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In the paper, a combined form of the Sumudu transform method with the Adomian decomposition

method in the sense of local fractional derivative, is proposed to solve fractional partial differential equa-

tions. This method is called the local fractional Sumudu decomposition method (LFSDM) and is used to

describe the non-differentiable problems. It would be interesting to apply LFSDM to some well-known

problems to see the benefits obtained.
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1. Introduction

Historically, it has been established that the question of the
numerical derivation of the fractional order of functions and its
inverse integral operation has been discussed in various correspon-
dences between Gottfried Leibniz (1646-1716), Guillaume de
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L’'Hopital (1661-1704). However, the question will remain con-
fined to this fact and no major development was realized by these
early precursors in this field of mathematics, it is only later, when
studying certain phenomena in fluid mechanics, that it was
observed the presence of an integral of order one-half in the equa-
tions of heat when it is desired, for example, to explain a lateral
heat flux of a fluid flow as a function of the temporal evolution
of the internal source. As a result, developments took place in dif-
ferent fields of study, in particular hydrodynamics, thermodynam-
ics, diffusion theory, electrochemistry, to name but a few examples
(Ziane et al., 2016).

In addition to the above, we find that the development of this
branch has also led to the emergence of linear and nonlinear
differential equations of fractional order, which became requires
researchers to use conventional methods to solve them, for
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example, the Adomian decomposition method (Adomian et al.,
1989; Adomian et al., 1990; Adomian et al., 1994), homotopy
perturbation method (He et al., 1999; He et al., 2005; He et al,,
2000) and variational iteration method (He et al., 1997; He et al,,
1998; He et al.,, 1998). The reader wishing to learn more about
the subject can consult (Singh et al., 2016; Kumar et al., 2017;
Aslefallah and Shivanian, 2015; Hosseini et al., 2016; Abbasbandy
et al., 2011; Soltani et al., 2016).

Recently, local fractional derivative and calculus theory has
been introduced by the researcher in (Yang et al., 2011; Yang,
2012), which is set up on fractal geometry and which is the best
method for describing the non-differentiable function defined on
Cantor sets Yang and Hua, 2014. The fractional calculus is used
in generalized Newtonian mechanics, the Maxwell’s equations
and the Hamiltonian mechanics Golmankhaneh et al., 2015. This
then led to the emergence of ordinary differential equations or
partial differential equations relating to this new concept, which
became known as local fractional differential equations or local
fractional partial differential equations, prompting some
researchers to use the above-mentioned methods to solve this
new type of equations, among them we find, local fractional
Adomian decomposition method (Yang et al., 2015; Baleanu
et al., 5350; Yang et al., 2013), local fractional homotopy pertur-
bation method (Yang et al., 2015; Zhang et al., 2015), local frac-
tional variational iteration method (Yang et al., 2014; Yang et al.,
2026), local fractional variational iteration transform method
Yang et al., 3659 and local fractional Laplace decomposition
method Jassim et al., 2015. Other authors have also been inter-
ested in this area of research (see Kumar et al., 2017; Singh
et al.,, 2016).

The objective of this study is coupling the Adomian decomposi-
tion method (ADM) with Sumudu transform in the sense of local
fractional derivative. Then we apply this modified method to solve
some examples related to linear local fractional partial differential
equations.

2. Preliminaries

In this section, we present the basic theory of local fractional
calculus and we focus specifically on the following concepts: local
fractional derivative, local fractional integral, and local fractional
Sumudu transform. Some important results are cited.

2.1. Local fractional derivative

Definition 2.1. The local fractional derivative of ®(r) of order v at
r =rg is defined by (Yang et al., 2011; Yang, 2012)

_do_ AYO() ~ O(ro))

(v)
(L @1)
where
AY(@(r) — ®(ro)) 2= T(1 + v)[(D(r) — D(ro))]- (22)

For any r € («, f), there exists
(1) = D (1),
denoted by
®(r) € Dy (. B).
Local fractional derivative of high order is written in the form

m times

——
=D Do), (2.3)

r

™ (r)

and local fractional partial derivative of high order is

m times

—
o B0
oam 9y o o). 24

2.2. Local fractional integral

Definition 2.2. The local fractional integral of ®(r) of order vin the
interval [o, ] is defined as (Yang et al., 2011; Yang, 2012)

B
100 iy [ o@D

1 . N-1 )
*m}}i’o;ﬂm(mﬂ : (2.5)
where ATj = Tj;1 — Tj, AT = max {ATo, ATy, ATy, -+ -} and

[Tj, Tj+1], To = &, Ty = B, is a partition of the interval [o, §]. For any
r € (o, B), there exists

115")(1)(")7
denoted by
o(r) € I (2, ).

2.3. Some important results

Definition 2.3. The local fractional Laplace transform of ®(r) of
order vis

L0 = ey [ B-sTI0m@ (2.6)

Definition 2.4. In fractal space, the Mittag-Leffler function, sine
function and cosine function are defined as (Yang et al., 2011;
Yang, 2012)

) f: ™ 0 1 (2.7)

E,(r") = T <v<l, 7
= I(1+mv)

. , +oo m r(2m+])v

smv(r)zn;)(—l) AT @m i) 0<v<l, (2.8)

erv

cos, (") = ;(_])mm’

The properties of local fractional derivatives and integral of
non-differentiable functions are given by (Yang et al., 2011;
Yang, 2012)

0<v<l. (2.9)

d"’ rmv r(m—l)v T
d T +mv) T+ m-1)yv)’ (2.10)
dv vV Vv

FEV(r ) =E.(r), (2.11)
Fsinv(r") = cosy (1), (2.12)
d°

Wcosp(r”) = —sin,(r’), (2.13)

") rmy B r(m+1)v
ol; T(1+mv) ' (2.14)
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2.4. Local fractional Sumudu transform

We present here the definition of local fractional Sumudu
transform (denoted in this paper by YS,) and some properties
concerning this transformation Srivastava et al., 1763. If there is
a new transform operator S, : ®(r)—~F(u), namely

LFSV{Zamr””“} = T(1+mv)anu" (2.15)
m=0 m=0
As typical examples, we have
FS{E (i)} = i um. (2.16)
m=0
kg _r =u’ (2.17)
\ra+wJf ‘

Definition 2.5. The local fractional Sumudu transform of ®(r) of
order vis

1 °° Ly D(1) )
LF _ _ T v
SO} = Fofu) = p [ B ) Sk, 0<ve
(2.18)
Following (2.18), its inverse formula is defined by
ISR W) =), 0<v<l. (2.19)

Theorem 2.1. (linearity). If Y¥S,{®(r)} = F,(u) and S, {p(r)} =
W, (u), then one has

S {D(r) + (1)} = Fy(u) + ¥, (u). (2.20)
Proof. From the definition (2.18), we obtain the result. O

Theorem 2.2. (local fractional Laplace-Sumudu
L {®(r)} = ®"(s) and FS,{®(r)} = F,(u), then one has

duality). If

HS{@(r)} = %Lv{@(%)} (2.21)
Lo = 26 222)

Proof. By using the formulas (2.6) and (2.18), we get the results of
this theorem. O

Theorem 2.3. (1) (local fractional Sumudu transform of local frac-
tional derivative). If 'S, {®(r)} = F,(u), then one has

LFSV{dV;I;Sr)} _ Fv(u)u: F(0) _

As the direct result of (2.23), we have the following results. If
S, {®(r)} = F,(u), we obtain

(2.23)

d”v<I>(r)} p
LFS‘, . Fo( kv kv 294
{ dr™ un Zu (2.24)
When n = 2, from (2.24), we obtain

d” o(r) 1
LF _ oy )
Sv{ P (" [Fv( ) —@0) —u'® (0)} (2.25)

(2) (local fractional Sumudu transform of local fractional integral). If
Sy{®(r)} = F,(u), then we have

LFS‘,{Olﬁ‘“q)(r)} = u'Fy(u). (2.26)
Proof. (see Srivastava et al. (1763)). O
Theorem 2.4. (local fractional convolution). If ¥S,{®(r)} = F,(u)
and S, {¢(r)} = W, (u), then one has
TS {@(r) « @(r)} = u'Fy(u)¥y (w), (2.27)
with

O+ 0() = [y @Ol T

Proof. (see Srivastava et al. (1763)). O

3. Local fractional Sumudu decomposition method

Let us consider the following linear operator with local frac-
tional derivative

LU(r,t) +RU(r,T) = g(r,7), (3.1)

where L, = 25 (m € N*) denotes linear local fractional derivative
operator of order mv,R, denotes linear local fractional derivative
operator of order less than L,, and g(r, 7) is the non-differentiable
source term.
Taking the local fractional Sumudu transform (denoted in this
paper by fS,) on both sides of (3.1), we obtain
S [LU(r,T)] + ¥S,[RU(r, T)) = S, [g(r, 7). (3.2)
Using the property of the local fractional Sumudu transform, it
follows

m— akv )
LF
S\u ZO 8t"‘

u™ (S, [g(r,0)]) —u™ (S, [RU(r,7)]).
(3.3)

In taking the inverse local fractional Sumudu transform of both
sides of (3.3), it follows

,8“ r 0 tkv -~ '
Z”k‘ e Fi S @ (Slgr o)

- LFs‘, (™ (S,[RU(r, 7)) (3.4)

According to the Adomian decomposition method Adomian
et al., 1989, we decompose the unknown function U as an infinite
series given by

00

> Ua(r, 7).

n=0

Ur,7) = (3.5)

Substituting (3.5) in (3.4), we get

tkv

kv
U =Y {aé’éro)mm 1S, (45, g, 7))

— s <u"’" (LFS‘. {Rviun(r, ‘c)} )) . (3.6)
n=0
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On comparing both sides of (3.6), it then comes

ky kv
Uo(rT) => 1y [a o | S @S ),
Ui(r,7) = =15, (™ (S, [Ry(Uo(r, 7)), 57
Up(r,7) = =S, (™ (S, [Ry (Ur (1, D))
Us(r,7) = = 1S, (u™ (FS,[R, (U (r. 7)),

The local fractional recursive relation in its general form is

m-1
&U(r,0 ky ,
= 3T i 1S, (WS, [g(r, 7)),

UO (ru T)
=0 (3.8)
Un(r, T) = =S, (™S, Ry (Uy_1 (1, 7)),
where0<v<1lneN andm=1,2,3,.

4. Applications

In this section, we will implement the proposed method local
fractional Sumudu decomposition method (LFSDM) for solving
some examples.

Example 4.1. First, we consider the following local fractional
partial differential equation

2'U(r,t) &U(r,1) B
T arn U0 =0,

U(r,0) = sin,(r").

(4.1)

From (3.8) and (4.1), the successive approximations are

Uo(r, 7) = sin, (1),

2V
Un(r, 'C) — —LFS‘TI (uv (LFSV |:8Ua"r21v(r7r) — Un—l (r7 T):| )) , n= 1.

(4.2)
According to the successive formula (4.2), we have
Uo(r, T) = siny ("),

F ooy -
U, (r’ T) _ —LFS;l (uv (LFSV % — Uy (r, T) >> ,

o (?U,(r, 1
Ua(r. ) = s, (u‘ (5 NG )) 43)

C s
Us(r,7) = -fS,! (uv (LFSV *ﬁ‘”)f Ui(r,7) >>,

and so on.
From the formulas (4.3), the first terms of local fractional
Sumudu decomposition method are given by

Uo(r, ) = siny (1),

. 27
— v
Ui (r, 7) = siny(r )—m s
R ¢ 2
Uz(r, T) = Slnv(l’ )m,
] , 873 (4.4)
Us(r, T) = sin,(r )m,
e 2T
Un(r,7) = sin,(r )F(l ).

Then the local fractional series form is

20 (21"’)2 (2‘[")3 (21“)n
A+v) TA+2v) TA+3v) ~~"TA+ny)

U(r, ) = sin, (1) <1 + T
(4.5)

Hence the exact solution of (4.1) by local fractional Sumudu
decomposition method has the form

U(r,T) =sin,(r = sin, (r")E,(21"). (4.6)

Example 4.2. Second, we consider the local fractional Laplace
equation as Yang et al., 2026

P'U(r,t) U T)
oty oy 7
ur.0) =0, 2U00 _ g ) a7
b - ) 6TV - v .
From (3.8) and (4.7), the formula of successive approximations
is
v Tv
Uo(r,T) = —Ey(r )m,
2v (4.8)
Un(r’ T) = —LFS\T1 <U2v <LFSV |:78 U(;;;v(r, T):| )) n>1.
According to the successive formula (4.8), we obtain
Uo(r, T E,(r),
(67" Uo(r, 1)
_IFg-1 IF oll,
U S ( ( Sv T 5
[0%'U, (1, 7)]
1 17,
U LFS ( (LFSV T ,
gy : 4.9
Us( _ LFS < w2 (LFS 7 Up(r, 7) )) 49)
oor '
Fe-1( 2v [ LF _82"U,,,1(r,’t)
Up(r,7)=-—"S, (u Sy —a .

From the formulas (4.9), the first terms of local fractional
Sumudu decomposition method are given by

Uo(r,7) = —Ey(1"),
' -C3v
Ui(r,7) = Eu(r )m7
U E v TS\'
2(r,T) = —Ey(r )ma
U . 7 (4.10)
3(r,T) = Eu(r )m7
B "o -~ .L-(2n+1)v
Then the local fractional series form is
U T) = B — e Ty
O r'(1+3v) T(1+5v)
T@n+1y
“Tateasiw ) @11
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Hence the exact solution of (4.7) by local fractional Sumudu
decomposition method is given by

T(2n+1)v

Bl Ve rE YT

n=0

u(r,7) = —E,(r")sin,(7").

(4.12)

Example 4.3. Finally, we consider the following local fractional
partial differential equation with the initial conditions

oMUty ., 07U, T)
e -2 e =1, (4.13)
o'U(r,0
u(r,0) = E(2r), 2200 o
or” (4.14)
82Vu(r?0) 2y 4 63vU(T,O)

From (3.8) and (4.13), we get the following formula

U E((20)") ~ 22E(21)") e i
, :
Untr) = s v (15, |22 & Una (D) Ug;;v(r’f) > 1

Using the formula (4.15), we obtain the following successive
approximations

_ ' B 2 TZv 1-4\7
Uo(r, T) = E,((2r) )(1 2 r +2v)

(1+4v)’
U (r,7) = 1S, (4“ s, [+ W0l D) U"”}
3V
3V
Us(r,7) = 571 [u® | s, 2»8 g:-a(: T)]
I (4.16)

Us(r,7) = ¥Ss," (u‘“ (LFS 27 U;;;V( %) ))
_ U (1, T
Un(r, 'L') _ LFSVI (u4v <LFSV 2‘ aﬂr;v( ) )) )

According to the formulas (4.16), the first terms of local frac-
tional Sumudu decomposition method have the form

y ' TZV -C4V
Uo(r,7) = Ev((21) )(1 -2 r(1 +2v)> M YEET TR

U (r ) 24\’ 6v 1-69!
e ra +4v) [(1+6v))
8y »-L-SV B —L-IOV (417)
Ualr7) = (2 sy 2 TALion)
U 212v 1-12\) 14y 1'14"
ro) = ( T+12v) ° T+ 14v)>
Then the local fractional series form is
o v (20)” 0" (20>
U(r”:)‘r(1+4v)+5"((2”)< TA+2v) ' T(A+4v) T(1+6v)
N (Z‘C)SV B (Z,L.)IOV +.“+( )n (2,[)211\' e
I'(1+8v) I'(1+10v) I'(1+42nv)
(4.18)

Hence the exact solution of (4.13) by local fractional Sumudu
decomposition method take the form

_ 'C4V e n (2,[)211\}
U(T,’E)—m-&-lf‘, ((2r)" HZ; Tnv)
4y
iy B2 cos(20)), (4.19)

5. Conclusion

The coupling of Adomian decomposition method (ADM) and the
Sumudu transform method in the sense of local fractional deriva-
tive, proved very effective to solve linear local fractional partial dif-
ferential equations. The proposed algorithm provides the solution
in a series form that converges rapidly to the exact solution if it
exists. From the obtained results, it is clear that the LFSDM yields
very accurate solutions using only a few iterates. As a result, the
conclusion that comes through this work is that LFSDM can be
applied to other linear local fractional partial differential equations
of higher order, due to the efficiency and flexibility in the applica-
tion as can be seen in the proposed examples.
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