.1.3 Theorem ( change of scale property )

if
L L { fOu}=f(s,,8,)
then
1 28 s,
L[Lx{f(ax,bt)}—a—bug, =)

where a and b are non zero constants [10].

Proof: from (2.1), we have



0

A f(ax,bt)}= j g™ j e % f (ax,bt)dxdt (3.3)
0

0
Putting ax=u and bt =v in the integral of (3.3), where u and v takes the limit

from 0 to . Hence, we get

L {f@cbn)= o fe " run Y

1 7 sO% 52
=— |e " le 2f(u,v)dudv
ab-([ ;[ V)
_Lia s
ab "a’b

thus

L, L { f(ax.bt)}= —Ri 2

3.1.4 Theorem ( multiplication by x"t")

if
LLAf(D}=1(s,.5,)
then
LL K" foot)= (D™ -2t (s,.s,)
0s,"0s,

Proof: [10] from
f(s,.s,)= j [ersr='1 (x, tydxdt
00

we get

am+n _ 0

T —8,X=5,t
o f(s,8,)= o j '([e f (x,t) dxdt

0

o 6m+n

:lo o5 G5,

[e‘slx‘Szt f (x,t)]dxdt

= j j (=X)™ (=t)" e~ f (x, t)dxdlt



= (=1)™" j j e XS £ (x, t)dxdlt
00

=(=D)™"LL {x"t" f (x,t)}

3.1.5 Theorem ( first shifting property )
if
LL{i =150

then

LL ™™ f(xtj=f(s,—-a,s,-b)

where a and b are non zero constants [10] .

Proof: From (2.1), we have

e 2! [ e e f(x,t)dxdt

I-t Lx {eax+bt f(X,t)} —

O ey 8
S 8

_ Je’(sft’“J'e’“"f")x f(x,)ydxdt = f (s,—a, s, —b)
0 0

thus
L L, {eax*b‘ f(x,t)}: f(s,—a,s,—b)
3.1.6 Theorem
if
0 If x<a or t<b
g(x,t)= (34
f(x—a , t-b) Xx>a , t>b

Thenif f(s,,s,) exists
g(sl,sz) = e_SIa_SZb f—(snsz) (35)

Proof : From (2.1), we have

10



(s,.s,) = j j e 5 %t f (x, t)dxdt
00

T —y 8

J'e’SIHZ‘ f (x—a,t—b)dxdt

Let
Uu=X-—-a
v=t-b
= I j e e £ (y vydudy
00
thus
g(sl ’sz) = e_SIa_SZb f(snsz)
3.1.7 Theorem
if
f(x) x<t
g(x,t)= (3.6)
f(t)y t>x
and f(s,,s,) exists, then
_ S +S, ¢
g(slasz): ! . f(snsz) (37)

172
Proof: From (2.1), we have

f(s,s,)= ”e’slx’SZ‘g(x,t)dxdt
00

O ey 8

Te’slx’sz‘ f (t)dxdt + T]O.e’slx’sl‘ f (x)dxdt

t 0 x

= ]3 e f (t)[)j3 es'xdx}dt + Te’slx f (X)T e ' dxdt
0 t 0 X

L '[ e N (t)dt + 1 '[ e X (x)dx
S 1 S, %

thus

11



g_(sl,sz):M f(sl +Sz)

5,5,
3.1.8 Theorem
if
f(x) x<t
g(x,t)=
x>t
then

LILX{g<x,t>}=Si f(s +s,)

Proof: From (2.1), we have

LL gt} = [ [e ™ g(x tydxt

e %= f (x)dxdt

Il
S8
x =y 8

= Te‘s‘x f (X)T e *'dtdx
0 X

= {Te f (X)[— e:t } }dx

$,X

.

dx
S2

:Te’s'x f(x)

= i e*(sl+sz)x f (X)dX
S, v
thus
1 -
Lth{g(Xat)} = S— f(Sl + 52)

2
3.1.9 Corollary
if
f,(X) X<t

g(X,t) =
f, (1) x>t

(3.8)

(3.9)

(3.10)

12



and the Laplace f, and f, exists, then

_ 1 1 -
g(S1=52) = fl(sl +52)+_ fz(sl +52)
S, 5

Proof: straight forward.
3.1.10 Theorem

If f(s,,s,) exists then, the double Laplace transform of

f(x,t—=x) t>x

g(x,t)= is
0 t<x

f(sl +SZ’SZ)

Proof: From (2.1), we have
LL g0} = [ e £ (x,t - x)dxdt
0 x

let
U=t—-X=t=u+x

we get

e =0 f (x, u)dxdu

Il Il
S ey 8

I g SIS (x,u )dXdU
0

= ”e’(sl*sl)x’szu f (x,u)dxdu
00

= f (s, +5,,5,)

Similarly, it can be proved that the double Laplace transform of

f(x—t,t) x>t

g(x,t)=
X<t

is  f(s,s,+8s,)

(3.11)

(3.12)

13



3.2. The Double Laplace Transform of Derivatives.

In this section we present the double Laplace transform of the partial derivatives of a

functions.

3.2.1 Theorem (the double Laplace transform of the first order partial

derivatives)

If f(x,t) be a continuous function and its first order partial derivatives are of
exponential order [11], then

of (x t)

LL (80 = s L L (F () = L {F(O,1)) (3.13)

L {af(x 1)

§(81,8,) =S, LL{f (X, )} — L { f(x,0)} (3.14)
respectively, where X,t >0

Proof: (3.13) by using the definition of the double Laplace transform
LA} = j g% j e f (x,t)dxdt
0 0

we get

L {f(xb))= je %tje-slx f (x,t)dxdt

{ J. e f, (x,t)dx}dt
0

Il Il
S 8 O'-—.S

X:O

e s‘{]: e (X, t) T(—sl)e’SIX f (x,t)dx]dt

e 20— f(0t)+sje-sle(xt)dx}

O'—.S

= —I e 2'f (0,t)dt +s, '[ e‘s-"[ e f(x,t)dxdt
0 0 0

=L {f0,0)}+sLL {f(x1)}
= SlLth{f(Xat)}_ Lt{f(oﬂt)}

14



thus
of (x t)

LL, $(81,8,) = s L LT (D) - L{T (0,0} .

Now I will prove (3.14) by using the definition of the double Laplace transform
L LAfoo)= [e™ [e™ f (xtydxdt
0 0

we get

0 0

LL{f(xb}= je S‘j Cf (x, tydxdt

0

]3 g% {T e >'f, (x,t)dt}dx
eslx{[e*f(x,t) Oj

t=0

(=]

- ]E(—sz)e’s-‘f (x,t)dt}dx

S sy 8

= I e {0— f(x,0)+s, je‘sztf (x,t)dt}dx

t=0

(=]

=—T e f(x,0)dx +s, T e Te‘%‘f(x,t)dtdx
t=0

=-L {f(x,0)}+s,L,L {f(x,t)}
=s,L,L {f(x,t)} - L {f(x,0)}
thus
of (x t)

LIL { }(sl’sz):SZLth{f(Xat)}_Lx{f(x’o)}'

3.2.2 Theorem(the double Laplace transform of the second order partial

derivatives)

Let f(X,t) be a continuous function of xponential order such that its second partial
derivatives are continuous function of xponential order as well,[12] then

o’ f (x t) of (0 t)

(3.15)

LL{ b=5" LLAF (e} -s, L {FO.D}- L= =

62f(x,t) 6f(x 0)

N ) (3.16)

LLI 1=5,"L L{FD-5,L {0} -L {5

15



|_IL{‘32 f(x, t)} ss, T(5,,8,)—5, f(s,,0)=s, f (0,5,)+f(0,0)  (3.17)

Proof: from (3.13) we get:-
LL A F 06D} = s L L f (D} = L {F,(0,0)}
using (3.13) we get:
LL{f (60} =s,[s LLAF oD - L{f (0,0} - L{f,(0,1)}
=5 LLAT (D} —s LT (0,0}~ L {f,(O,1)}
thus:-

azf(x v, _

of (0 b,

LL,{ =5 LL{f ot} -s L (0.0}~ L,{

From (3.14) , we get
LL (60} =5, L LA (0} = L{f(x,0)}
using (3.14) , we get
LL{f. (0} =s,[s,LL{fF(x, D)} = L{f (%00} L {f,(x,0)}
=s;L L {f (%)} =s,L {f(x0)} - L {f,(x,0)}
thus

* f(x t) 6f(x 0)

LLI = 2L L {F 6D =s,L, {f (x.0)} - L, { ;.

For the proof 0f (3.17) we will use the definition of the double Laplace transform of

the mixd partial derivatives

o

f(x, t)} L L {f, (x.0)]

X Ot

e " £, (x,t)dxdt

Il Il
o t—,8 o t—,8
@,
»
S =8

e {[e £, (x,Dydt}dx
0

= Teﬁx{ [e’Szt fx(x,t)]zo— Te’szt(—sz) fx(x,t)dt}dx

= Ie’ﬁX{O— f, (X,0)+s, J'e’&-‘ f, (x,t)dt}dx
x=0

t=0

16



=— ]O'e’ﬁxfx(x,O)dx+s2 ]O'e’qx ]O'e’szt f, (x,t)dtdx

x=0 x=0 t=0

=—{[es'x f (x,O)]j=0 - Te’ﬁx(—sl) f(x,O)dx}Jrs2 ]Eesl‘{ Te’*x fx(x,t)dx}dt

=0 =0

- Te‘ﬁx(—sl) f(x,t)dx }dt

x=0
= £(0,0)-s, f(sl ,0)-s, Ie‘sztf(o,t)dtJrsls2 Ie‘szt Ie““‘xf(x,t)dxdt
t=0 t=0 X=0
= f(0,0)-s, %(sl,O)—s2 %(0,sz)+sls2 %(sl,sz)
thus

LL {f. (xD}=ss, F(5,.,5,)-s, f(5,0)=s, f(0,s,)+ f(0,0).
The previous theorem can be generalized as follows :

3.2.3 Theorem ( the double Laplace transform of a general partial derivatives )

i+]
Let f(x,t) and all of its partial derivativesW , 1=0,...m , j=0,,..n be
X

of exponential order then

L.L, {aa—):n f(x,t)}=s'LL{f(xt)} —is{“” Lt{aa—xl. f(0,t)} fornx>1 (3.18)

L.L, {—;: f(x,t)}=s;”LXLI{f(x,t)}—mz_ls;”“Lx{—stjj f(x,000 form>1 (3.19)
j=0
LL {ﬂ f(x,t)}=s'sy[LL{f(x t)}—Es"'“L {a—j. f(x,0)}
X atmaxn > 1v2 X > ~ 2 X atl ’
_”Z'IS—H Lt{a_i_ f(0,t)} + 3 mz_ls*”s*i*‘ L f (0,0)] (3.20)
=2 ox' ’ =0 j= T atiox ’ ’

Proof: [11] we will use the mathematical induction to proof (3.18). (3.19) can be
proved similarly for n=1 ,the formula is true from proposilion 3.2.1 suppose that

the formula true for p<n-1
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{a f(x t)} LIL{S (o Fix t))}

by on using proposilion 3.2.1 we have

LtL{an F(x, t)}—sL[L{anl f(x t)} Lt{(%_l]f(o,t)}

n-1 n-2-k ak an—l
_s{sl LL {f(xt))- Zs {a—f(o t)H {ax“‘ f(O,t)}

=s'L L {f(x,t)— ZS”” {aa—kf(oo}

LIL{aa{mf( t)}—uL{ (s Foxn)

by using (3.19) we get

am+n - J+n
Lbdgme f(Xt)}—SzhL{ f(Xt)} Zsz a L{ét,mf(X,O)}-
By using (3.18) now , we get
L F 00D} = STISTLL () - Zs““ L1 0.0)]

_SlemJlL{ f(XO)}+ZSmJIZSn|1 af]gll f(OO)}

3.2.4 Theorem ( the double Laplace transform of an integral )

if
LL, {f (xD}=f (s,.5,)
then
X ot .
LtLX{J' Jf(u,v)dudv}:w s,>0,s,>0
0 0 1¥2

Proof: [10] Let

18



g 0= [ 1(uv)dud

hence we have

0. (%)= f(x,t)and g(0,0)=0

LL {0, (0} = LL{f (D)= (5,,5,)

From( theorem 3.2.3 ) we have

0° B
LR{WaQUJ%—LRmeﬁ}

:Slsl g(sl’sz)_slg(slao)_s2 g(0,52)+g(0,0)
thus we have
£(5,,8,)=5,5, 3(5,,5,)~5,7(5,,0)=5, J(0,5,)
_ 1 1 _ 1 _
g(sl,s2):—f(Sl’SZ)+_g(SI’O)+_g(O,S2)
S S S S

1°2 2 1

365)=—— 1 (5,504 Ligx.0)b+—Lg(0.0)

1¥2 2 1
but
L{g(x,0)f=0 and L{g(0,t)}=0
there fore
_ 1 =
g (Sl 552): g f (51 332)
hence
1 f(s,,s,)
L‘LX{ f(u,v)dudv}:#2
I

3.3 The Double Convolution
3.3.1 Definition ( the double convolution )

The double convolution between two continuous functions f(x,t) and g(x,t) is
defined by [13]

f(x,t)**g(x,t):ﬂ f(,7)g(x—v,t—7)ddv (3.21)
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3.3.2 Theorem (commutativity)

f(Xt)**g(x,t) =g(x,t)**f(x,t) (3.22)
Proof: [4]

(X, t)**g(x,t) :'X” f(u,7)g(x—v,t—7)ddv

Let
U=X-uv=v=X—-U

wW=t—-r=7r=t—-w

ou,w) |0 -1

f(x,t)**g(x,t) = ﬁ f (X—u,t—w)g(u,w)dwdu

=g(xt)**f(x,t)

The following theorem gives the double Laplace transform of the convolution of

two functions .

3.3.3 Theorem ( the double Laplace transform of convolution )

LLAT OGO * (D} = LLAT DL LA, D}

= 1(5,5,)9(5,,5,) (3.23)
Proof :[4]

LLAF D) *g(x, D}

Il
S ey 8
S sy 8

X t
e-slx—sztjj f (v, 7)g(x—Vv,t —'[)d rdvdxdt
00

Il
S ey 8
O C— <

|

If one uses the transformation

t
J'efslesst f(v,7)g(x—V,t —7)ddvdxdt
0

X=Uu+V

20



V=0
T=7
we get
LLAF oD ** g0t} = | j | j e e £ (v ) g (u, w)d zdvdudw
0000

= T]O'e’slu’slwg(u, w)dudwﬁe’slv’sfdvdr
00 00

= T(Sl 5 52)-9 (Sl 5 52)
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CHAPTER 4

APPLICATION OF DOUBLE LAPLACE TRANSFORM
IN PARTIAL DIFFERENTIAL EQUATION

In this chapter we are going to solve some important problems for partial differential
equations which is one of the most important subjects in mathematics and other

sciences by using double Laplace transform.
4.1 Examples for Partial Differential Equations

It is well known that in order to obtain the solution of partial differential equations by
integral transform methods we need the following two steps:

1- We transform the partial differential equations to algebraic equations by using
double integral transform methods.

2- On using the double inverse transform to get the solution of PDEs [7].
4.1.1 Example (solving non-homogeneous wave equation with convolution term)

Apply double Laplace transform to solve non-homogeneous wave equation with
convolution term, where the non-homogeneous term is double convolution in general

case consider non-homogeneous wave equation in the form
K(X,t)**(u, —u,) = f(x,t)**g(x,t) (t,x)eR? 4.1)
where K(X,t) is polynomial defined by k (x,t) = >TY X ’t" and the symbol * *
means the double convolution with respect to X and t under the conditions
u(x,0) =r,(x) u, (x,0) = r/(x) 4.2)
u(0,t)=h,(t) u,(0,t) =h/(t) (4.3)
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[14] where the non-homogeneous term of Eq. (4.1) is double convolution terms and
non-homogeneous initial condition are single convolution. If one applies the double

Laplace transform to Eq. (4.1) and single Laplace transform to Egs. (4.2) and (4.3)

we obtain
U(SZ,SI)Z slle(szz _ 322H1(312) +sle(szz)_Iil(O)_51H1(521)_|;|1(0)
(sl _sz) (sl _sz) (sl _sz) (sl _sz)
+ f(s,,8,)9(5,,5,) (4.4)

(5" =5,)K(s,.5,)
where R (S,),H,(s,) are single Laplace transform of initial condition with respect to
X,t respectively andT(sl,sz),ﬁ(sl,sz) is double Laplace transform of f(t,x)** g(t,x).

By taking inverse double Laplace transform of Eq. (4.4) we obtain the solution of Eq.
(4.1) as follows

u(t,x)zL;‘L‘{ SR(S) _ SHL(S) +52R1(§2)‘§1(°)}L;L—1 {_ SHA(5)=H,(0)
LS (51 _Sz) (31 _Sz) (51 _Sz) ) (31 _Sz)
N f2<sl,522>g<sl,sz>} 45)
(s, =5, )K(s,,8))

4.1.2 Example (solving partial integrodifferential equation with boundary

conditions )

Consider the following partial integrodifferential equation
X t
FD) =t ~U, +u+ [ [g(x—a,t- Blu(a, B)ded (4.6)
00
with boundary conditions
u0,t)= f,(t) U, (0,t) = f,(t) (4.7)
and initial conditions
u(x,0) = g,(x) u; (X,0) = 9,() (4.8)

[9] .By taking double Laplace transform for (4.6) and single Laplace transform for
(4.7) and (4.8), we get
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ues,,s,) = SI/GI(SI)+I/Gz(51) _SI/F](S)_1/F2(5)+T(51,52)
T 8T8 414 g6,8,) 8T -8 14 0(5,5,)

(4.9)

by applying double inverse Laplace transform for (4.9), we obtain the solution of

(4.6) in the following form

5,/G(s)+1/Gy(s) s /F(9)-1/F(s)+ f(s,8,)
S12 _Sz2 +1+§(S1asz)) S12 - Sz2 +1+§(S1’32))

u(x,t)y=L'L'[ ] (4.10)

We provide the double inverse Laplace transform existing for each terms in the right

side of (4.10). In particular,consider the following example.

4.1.3 Example ( solving the partial integrodifferential equation with conditions )

Consider the partial integro-differential equation

X t
u, —u, +u+ ”ex‘“”‘ﬂu(a,ﬂ)dadﬂ =" + xte*" 4.11)
00
with conditions
u(x,0)=e* u,(x,0) =e*
u(,t) =¢' u, (0,t)=¢' (4.12)

[9]. By taking double Laplace transform for (4.11) and single Laplace transform for
(4.12), we have

2

1
2
S, =S +1+————)U(S,,S
e o v UL
-, 1 s U, U . 1 4.13)
s,—1 5,—1 S,—1 s,—1 (5,-1)5,—1) (5-1>%(,-1)
by simplifying (4.13), we obtain
1
ues,s,)=——— 4.14
o) = e @19

by using double inverse Laplace transform for (4.14),we obtain the solution of

(4.11) as follows
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u(x,t) =e*" (4.15)

4.1.4 Example ( solving the non-homogeneous wave equation)

Let us consider the non-homogeneous wave equation in the form

o 1 e 1« 1
Uy —U,, = Ee > cos(x)e 5 e cos(t) + 5 cos(X+1) (4.16)
u(0.x) = a(x) u, (0,x) ='(x) (4.17)
u(t,0) =a(t) u,(t,0)=a'(t) (4.18)

where all the initial conditions have singularity at x=0 and t=0 and (t,x)eR’

Then it is easy to see that the non-homogeneous term of Eq. In the form of

U (£, X) —u, (t,X) = f(t,X)**g(t, X) +h(X,t) (4.19)
t,x)e Rf
can be written in the form

sin(X +1)**e*" = %ex“ —%cos(x)et —%ex cos(t) + %cos(x +1) (4.20)

[14]. Now we apply the Laplace transform technique for Eq(4.19) and we obtain the
solution of Eq.(4.19) in the form of

X+t

1 1 1 1 1 1
u(x,t) =—e*cos(t) ——e* cos(X) +=sin(t — X) + —tsin(X +t) + —cos(X +t) +—e
(x,1) 1 ® 1 (%) g (t—x) p (x+1) 2 (X+1) 1

X+t

1 1 .
+—e"t+—sm(X+t 4.21
A 9 (x+1) (4.21)

Now, if we consider to multiply the left-hand side equation of (4.19) by the non-

constant coefficient t’x* **then Eq.(4.19) becomes

Xt #*(U, —u, )= %ex“ —%cos(x)et —%ex cos(t) +%cos(x+ t) (4.22)
u(0, x) = a(x) u, (0,X) =a'(x)
U(t.0) = a(t) U (t,0) = &'(t) (4.23)

by using the similar technique as above, we obtain the solution of Eq.(4.18) as

I | 1 1 e 1
V(X,t) =—e" cos(t) ——e sin(X) +—cos(—X+t)+—e"" ——cos(X+t
(x5 48 ® 48 () 96 ( ) 16 96 ( )
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1. 1 1
——sin(X+t)——-cos(X+t)t + —e**'t 4.24
16 ( ) 48 ( ) 48 ( )

if we take second derivatives with respect to t and x for Eq.(4.22), and taking the

difference between the second derivatives and multiply the result by

convolution x*t* ** we obtain the non-homogeneous term plus a function h(t,x) as
Xt ** (v, — Vv, ) = sin(X +t) **e*"

+ltcos(x)+lt2 COS(X)+ltSiH(X)—Lt3eX e Lper Ly Loy
2 2 2 12 2 2 12 6

s Llp cos(x)—it3 sin(X)+ltX2 Al Ly —lCOS(X+t)+lXSin(t)
12 12 2 2 2 2 2

1 o, 1 1, o
——X“e +—=Xcos(t)+—Xx"cos(t) ——xe 4.25
5 5 9] 5 (t) 5 (4.25)

That is in the form of X*t* **(v, —v, ) =U, — U, +h(x,t) and one can easily obtain

the function h(x,y).

4.2. Some Boundary Value Problems

In this section we going to solve some boundary value problem by using double

Laplace transform.

4.2.1 Example ( solving a boundary value problem )

Let
2 2
%:%—sinﬂx , 0<x<1,t>0
for :-
1- y(x,07)=0 0<x<l
2- y(0.)=0 t>0
3- yLt)=0 t>0
4-y,(x,0)=0 0<x<l

[15]. Solution: Taking double Laplace transform
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527(51 5 Sz) - Sy(sl ,0) - yt (Sl ,O)

_ _ _ 4 1
=312Y(31=52)—31Y(Oasz)—yx(oasz)—mg
but
¥(s,,00=0 , ¥(0,5)=0 ,  V(0,5,)=0
_ _ _ T 1
Szy(sl,SZ)ZSfy(sl,sz)—yx(O,Sz)—mg
1 1 T 1
¥(s,,8,) =———VY,(0,8,) ————
y(l 2) 812—22 ( ) Sz Sl+7z- S
T 1 T 1
y(s;,8,) = Yy 0,s,)— < N s
2 = R O T S FR OIS R Y
1 V4 1
S,,S,) = .(0,8,)+ —
Vs =5 s§ V) s TS e s,
1 T 1
y(s,,8,) = (0,8) +—————}— —
V(5::8,) = 252{5 -s, sl+s}{y( 2% (§+7z)sz} (s2+72)(s2 +7%) s,
using L}
Y(X,8,) =— {952x+8752x}{yx(03)+7—}— —— TN (4.26)
’ 2s, ( )52 52(522 +772)
as x—>1 , y(,s,)—>0
1 T 1 1
y(,s,)=—1{e* +e ™ }{y,(0,s,)+ —————} —siniXx—————
y( 2) 232{ }{y ( 2) (522+7Z'2)32} 52(522+7Z'2)
1 T
0=—-o e>+e™ 0,8,)+—5——-—}-0
7o (€ e, 08)+ )S}
_ T 1
yx(OﬁsZ):_

(522 +772) S,

then (4.26) Become

using L, we get

1

V(X,S, ) = —sin ;X ————
? S,(s2+77%)

y(x,s )_smnx—{
r’ 52 +r’

1
S

-}
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y(X,t) = (sin 7ZX)L2{COS7Zt -1}
T

4.2.2 Example ( finding the temperature at any point of a bar at any time )
A semi-infinite insulated bar which coincides with the X-axis,x >0 is initially at
temperature zero At t =0, a quantity of heat is instantaneously generated at the point
X =4a where a > 0. Find the temperature at any point of the bar at any time t >0
Solution: The equation for heat conduction in the bar is

Z—f:k% Xx>0,t>0 (4.27)
The fact that a quantity of heat is instantaneously generated at the point X=a can be
represented by the boundary condition

u(a,t) =QH(t) (4.28)

where Q is a constant and H(t) is the dirac delta function. Also, since the initial

temperature is zero and since the temperature must be bounded [15], we have

u(x,0)=0 , u(x,t) < M

Taking double Laplace transform on (4.27)
S,U(s,,s,)—Uf(s,,0)
=k{s/u(s,,s,)—s,U(0,s,)—0T,(0,s,)}
since
u(x,0)=0=1u(s,,0)=0
S,U(S,,S,) =k{sU(s,,s,)—5,0(0,8,)—T,(0,s,)}

(ks —s,)U(s,,S,) =ks,U(0,s,)+KT (0,s,)

U(Slasz) :zk#ﬁ(oa Sz)+ UX(O, Sz)

(ksl - Sz) (ksl2 - 52)

S, 1

U(Slasz) = U(Oa 52) +
5.\ _ [s 5. )5 _ [5
S, + S S+ S

1 1

0(5,.5,) =~ + U(O’SZHLF L lgs)
2 s, 2szs_f§ S+J§
! k ! k

u,(0,s,)

using L}
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u(x,s,) =%{e_\/% +e‘/%}ﬁ(0, sz)+%\/sz{e‘/% —e_‘/%}ﬁx(o,sz)
2

U(x,sz):%{ﬁ(o,sz)— \/SKUX(O,SZ)}G\/§+%{U(O,SZ)+ \/SKUX(O,SZ)}e %X (4.29)

since U(X,t) is bounded as X — oo then U(X,S,) is bounded as X — o

from boundedness condition, we require

l{U(O, S,)+ \/KUX 0, sz)} =0
2 S,

u,(0,s,) = —\/%U(O, S,)
then (4.29) become

u(x,s,)= %{U(O, S,)+ \/SK \/%U(O, s, )}e_‘/%

U(x,s,)= U(O,Sz)e\/; (4.30)
since
u(a,t)=QH{)=1u(a,s,)=Q

As x—>a In (4.30)then (4.30) Become

U(a,s,)=0(0,s, )ef\Pk'a

Q- U(o,sz)e_ga
0 (0,5,) = Qega
then (4.30) become

S
—(x-a),|-2
u(x, 32) =Qe \/;

using L;' we find the required temperature

~(x-a)®
Q e 4kt

2~/ 7kt

The point source X =a is some times called a heat source of strength Q.

u(x,t)=
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CHAPTER 5

CONCLUSION

Many physical processes in nature evolve with time in semi infinite or infinite
domains. Since these processes are described by both ordinary and partial differntial
equations, solving such equations is of great importance. Since the Laplace
transforms transform a differential equation to an algebraic one, the double Laplace
transform is considered to be a strong tool for solving partial differential equations
that appear in various fields of science and engineering. Besides,the Laplace
transforms method is considered to be the easiest methods used to solve such
equations because unlike the other methods used less and uncomplicated calculations

are needed.

This thesis can be considered as a survey on double Laplace transform. and we
believe that this thesis will be a reference for all scientists who want to use double
Laplace transform to solve linear partial differential equation which they encounter

in their scientific researches.
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