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Abstract: In this paper, we propose a new type (n + 1)-dimensional reduced differential transform
method (RDTM) based on a local fractional derivative (LFD) to solve (n + 1)-dimensional local
fractional partial differential equations (PDEs) in Cantor sets. The presented method is named the
(n + 1)-dimensional local fractional reduced differential transform method (LFRDTM). First the
theories, their proofs and also some basic properties of this procedure are given. To understand the
introduced method clearly, we apply it on the (1 + 1)-dimensional fractal heat-like equations (HLEs)
and wave-like equations (WLEs). The applications show that this new technique is efficient, simply
applicable and has powerful effects in (n + 1)-dimensional local fractional problems.

Keywords: reduced differential transform method; heat like equation; wave like equation; fractional
partial differential equations; local fractional derivative

1. Introduction

The importance of fractional calculus and its popularity have increased during the past four
decades, due to its applications in many fields of engineering and applied science. For example,
analysis of entropy in fractional dynamical systems, entropy in thermodynamics, control theory of
dynamic systems, probability and statistics, electrical networks, signal processing, optics, chemical
physics, the electrochemistry of corrosion and so on can all be successfully modelled by fractional
order differential equations [1-39].

In thermodynamics, entropy is known as a state function of a thermodynamic system. The
production of entropy by fractional calculus was suggested in [4]. The production of entropy rate for
fractional diffusion processes was discussed in [6-8]. The analysis of entropy in fractional dynamic
systems was proposed in [10]. However, these entropy processes are differentiable. Non-differentiable
production of entropy in heat conduction of the fractal temperature field was studied in [13].
The heat conduction equation was discussed by the help of local fractional derivative (LFD) [26].
Some numerical methods are applied to many non-differentiable problems in Cantor sets by using
LFD [21-29].

The differential transform method (DTM) which is constructed based on Taylor expansion has
been a widely used approximation method in recent years. The DTM was introduced and applied to
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engineering problems by Zhou [40]. The method was applied to solve linear, nonlinear, ordinary, partial
and fractional order differential equation problems in biology, engineering, physics [41-49] and so on.
The reduced differential transform method (RDTM) was presented by Keskin and Oturanc [50-52] to
simplify the DTM calculations. The method is a reliable semi-analytical approach used to find solutions
of many types of linear, non-linear, fractional non-fractional order partial differential equations (PDEs).
There have been many application of RDTM [50-60]. Previously, the use of LFD with DTM and
RDTM was introduced as local fractional DTM (LFDTM) [27] and local fractional reduced differential
transform method (LFRDTM) [28]. Furthermore, some basic theorems and applications were given for
these methods [27,28]. In addition to that, we now introduce the (n + 1)-dimensional case of RDTM
with LED for the first time. The basic definitions and theorems of (n + 1)-dimensional LFRDTM are
given. Moreover, the presented method was applied to both (1 + 1)-dimensional fractal homogeneous
and inhomogeneous HLEs and WLEs. These equations have been studied by many researchers [60-64].
However, in fractal space, these problems are discussed using (n + 1)-dimensional LFRDTM for the
first time.

In our present study, the basic definitions of local fractional calculus are given in Section 2.
Two-dimensional LFRDTM and (n + 1)-dimensional LFRDTM with the basic definitions and theorems
are presented in Section 3. In Section 4, the applications of the new method, graphics of the solutions
and discussion are given and finally, we put forth our conclusions in Section 5.

2. Preliminaries

In this section, we give same basic definitions and important properties of LFD on fractal space [11,27].

Definition 1. Let Cy(a, b) be a set of the non-differentiable functions with the fractal dimension a(a € (0,1]).
For i(x) € Cu(a,b), the LFD operator of (x) of order a(a € (0,1]) at the x = xq is defined as follows [[11]]:

D@y (xo) = d“;ﬁﬁf o) _ Jlim A“%S?;;fi“”, (1)
where:
A*(p(x) — p(x0)) = T(1+a)[p(x) — ¢(x0)] )

Lemma 1 [11]. In fractal space, let , ¢ € Cy(a,b) and o € (0,1] . Then:
(i)  DW(Ap(x) £ r9(x)) = ADWy(x) £yDWe(x) for A, €R,

(i) D@ (p(x)g(x)) = [DW(x)] p(x) +¥(x)[ DWp(x)],
)

x D@y (x)]p(x)—p(x)[D® g(x
(iif) D(“)@Ex)) _ [D®y( )]fp(q))z(;#’)( )[DY )]

Some basic operations of LFD on fractal space are presented in Table 1 (see [26]).
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Table 1. The some basic operations of LFD.

P(x) DW y(x) Special Functions
yh x(k—l)cx
T(1+ko) T k=)
®© ko
Eo(x%) Eo(x%) Ealx*) = L itk
o x x\ _ X (71)kx"°‘
Eo(—x%) —Eq(—x%) Eq(x )7}(;01"(?1@0()
sing (x%) =
Sino((x“) Cosa(xa) 0 (1)t y@ka
k)go I'(1+(2k+1) x)
&« o o« O (—1)Fae
cose (x%) —sing (x%) Cosq (x%) = E T2k
Sinh“(x“) =
sinhy (x%) coshy (x%) o L2k
=, T TR)
e k o
coshy (x%) sinhy (x%) cosq (x%) = kgo %

Definition 2. The local fractional partial derivative operator of P(x,t) of order a(a € (0,1]) with respect to t
at the point (x, to) is defined as follows [11,27]:

M = i A“(IIJ(X, t) — llJ(x, tO))

Dfa)lP(xr tO) 4 BT - t1—>n;}) (t — tO) 7 (3)
where:
A*(p(x, t) — p(x,t0)) = T(L+a)[p(x,t) — P(x, to)] 4)

In view of (1), the local fractional partial derivative operator of i(x, t) of order ka(a € (0,1]) is
given by [11,27]:

n okw x,t « % «
Dz, 1) = ZEEL _ peip®) . py(x, ). ©)
—_————
k times

3. Main Results

In this section, we describe two-dimensional LFRDTM and (n + 1)-dimensional LFRDTM.

3.1. Two-Dimensional LFRDTM

In this subsection, we recall and review briefly the local fractional Taylor theorems, and then, we
extend two-dimensional LFRDTM.
Lemma 2 (Local fractional Taylor’s theorem) [27,28]. Suppose that dd;(k:l); P(x) € Cy(a,b), fora,b e R,
k=0,1,2,..nand a € (0,1], we have:

o gku _ ok
¢m-2@wwﬁﬁ% ©)

k=0

where a < xg < x < b,Vx € (a,b).

Lemma 3 [27,28]. Suppose that %w(x) € Cu(a,b),fora,b e R, k=0,1,2,..,nand a € (0,1], we have:

S Xk
v = L TRt O ey T E@h) )

k=0
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Definition 3. The two-dimensional local fractional reduced differential transform (LFRDT) ¥y (x) of the
function P(x, t) is defined by the following formula [[27,28]]:

1
) = Fa

®)

ey (x, t)]
atk"‘
t=0

where k =0,1,2,...,nand « € (0,1].

Definition 4. The two-dimensional local fractional reduced differential inverse transform of ¥y(x) is defined
by the following formula [27,28]:

Pl ) = Y Yi(0)t ©)
k=0
where o € (0,1].

Using Definitions 3 and 4, Based on results of [28], the fundamental mathematical operations of
the two-dimensional LFRDTM are presented in Table 2:

Table 2. Basic operations of the two-dimensional LFRDTM.

Original Function Transformed Function
ok (x,t
P(x,t) Yi(x) = m [%L:
P(x,t) = an(x,t) £ be(x, t) Yi(x) = alli(x) £ by (x)

Fi(x) = st(x)cbk_s(x)
P(x,t) = rt(x, t)p(x, t) S?O
= ;0 ¢S(X)Hk75(x)

S

no 14 k v
P(x,t) = a2 ph) Fi(x) = NS o (x)
_ _x™ Su(k=n)
e e Tk(x) - r(lﬂc-‘rmﬂé) F(1+;1) 4
l/J(x, t) = T(1+ma)T (1+na) b (k o l’l) b Lk=n
* Tl 0,k#n

In Table 2, the lowercase ¥(x,t), w(x,t) and ¢(x,t) represent the local fractional analytic
original functions while the uppercase ¥y (x), ITy(x) and @y (x) stand for LFRDT functions. 4 and b
are constants.

3.2. (n + 1)-Dimensional LFRDTM

In this subsection, the lowercase (0, t) represents the local fractional analytic original function
while the uppercase ¥, (c) stands for (n + 1)-dimensional LFRDT function. Here ¢ is used for o =
(x1,x2, ..., x,) through the study. The basic definitions of (n + 1)-dimensional LFRDTM are presented
as follows.

Definition 5. The (n + 1)-dimensional LFRDT Yy (o) of the function (o, t) is defined by the following
formula:

aktx
a@#’((’/ f)] (10)

t=0

1
Yo) = Fa

wherek =0,1,2,...,nand « € (0,1].
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Definition 6. The (n + 1)-dimensional local fractional reduced differential inverse transform of ¥ (o) is defined
by the following formula:

Z (o)t (11)
where o € (0,1].

Using Definitions 5 and 6, the theorems of (n + 1)-dimensional LFRDTM, which is the more
general form of the operations given in Table 2, are deduced as follows:

Theorem 1. Let A and 7y be constants. If Y(o,t) = Amt(o,t) £ y¢(0o,t), then ¥y (o) = ATk (o) £ v Dy (o).

Proof. (n + 1)-dimensional LFRDT of 7t(c, t) and ¢(o, t) can be written as the following:

koo
¥e(0) = ritey oo b)]

ko
(o) = F(likq) [aatka 7T(‘T’t)]tzo’ )
. ke
() = i {atkw 9(c, t)] t=0’

B3I
= Fitmy | (A(o t) 7900 ). .
aen(o ) £ vime )] (13)

= A T(T+ka) | 3¢k (‘T/t)} - jE“Yr(1+k,x) [e?tkafp(‘f t)LZO
— AL () £ 7 D(0).

The proof is thus completed. [

k
Theorem 2. If (¢, £) = (0, )p(e, 1), then ¥4(7) = . T1(0)Dy_o(0).
s=0
Proof. By the help of Definition 6, 7t(c, t) and ¢(c,t) can be written that:
(o, t) = ¥ (o)t

= (14)
p(o,t) = kgo O (o) tk,

Then, from (14), 1(o, t) is obtained as:

(o, t) :kgonk( o)tk ; Py (o)t
[HO(U)"FH]( )t"‘—i—l'[z(a)tz“ '+Hn(0')t"“—|—---]
X[(I)O(U)+<I)1( )t"‘+q)2(0-)t -+(Dn(0')t””‘+...] 5
= o (0)®o(0) + [TTo (o) P4 (0) +H1(0)d>0((7)]t“ (15)
+[Mo(0) Do () + Ty () D1 (0) + TTa(0) Do ()]t + - - -
o k
- £ oo o
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Hence, ¥ (o) is found as:

k
Yi(0) = ) 1s(0) @y —s(0) (16)
s=0
The proof is thus completed. [

Theorem 3. If (0, 1) = & (0, ), then ¥y (0) = NEROT 4 (0).

Proof. By the help of Definition 6, (n + 1)-dimensional LFRDT of 77(c, t) can be written that:

1

(o, t) = T(1+ka)

oka
t=0
For ¢(o,t) = atm =71(0, 1), by using (17), ¥ (') can be obtained as:

Ye(@) = rri [aat];:; (aa;i‘ ”(‘T’t))} =0
= i | 2 (o)

T(1+ka) | 9o

_ TA+(nt+k)a) 1 e , (18)
= “T(+ke) AT | poreoa 7o )] 0
_ T'(1+ka+ne)
= WHH" (o)
The proof is thus completed. [J
Th 4 I H o= . Nt then W =
eorem 4. If (o, t) = M i N i en «(0) =
e Pl qna _ 1 ifk=m
il Xy X O (k—m) A _ f
M) Mg M) 17w - Oheredalk—m) = o iy o
Proof. From Definition 5, we have:
- 1 ke qua 2% xq”"‘ e
IIIk(o—) T T(1+ka) | otk (F(1+qltx) F(liqztx) ’ (l+qnu¢) T(1+ma) -0
A x;?l”‘ ng"‘ o xZnﬂ |: < g ):| (19)
I(1+g1a) T(1+qoa) (1+q,1ac) T(1+ka) | otke \ T(1+ma =0
_ g s
I'(14+q12) T(14g20) (1+qy,a) I(14a) -
The proof is thus completed. [
4. Applications of (1 + 1)-Dimensional LFRDTM
Example 1. Firstly, we consider (2 + 1)-dimensional local fractional homogeneous HLE on a Cantor set:
o yZac Q2w A20 92
8t"‘lp (14 2a) 8x2”‘¢ T'(1+2a) Byz"‘lp 0,0<a<l, 20
with the initial condition (IC):
20
Y
= 21

where P = P(x,y, ).
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Now solve this problem by using (n + 1)-dimensional LFRDTM. By taking the (n + 1)-dimensional
LFRDT of (20), it can be obtained that:

I'(1+ka+ o) A X2 g
I'(1+ ka) Fre(xy) = I'(1+2«a) ox2* Tt I'(1+2a) awaTk (22)
The (n + 1)-dimensional LFRDT of the IC in (21) is given by:
y24x
Yo(x,y) = A 1 20) (23)
By using (23) in (22), we can obtain the following ¥ (x, y) values successively:
— 1
1(0y) = i
- 1
Ya(xy) = T(1+2a) T(1+24)
: (24)
2 1 . .
¥, (x,y) = 1"(1XT2204) ) if nisevennumber,
7 & 1 . .
m m 1f n is odd number.
From (24), the {¥x(x,y) };_, values give the following approximation solution:
_ n I n y21x $2ke n 20 +(2k+1)a
4 7 t == ‘If 7 7 t t == 25
Ynlxy,t) k; Ky, t) kgr(uza) T(1 + 2ka) +k§r(1 T+ @ e >
Hence, from (25), ¥ (x,y, t) is:
Yy - yZa N x2u ) .
P(x,y,t) = nlg%ozpn(x,y,t) =Tt cosh, (%) + msmha(t ) (26)

This finding is the exact solution of the (2 + 1)-dimensional local fractional homogeneous HLE

(20) on the Cantor set. The graph of this solution is given in Figure 1 for « = iﬁ—%

l,(/(x,l,t)
w(Ly.r)

(a)

Figure 1. (a) The exact solution of (2 + 1)-dimensional local fractional homogeneous HLE (20) in fractal
space for ¢(x,1,t) with & = In2/In3; (b) The exact solution of (2 + 1)-dimensional local fractional
homogeneous HLE (20) in fractal space for (1, y, t) with « = In2/In3.
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Example 2. Secondly, consider the following (3 + 1)-dimensional local fractional inhomogeneous HLE on
a Cantor set:

_ T(Q+20)T(142a) [ x20 y* Pl (xyz)*
Sy 3r(i+da) | Ta+20) o= ¥+ Tz 1—|—2¢x aym Y+ it e V| = T(1+4a)]* (27)
subject to the IC:
¥(x,y,2,0) =0, (28)

here0 < o < land ¢ = ¢(x,y,z,1).
Using (n + 1)-dimensional LFRDTM, Equation (27) transforms to:

T (1+k o (142 a
(1“(_‘{+D;{I;()‘Pk+1 (x, y,Z) = [r((iizia)]‘*&(k) + 31"((11402) [ 2 axzx‘{f +ZZIX aza‘lj +z 2 8 11jk] (29)

From the IC (28), we write:
Yo(x,y,2) =0 (30)

From (30) and (29), the following ¥ (x, y, z) values can be obtained:

()™ 1

Y1(%y.2) = g T
_ _Gy*
Yo (x,y,2) = T (1-4a)]* T(1+28)7 (31)
TG [[(1+4a)]* T(A+na)”

From (31), the following approximation solution can be written as:

n(x,y,2,1) Z‘I’ xX,y,z, ) = i (xy2)" e (32)
n\X, Y, — k Y, :1 1 + 4a ]4 1"(1 + 7’106)
Hence, from (32), ¢(x,y,z,t) is
4
P(x,y,2,t) = limpa(v,y,z 1) = (XL)AI(E“(F") ~1) (33)

(1 + 4a)]

This result is the exact solution of the (3 + 1)-dimensional local fractional inhomogeneous HLE
(27) on the Cantor set. The graph of this solution is given in Figure 2 for a = In2/In3.
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s

=4
=
=
=]

w(x, l,Lt)

w(x,05,05.¢)
-
=

0005

(a) (b)

Figure 2. (a) The exact solution of (3 + 1)-dimensional local fractional inhomogeneous HLE (27)
in fractal space for P(x,1,1,t) with « = In2/In3; (b) The exact solution of (3 + 1)-dimensional local
fractional inhomogeneous HLE (27) in fractal space for 1(x,0.5,0.5, ) with « = In2/In3.

Example 3. Thirdly, we consider (2 + 1)-dimensional local fractional homogeneous WLE on a Cantor set:

o T'(1+2a)T(1+ 2a) Y2 52 2 g
A _ _
oz ¥ T(1+4a) T+ 2a) 922 ¥ T+ 20) 9y ¥ 0,0<a<1 (34
with the ICs:
x40c o An

_
" T+ 4a)’ (39)

¥(x,y,0) = (1 + 4)’ P4
here p = ¥(x,y,t).

We solve this problem by using (1 + 1)-dimensional LEFERDTM. By taking (1 + 1)-dimensional
LFRDT of (34), it can be obtained that:

T(1+ ka + 2a) T2 +2a)T(1+2a) X2 g y 9
T(1+ ka) kr2(%y) = T(1+ 4a) (1 +2) o ¢ T 1 2a) ayZaTk (36)
From the ICs (35), it can be written as follows:
Y x4rx - y4a¢ .
oY) = Firaey Y = R e (37)
By using (37) in (36), we can obtain the following ¥y (x, y) values successively:
4x
Fa(x,y) = l"(l+4ax)4l"(1+2a)’
Ya(vy) = T(1+4a)0(1+3a)”
' (38)

A . . b
¥ (x y) - m lf n 1s even number,
n\As - An
y . .
TAT 3T () if nisoddnumber.




Entropy 2017, 19, 296
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From (38), the {¥x(x,y) };_, values give the following approximation solution:
_ n ” n XA 2ke n
wn(x/y/t) = ZTk(xry/t)t :Z T
k=0

y4ac +(2k+1)a
+ )
= T(1+4a) T'(1 + 2ka)

= T(1+4a) T(1+ (2k+ 1)a)
Hence, from (39), ¢(x,y,t) is:

(39)

) _ x4a¢ N y4tX ) N
P(x,y,t) = y}%¢”(x’y’t) = mCOSha(t )+ I +4a)s1nha(t )

(40)
This finding is the exact solution of the (2 + 1)-dimensional local fractional homogeneous WLE
(34) on the Cantor set. The graph of this solution is given in Figure 3 for a = In2/In3.

w(x.Lt)

(@)

(b)

Figure 3. (a) The exact solution of (2 + 1)-dimensional local fractional homogeneous WLE (34) in

fractal space for (x, 1, ) with & = In2/In3; (b) The exact solution of (2 + 1)-dimensional local fractional
homogeneous WLE (34) in fractal space for ¢(1, x, t) with & = In2/In3.

el yz"‘ el
T(1+42x) ox2« y+

Example 4. Finally, consider the (3 + 1)-dimensional local fractional inhomogeneous WLE on a Cantor set:
92u 2 20 92« .
=Y~ [ r(1+2a)ayﬂ¢+ ] -
subject to the ICs:

x2a+y2a+22a

T(1+20) 922% i) 0<as<1l ()
alX

Y(xy,2,0)=0, 559

B xZa 4 yZa _ Z2IX

[(1+2a) 7
where p = P(x,y,2,t).

(42)

=0

According to (n + 1)-dimensional LFRDTM, (1 + 1)-dimensional LFRDT of (41) can be written that
20

T'(1+ ke +20) [y 4 :

aZa yZa 3211
s + | T2 o Tkt Tiga
I(1+2a)
From the ICs (42) we write:

PRI | g
4zt oty
T(1+2a) 9z2¢ 1k

20 20 2
x4+ —z
Yo(x,y,2z) =0, ¥Y1(x,y,2) = Y

I(1+2x)I'(1+a)

(44)
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According to (44) and (43), we can obtain the following ¥y (x,y, z) values:

. x2a+y2a+22u

Y2(%,Y,2) = sy
X244 Zac_ZZa

Ya(x,y,2) = T(1+24)T(1+3a)”

(45)
. .thJr 21x+(71)n 2
(%, Y,2) = Tz T i) -
By using (38), the {¥(x, y,z) };_, values give the following approximation solution:
n n 2n 20 k_2a
g _ ka _ Ty + (_1) Z ko
Un(x,y,z,t) = ,;)‘I’k(x,y,z,t)t —k; < T(1 4 22)T(1 £ ka) t (46)
Hence, from (46), ¥(x,y,z,t) is:
. x20¢ + yZa . Zth u leX + yZoc L Zsz
¥(x,y,z,t) = lim pu(x,y,2,t) = mEa(t )+ mEa(—t ) — (W) (47)

This result obtained is the exact solution of the (3 + 1)-dimensional local fractional inhomogeneous
WLE (41) on Cantor set. The graph of this solution is given in Figure 4 for a = In2/In3.

w(x,Ll,t)

(a) (b)

Figure 4. (a) The exact solution of (3 + 1)-dimensional local fractional inhomogeneous WLE (41)
in fractal space for ¢(x,1,1,t) with « = In2/In3; (b) The exact solution of (3 + 1)-dimensional local
fractional inhomogeneous WLE (41) in fractal space for (1,1, z, ) with & = In2/In3.

5. Conclusions

In this paper, a new technique, (1 + 1)-dimensional local fractional reduced differential transform
method (LFRDTM), was presented to find the analytical approximate solutions of local fractional PDEs.
Then, the new method was applied to (1 + 1)-dimensional fractal HLEs and WLEs. In the applications,
our method directly gave us the exact solution for the problems without any transformation,
discretization and any other restrictions. Physical behaviors of the solutions on fractal spaces were
illustrated using 3D graphics. The results showed that presented method gives good outcomes
for solutions of (n + 1)-dimensional local fractional PDEs. Hence, our results suggest that the new
procedure (1 + 1)-dimensional LFRDTM is reliable, useful and simplify for local fractional PDEs to
solve many complicated fractal problems.
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