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Abstract

Fractional derivatives with three parameter generalized Mittag-Leffler kernels and
their properties are studied. The corresponding integral operators are obtained with
the help of Laplace transforms. The action of the presented fractional integrals on the
Caputo and Riemann type derivatives with three parameter Mittag-Leffler kernels is
analyzed. Integration by parts formulas in the sense of Riemann and Caputo are
proved and then used to formulate the fractional Euler-Lagrange equations with an
illustrative example. Certain nonconstant functions whose fractional derivatives are
zero are determined as well.
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1 Basics and preliminaries
Fractional calculus is an emerging field with several real world applications in various areas
of science and engineering [1-13].

Recently, generalized versions of the standard classical fractional derivatives and their
discrete versions (see, for example, Refs. [14—19]) are required by a better description of
the dynamics of so-called complex systems. The extension of these fractional operators
with nonsingular kernels and the Lyapunov type inequalities and their discrete versions
have been later investigated in [20-23]. Further, the monotonicity analysis of such dis-
crete fractional operators has been also studied in [24, 25]. Thus, we have to investigate if
the new fractional derivative with Mittag-Leffler kernel can be used properly for treating
the control problems and if it can be used successfully to produce new fractional Euler—
Lagrange equations. As it can be seen, these types of equations contain two types of deriva-
tives, the left and right ones, and they are new types of equations. The solutions of these
types of equations were used successfully to treat several complex oscillatory systems [26—
33]. In fact, the fractional variational principles provided the scientific community with a
new type of Euler—Lagrange equations which opened new directions in the field of nu-
merical analysis.

Keeping the above mentioned things in our minds, we discuss in our manuscript
the fractional operators with three parameter generalized Mittag-Leffler kernels and we
present the integration by parts formulas, and finally we obtain the related fractional
Euler—Lagrange equations. Therefore, we generalize the results obtained in [15, 17]. The
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defined fractional derivatives depend on a limiting approach of weighted versions of Prab-
hakar fractional integrals [34] with the help of delta Dirac functions. Prabhakar fractional
integrals were investigated in [35] as well.

We recall that the Q-operator action, (Qf)(¢) = f(a + b — t), was utilized earlier in frac-
tional calculus [1-4] to relate left and right type fractional integrals and derivatives. Then,
recently, it has been employed to relate left and right fractional sums and differences [36,
37]. In our article, we will use the action of Q-operator in order to define and to confirm
our definitions of fractional derivatives with Mittag-Leffler function kernels.

Definition 1 The Mittag-Leffler function of one parameter is written as
0 2k
Eo(h2) = Ey(22%) 0#X1 eR,ze CRe(a) >0), 1
(1,2) = kzr<ak1)(7‘ (@) >0) (1)

and the expression of the one with two parameters « and g has the following form:

o Zak+ﬂ 1
Eap(h2) =2/ Eqp(r2”) = Y 2% (0#xr€R,z,p € C;Re(w) >0), (2)
7. F(ozk

where E, (A, 2) = E4 (A, 2).

We recall that the formula of the generalized ML of three parameters is

X k

o _ z
ELp@) = YO v 3)

k=0

where (0)x =0 (0 +1)--- (0 + k- 1) is the Pochhammer symbol. Notice that (1) = k! so
that E;, ;(2) = Eqp(2).
Using a modified version, the following is the ML function of three parameters:

o ak+p-1
o _ k
09 = DOy @

Definition 2 Let s € R and fj, g : [4,00) — R be functions. The convolution of f; with g;
starting from a is written as

(fl*gl)(t)zf a(t—s+a)fi(s)ds, (5)

and the Laplace transform starting from a of f; as

o0
{Lefi(®)}(2) = / A dt
a
When a = 0, we use L instead of L.

Depending on Definition 2, we can prove the following a-convolution Laplace identity
that we shall use throughout this article.
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Proposition 1 For f, g defined on [a, 00) we conclude that

(La(f *9) (@) = L) (@) (Lag)(2). (6)

Proof The proof is straightforward and can be achieved by using definition and inter-

changing the orders of the integrals. O

2 Generalized fractional derivatives with singular ML kernels with three

parameters
Definition 3 The generalized ABR and ABC fractional derivatives with kernel E&',M()\, t),
where 0 < <1, Re(u) >0, y € R, and A = %, are defined respectively by
o B(Oé ) ,
(QBCD ""”f) (%) = . E}; aox—0)f'(t)dt
B
== (“) “E}, (0 - a) 1 f (). )
The right one by
ABC /LY -B(@) [* ¥ /
( D, f)(x) 1 4 EY (0t -x)f'(t)dt (8)
X

and

(;\BRDQ,/L,yf)(x) y Mi /ngX’,u()"x -0)f(t)de

l-adx ),
= f(_—a)iE;’M(A x —a) x f(x). 9)
The right one by
o, -B(a) d_[*
(ABRDb’“’f)(x)z T~ %/x EL (e =x)f (t)dt. (10)

Here B(0) = B(1) = 1. Simply B(«) can be chosen as 1.
Remark1 Note that the above generalized type fractional derivatives have singular kernels
for 0 < u < 1. However, the one parameter ML function kernel defined in [15] is nonsin-

gular. Also, the limiting process «, i,y — 1 gives the ordinary derivative.

Theorem 1 ([35]) For p,i,y,v,0,A € C (Re(p),Re(i), Re(v) > 0), we have

x
/o (x ="~ IEZM()»[x—t]p)tv‘lEgyv(kt”) dt =x"*"" lEgjﬂv(kx”). (11)
Particularly, if y =1, u =1, and p = «, we have

/ CEu(hlx— )0 ED, (1) de = 2 VS (1), 12)
0
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Remark 2 If we utilize the modified notation of ML, then (11) becomes

X
fo EV (x-0E) (A t)dt=E}77 (%), (13)
and (12) is written as
X
/ Eo(M,x—0)ES (A, t)dt = E)7, (A, %). (14)
0

For o, i, y,A € C (Re(e) > 0), and n € N, we conclude that [3]

d n
(E) (EL (2] =EL,_,(2). -

Now, from (13) and (15), we see that

B d B

ABRpeir [ES (%)) = T [ELie, (0 %)] mgg;jﬂ_l(x,x), (16)
and
Bla) [* d
oPCDMY [ES (%)) = T E (Lx— t)E[Eg,v()», t)]dt
- 0
B(x)
= mEl};;iM_l()\,,x). (17)
Remark 3 Noting that
V+pu—-2
. (ha)=— 50, v l-p0<p<l,
V-l Fv+pu-1)

from (16) and (17) for o = —y, it implies that

l-«
G = - E—V )‘-1 ’ — 1 -
y(®) B@) (M%), v 2
is a nonzero function such that its ABR and ABC derivatives are zero. By inspection we
report that the function G(x) tends to 1 as u — 1~ and &« — 1 with y = 1. Also, it is of in-
terest to study the fractional polynomial function G, (x) with y = 1,2,3,... (see Example 1
below).

Now, we solve the equation (ABRD*#7 £)(¢) = u(t) with y = 1 to find the fractional integral
operator of two parameters. After we perform the Laplace transform to both sides, we
utilize the convolution identity in Proposition 1 and make use of the fact that

(LﬂEZ,ﬁ()\')t - ﬂ)) (S) = s’ﬂ[l _ )\S—a]—}/’

and that f(¢) is continuous at a to have

(Lot D )6 = 15 (L0 it =] )9

l-«



Abdeljawad and Baleanu Advances in Difference Equations (2018) 2018:468 Page 5 of 15

= f(_a; s.sH [1 - As_a]_lF(s) -0
= U(s), (18)
where U(s) = (L u(2))(s), F(s) = (Laf (£))(s), and A = . From which it follows that

F(S) —_ SM 1[1 )LS—a]u(S) = gh~ ll:l(_a L aj|u(s).

B(oe) ) Bla )

Utilizing the inverse Laplace, we see that

-~ 1-p - 1-pra
10 )(1 )(6) + g (o) 0

As a result, we have the following definition.

Definition 4 Let f be a continuous function defined on an interval [a, 5] and assume 0 <

a <1, u>0. Then the left and right fractional integrals of two parameters « and u are

defined respectively by
(AB ) (8) = ;(_—a‘;‘ (T Fu) (@) + % (uT 7+ u) (0) (19)
and
AB 7o, l-«a Jipa
“ = — ket _—
(AP u) @) B@) (L, " u)@ + B )( u)(®), (20)

where (,/%u)(¢) and (I} u)(t) are the left and right Riemann fractional integrals.

Remark 4 Note that if u tends to 1 in Definition 4, we have (2B1*14)(¢t) = (4BI*u)(t) and
(ABIZ’lu)(t) = (ABIZ‘u)(t). The case of finding explicit formulas for the left and right AB
fractional integrals of order «, 1, ¥ when y # 1 has not been treated above. However, it

is possible to formulate the particular cases y = 2,3,4,... with the help of Laplace trans-

forms. In fact, the AB fractional integrals of order 0 <o <1, £ >0, y =1,2,..., are given
by
Y ol
ABIa ", }/ £) = Iai+1—/L t 21
9 Z B eyt 10 =
and
)4 Oli .
ABIa Y LV (F) = T ). 22
( W Z( >B(06)(1 a)~ A 22

From [15] we recall the following:

B(x)

——f(0)E, (%, 1). (23)

(IOXBCDaf) (t) - (é\BRDaf)(t) _ -
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Actually, the a-version is (f is regular at a)

CZ

(2%DF) (0 = (D) O - TS @E, Gt - a) (24)
and the b-right fractional version is

ABC e f) (7) = (ABRDEF) (¢) - (“) T f(DE,b-0) (25)
(*PEDRf)(8) = (*PRD5S)

More generally, we can state and give proof of the following.

Theorem 2 (The relation between the generalized ABR and the generalized ABC frac-
tional derivatives) ForanyO<a <1, u >0,y € R, and f is regular at a, we have

o (ABCDR £ () = (ABR DRty ) () — B9 F(@)EY (3, — a),

o (BCDP£)(x) = (ABRD)(x) — B F(B)EL,, (0, b — ),
where always A = <.

Proof From the relations

Lﬂ{(ﬁBRDa’“’yf)(t)}(S) _ %SI—MF(S)D - )\5‘0‘]_” (26)
and
— B(a)

La{ (2D )0)(0) = s p(s)1 - 157]

. f( H1-as]7, (27)

we conclude that
Lo { (22D £)(6)}(s) = La{ G** D7 £) () }s) - %f(a)s’“[l a7 (28)

Applying the inverse Laplace to (28), we finish our conclusion in the first part. The second
part can be proved with the help of the first part as well as the Q-operator action. O

Using Theorem 2, (19), (20), and the identity (see [3] page 78 or Theorem 3 in [35])
(I (t - a)ﬁ’lE}:’ﬁ [A(t-a)*](x) = (x - a)** P EY B [Ax—a)*], (29)
or in a modified version as
IE}, (0t —a)(x) = E], ., ;(L,x - a), (30)
we can conclude the following.

Proposition2 ForO<a <1, u >0,y =1, we have

(AB [ AABC DL ) () = £(x) — £(@) Eqy (A — @) %f(a)Ea,m(/\,x—u)
=f(x) —f(a).
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Similarly,
(VLD ) ) = f @) (D).
In the proof of Proposition 2, we need to make use of the identity
Ey,i(Mx—a)—AEygi1(Mx—a)=1.
Remark 5 From Remark 4 with y =2, for 0 <« < 1, i > 0, we have

(B2 (1) = S () (0) 4 e (L) ()

(oe) ) B(a)

0[2

20—pu+1
+m(41 ® u)(t).

In particular,
2«
5“0 3
' )(alz‘)‘u)(t).

(;\Bla,l 2 )(t)

oI71)(2)
o

" Ba)(l-«

Hence, we can generalize Proposition 2 for other values of y as follows.

Proposition3 ForO<a<1,u >0,y =2,and ) = T, we have

(AP 28R D2 ) (1) = f(x) ~ (@) [EL, O = @) — 20E2

a,a+1

A x—a)
+ \2E2

o,20+1

=f(x) - f(a)

Gk x—a @k 21 22
[“Z F(ak+1)<k! (k—l)!+(k—2)!)}

=0

A x—a)

=f(x) - f(a).
Similarly, by the action of the Q-operator, we have
(MBI ABCDEf) () = £(x) - £ (B).

More generally, if we proceed inductively on y € N by making use of the identity

Y
AN = _

i=0

we can state the following y -version of Proposition 2 and Proposition 3.

(31)

(32)

(33)

(34)

(35)

(36)

Page 7 of 15
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Theorem 3 ForO<a <1, u>0,y €N, and A = T, we have

v
(BP17 ABCD*Y ) () = f (%) = f(@) Y (~1) N EL iy O — @)
k=0
=fx) -f(a). (37)
Similarly, by using Q-operator, we get
¥
(ABLy Y ABCDRIY £) (x) = f (%) — f () Z(-nk,\kfg_am(x, b-x) (38)
k=0
=f(x) - f(b). (39)

3 Integration by parts
Below we shall deal with integration by parts for fractional integrals (ABI%* y)(¢) and
derivatives (A8D%*7 u)(¢) of orders 0 < o < 1, Re(u) > 0, y = 1,2,3,.... The extension for
arbitrary y is still open since there is no explicit formula for the integral operator in case
y ¢N.

Below we discuss the following function spaces: Forp > 1and O<a <1, u >0,y €C,

we define

(PIP )Ly = {f +f = 221" 9,9 € Ly(a, b) (40)
and

(L") L) = {f o f =N 6,0 € Ly(a, b (41)

The discussion in the previous section shows that
(A DF DL ) 1) = (e

and
(ABDZ,;W AB iy ) (£) = u(d).

We next prove that (2B« ABRDay £)(£) = £(¢) and
(ABIZ,M,VABRDZ,M,VJ() 0 =£(0),

thus the function spaces (481/7)(L,) and (*B[;”")(L,) are nonempty.

Theorem 4 Let 0 < @ <1, u >0, y € N, then the functions (3BRD*"Vf)(t) and
(ABRDY™Y £)(¢) satisfy the equations

(&P =f@, (L) =),

respectively.
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Proof Below we discuss the proof for the left case only. Using the Q-operator, the right
case can be proved easily. With the help of the definition we show that the first equation

is equivalent to

4 ak
Z ( ) T AR CRIC]
k=0

For y =1, the Laplace transform gives us the following:

SM_I[}B(——O;; %S_Q]G(S) F(s),

from which it follows that

B(a)F(s)
11 — o + as™®)

G(s) = = (LAPRDY1f) (s).

After that, the Laplace inverse implies that g(¢) = (QBRD""“lf )(2).

For y =2, the Laplace transform gives

2057 a2, 1. B@)
|:1+ . +(1—a)25 ]G(s)—s “l_aF(s),

from which it follows by (26) with y = 2 that

B(x)FE(s)
s 1 —a)(1 — 2487 + A2s720)

Gls) = = (L APRDA2f) (s).

Now, the Laplace inverse gives g(t) = (ABRD%-2f)(¢). If we proceed inductively on y by

making use of (26) and (21), we conclude that g(£) = (2BRD*#7 )(¢). The right case follows
by the left case and the action of the Q-operator. g

Theorem 5 Let0<oc<1,,u>0,yeN,pzl,qzl,and}?+%§1+a(p7z’landq7!1in
the case}? + % =1+a). Then
o Ifo(x) € Ly(a,b) and y(x) € Ly(a, b), then

b b
/ () (AP I ) ) dlx = f ) (I ) () dx (42)
and similarly,
b b
/ o) (AP ) () dx = / Y (%) (G217 @) (x) dx. (43)

o Iff(x) € ABL"7 (L) and g(x) € 58117 (Ly), then

b b
/ f(x)(iz\BRDa,/t,}/g)(x) dx = / (ABRDZ'M»Vf) (x)g(x) dx

a a

Page 9 of 15
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and similarly,

b b
/ f) (D" g)(x) dx = / W) (DY) (%) dx (44)

Sor f(x) € AB[*mY (L,) and g(x) € ABL"7 (L,).

Proof

+ The proof follows by (21), (22) and the integration by parts for (classical)
Riemann-—Liouville fractional integrals.

+ From the assumption and the first part, we have
b b
/ f(x) (QBRDO[’M’yg) (x) dx — / (ABIZ,/L,V d)) (JC) (ﬁBRDa,u_,y;\BRIa,u_,y (0) (x) dx
b
- [ e g) gt d
b
- / ¢>(x).(2BI"‘""V ) (x) dx

b
_ / (ABRDEY £ () (x) dix.

The fact that the fractional integral operator and the differential operator are inverses
to each other has been used (notice Theorem 4 and above it). O

From [35] recall the (left) generalized fractional integral operator
(Eg,u,w,fgo)(x) = / (x— t)“_lEZ‘M [0 —0)]e®)dt, x>a
X
= / El (0,x-t)pt)dt, x>a. (45)
a
Thus, we define the (right) generalized fractional integral operator as
b
(Ez,ulw,b,w)(x) = / (t— x)“‘lEZ,M [w(t - x)"]w(t) dt, x<b (46)

b
:/ E;)u(w,t—x)ﬁp(t)dt, x<b, (47)

where E}, .(2) = Y 120 F((le’jj)kl is the generalized Mittag-Leffler function which is defined
for complex p, i, vy (Re(p) > 0) 3, 35].

Using notations (45) and (46) and with the help of Theorems 2 and 5, we can state the
following integration by parts theorem for the Caputo case.

Proposition 4 (Integration by parts for the Caputo type derivative 25°D*"7) Let 0 < o <
1, u>0,y €N, then

o [ GEEDM ) 0g(0) = [ FOCEDE ) + FDAFOE , o, DL

1-a

o [TCEEDEN0(0) = 2 OCERD T g)(0) - 2L OEL, o DO
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4 The related fractional Euler-Lagrange equations
Below we investigate the corresponding Euler—Lagrange equations for a Lagrangian pos-

sessing the left new Caputo derivative with three parameter Mittag-Leffler kernel.

Theorem 6 Let O <a <1, u >0, y €N, and a < b be real numbers. Suppose that the
functional ] : C*[0,b] — R, namely

b
J(f) = / L(.f(®), 5D f () dt,

possesses a local extremum in S = {y € C?[a,b] : y(a) = A,y(b) = B} at some f € S, keeping
in mind that L : [a,b] x R x R - R. Then

[Li(s) + APRDy" 7V Ly(s)] =0, foralls € [a,b], (48)
where L1(s) = %(s) and Ly(s) = W(s).

Proof Let us suppose that / has local maximum in S at f. Thus, there exists € > 0 fulfilling
](7) - J(f) <0 for allfe S with |[7—f|| = SUP;c (4] [/f\(t) —f(t)| < €. For anyfe S, there is
n € H ={ye C*a,b),y(a) = y(b) = 0} fulﬁllingfzf + €n. As a result, the e-Taylor theorem
provides the following:

L(t,f,?) = L(t,f +en, ABCDTIY 4 eaABCDO‘”"Vn)

= L(t,f, 5°°D*"7f) + €[nLy + 22D 0L, ] + O(€?).

Then

. b . N b
JiH) -J(f) = / L(t,f(), AB“ D™ £ (1)) — / L(t,f(8), 55CD*"7 £ (1))

b
=€ / [1(OL1(t) + (GPCD*™7 ) (t)L2(8)] + O(€?). (49)

Here §J(n,y) = f:[n(t)Ll(t) + ((‘;‘BCDO‘""V n)(t)Ly(t)] dt represents the first variation of J.
After some calculations and using the integration by parts formula in Proposition 4, we

get

B(a)

b
8] (n,y) = / n(s)[L1(s) + *PRDy " Ly(s)] + n(t)E(Eg,M%,b,Lz)(mi =0

for all n € H, and hence the result follows by the fundamental lemma of calculus of varia-
tion. 0

Here, the quantity (EZ e »-L2)(2)] Z = 0 above is named the natural boundary condi-
tion.
For the special case when the Lagrangian depends on the right Caputo derivative, we

have the following.
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Theorem 7 Let us consider 0<a <1, u >0, y €N, and a, < b, be real numbers. Assume
that the functional ] : C*[ay,b;] — R of the form

_ n ABC oty
J() L(t,f (), "Dy f (1)) dt

ai

possesses a local extremum in S = {y € C*[a1,b1] : y(a1) = A, y(b1) = B} at some f € S, where
L:[a1;,b1] x R x R— R. Then

[Ll(s) + fRD"‘Lz(s)] =0 forallse[ay,b], (50)
where L(s) = %(3) and Ly(s) = W(s‘).

Proof The prooflooks similar to Theorem 6. d

Example 1 We analyze the following example of physical interest by Theorem 6. Let us
consider J(y) = f;[%(jl\BCD""“’Vy(t))2 —V(y(t))], where 0 <o < 1, o > 0, y € N and with y(a),
y(b) are assigned or with the natural boundary condition

(E 2D (1) (@)1} = 0.

o, 7% b a
As a result, the related Euler—Lagrange equation becomes

av
(ABRDZ"“’VQBCD“’“'VJ/) (s)— d—(s) =0 forallse [a,b].
Y

We noticed that the Euler—Lagrange equations consist of composition of left and right
type fractional derivatives with three parameter ML-kernels (see [4] for more details).
+ The free particle case corresponds to V' = 0. In this case we get

(ABRDZ,M,V;\BCDH,#,Vy)(t) =0.

By applying *1,”"" to both sides, we conclude that
(APCD*7 y)(t) = 0.

Then, by Remark 3, it implies that the solution is written as

1—
y(t)=c1+Gy(x—a)=c1+—aE;};()»,x—a), v—>1-pu, (51)
Bla)

and hence using y(a) = A we obtain
y(t) =y(a) + Gy (x - a). (52)

For example,

Gl(x_a)zl—a[(x—a)“ N (x—a)*rH ]

Bla) [ F(1-p) "Tla+1-p)
l-a@x—a)™ o (x—a)H

" B@ M- B@) Da+1-p) (53)
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Notice that u — 1~ and a = 0 will result in the function g(x) = % proposed in

[17]. We remark here that as alpha goes to one, we get the classical case. For y =2, we
have by (-2)o = 1, (-2)1 = -2, (-2)2 =2

Galx—a) = 1o [(x A gy A
Bla) [ T'(1~p) Il +1—-p)
_ g)2a-p
+ 2)\2%]
l-a@x—a)y* a (x—a)PH
" Ble) F(1—p) " “Bla) Ta+1- )
202 (x — a)2eH

+ . 54
Bla)l-a) '2a+1-p) (54)
Hence, G, (x —a) is singularat « =1 for y =2,3,4,....

+ Considering V'(y) = ¢y?/2, the expression of the fractional Euler—Lagrange equation is
written as (ABRDYABCD®ibY y)(£) = cy(t). Then, applying ABL,""" and 2By

respectively together with use of Theorem 3, we obtain
y(t) = y(a) + c(aABI“’“’VABIZ’”’Vy)(t), (55)
which contains, when « tends to 1, the classical case.

5 Conclusions

The fractional derivatives studied in [15, 17] are of interest for real world problems since
they contain nonsingular Mittag-Leffler kernels and their corresponding fractional inte-
grals are expressed by mean of the classical Riemann fractional integrals. They also obey
the action of Q-operator in studying the left and right fractional operators. In this article
we have generalized the results obtained in [15, 17] by defining fractional derivatives with
Mittag-Leffler kernels of three parameters 0 <@ < 1, > 0, y € R and then obtained their
corresponding fractional integrals when the function is regular at a (the non-regular case
is still open). Such kernels might be singular depending on the value of u. For such frac-
tional derivatives either in Riemann (ABR) or Caputo (ABC) sense, we proved integration
by parts when y € N since we were able just to calculate the corresponding fractional inte-
grals by Laplace transforms. We have applied our integration by parts on a fractional vari-
ational problem with Lagrangian containing left or right ABC-derivatives, after which we
analyzed a detailed example of physical interest, where nonconstant solutions expressed
by means of G, (x—a), y = 1,2,..., have been obtained for zero potential Lagrangian. The
action of the corresponding proposed left and right fractional integrals on left and right
ABC derivatives has been studied with the surprising conclusion that this action does not
depend on the three parameters of the Mittag-Leffler kernel (see Theorem 3). This action
is useful to solve fractional dynamical systems with ABC derivatives. We have related the
ABR and ABC derivatives for arbitrary y (see Theorem 2). All the results obtained in [15,
17] can be recovered by setting y = u = 1.
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